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Abstract
This paper deals with the study of global analysis of following (1,2)—type system of non-linear difference
equations:

Avp—1 o up—1

; Vnt+1 = — % g n:0,1,...
B+pivi, Bi+ yudul

Unt+1 =

where the parameters o, 8,7, a1, Bi1,7,p,9 and the initial conditions u;,v;, i = —2,—1,0 are non negative real

numbers.
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1. Introduction

Difference equations (also called recursive sequences) appear in a lot of fields of pure and applied mathematics, both as
discrete analogs of continuous behavior (analysis, numerical approximations) and as independent models for discrete behavior
(population dynamics, economics, biology, ecology, etc.), [1]. In recent years, many models, especially in mathematical biology,
are based on non-linear ones, [11]. Difference equation theory, especially nonlinear ones, is very fertile subject for scientists
and is one of the important subjests of applied mathematics. So, many researchers have dealth with the qualitative behavior of
nonlinear higher order rational difference equations and systems, see [1]-[33].

In [9], ElI-Owaidy et al. studied the global analysis of the following difference equation

OXp—1
Bty
with non-negative parameters and non-negative initial values.

In [5], Ahmed investigated the global asymptotic behavior and the perodic character for the rational difference equation

Xpil = n=0,1,.. (1.1)

= =0,1,... 1.2
Xn+1 A+Bx5xp72’ n [E) ( )

where the parameters b,A, B, p,q are non-negative numbers and the initial values x_» x_; xo are arbitrary non-negative real
numbers.
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In [15], Giimiis and Soykan investigated the local asymptotic stability of equilibria, the periodic nature of solutions, the
existence of unbounded solutions and the global behavior of solutions of the difference equation

QXy—(k+1)
B+ 7 X r2)

. n=0,1,.. (1.3)

Xn+l1 =

where the parameters o, 3,7, p,q are non-negative numbers and the initial values X_(k42) X— (ke 1), -1 X—1,%0 € RT.
In [13], Giimiis and Soykan studied the dynamical behavior of positive solutions for a system of rational difference equation
following form

Oty —1 v g
D n+l1 — )
ﬁ + ')f\/”72 ﬁl +n u, »
where the parameters o, 3,7, a1, B1, 71, p and the initial values u_;,v_; fori =0, 1,2 are positive real numbers.

In [14], Giimiis and Ocalan studied the dynamical behavior of positive solutions for a system of rational difference equations
following form

Upi1 = n=0,1,.. (1.4)

Kty v X1 Vp—1
g nt+l = o a
B+yvivi_, Bi+ yup'ul',

where the parameters o, 3,7, a1, B1, 7, p,q, P1,q1 are positive real numbers and the initial values u_;,v_; are non-negative
real numbers for i =0, 1,2.

In [28], Khan ef al. investigated the asymptotic behavior of following anti-competitive system of rational difference
equations

Upi] = , n=0,1,... (1.5)

oy,
Xnt+1 = ﬁ_i_er»
n
,n=0,1,...
_ o X,

where the parameters o, 8,7, &1, B, 1,7 € (0,00) and xp,yo € (0,00).
In [29], Qureshi and Din investigated the qualitative asymptotic behavior of positive solution for an anti-competitive system
of third-order rational difference equations

x Yn—2
n+l = 5
ﬁ + YXnXn—1Xp—2
,n=0,1,...
o o1 Xp—2
Yni+1 =

ﬁl + NYnYn—1Yn-2 ,

where the parameters o, 3,7, a1, B1, v and xp,x_1,X_2,Y0,Y—1,Y—2 are positive real numbers.
In [27], Qureshi and Khan studied the global dynamics of following (1,2)—type systems of difference equations

Nyn—1 HXp—1
Xpt] = ———, =———>— n=01,.. 1.6
n+1 1+IJ,)C£:_2 Yn+1 1+T’y5_2 ( )
Nyn—1 HXp—1
Xptl = ———, =———, n=0,1,..
n+1 1+“y5_2 Yn+1 l—l—nxﬁ_z
where 1, U, p and initial conditions x;,y;,/ = —2,—1,0 are non negative real numbers.

In the present paper, we will investigate of some properties, such as the local asymptotic stability, the global asymptotic
stability, the existence of periodic solutions, the rate of converges etc., for (1,2)—type system of difference equations in the
title, which has been investigated different versions of it in the known literarture. We first note down critical error for the results
of the article [27]. Namely, to put it briefly, they can not obtain the equations they claim with their transformations. Using the
transformations, they could get equations in this form;

Xpp] = NYyn—1
+l =P
§ 1+ uy?
,n=0,1,...
MXn—1
Ynt+1 =

14w )’
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with
!
B> " B

and
_B ,_B
251 /yanu' ,yl'

The same applies to the other equation. Let us also note that the theoretical results they obtained in their article are correct.
However, an error was made only at the beginning.

The aim of this paper is to investigate the equilibrium points, the local asymptotic stability of these points, the global
behavior of positive solutions, the existence of the prime two-periodic solutions and the rate of convergence of positive solutions
of the following system

vy
Unt] = 55—
B+yivi )’
,n=0,1,... (1.7)
A Up—1
Vn+1

= pq
B+ Nupu, ,

where the parameters «, 3,7, a1, B1, 7, p,q are positive and initial condition u_p,u_1,up,v_2,v_1,vp € (0,00). Our results
extend and complement some results in the literature.

If the initials conditions u; = v; in the system (1.7) for i € {—2,—1,0} and a = a;, B = 1, Y = 71 then one obtain that
u, = v, for all n > —2, hence, the system (1.7) reduces to the difference equation

vy

_ Bl 01,
B+yivi,

Vnt+1 =

which was studied by [4]. Therefore, to avoid degenerate situations, here we discuss the case u; # v; fori € {—2,—1,0} and
we investigate the system (1.7) basing on this condition.
It is clear that the system (1.7) can be reduced to the following system of difference equations

Xppl = Yn—1
m 1+s1yf,’yf,,2’
,n=0,1,... (1.8)
y _ riXp—1
n+1 1+sxﬁx372’

by the change of variables

o (M)l/pwx

™
and
1/p+q
Vn = (ﬁﬁl> Yn
™
with
o (04]
r=—, r = —
B B
and
_B B
§=—, S1 = .
Y h

So, in order to study the system (1.7), we investigate the system (1.8).
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2. Preliminaries

For the completenessin the paper, we find useful to remind some basic concepts of the difference equations theory as follows:
Let us introduce the six-dimensional discrete dynamical system

Xn+1 = fi (xnaxnfl yXn—25Yn,» Yn—1 a)’n72),

2.1
Yn+1 :fZ(xnaxnflaxn72ayn,7ynflayn72)7 2D

n € N where f] : 113 X IS — I and f> : 113 X Ig — I are condinuously differentiable functions and /; ,I; are some invervals
of real numbers. Then, for every initial conditions (x;,y;) € I} X I, for i = —2,—1,0 the system (2.1) has a unique solution

{(xnayn)}:zo:fl
Definition 2.1. An equilibrium point of stsytem (2.1) is a point (X,y) that satisfies

X =
y = f2(%,%,%,5,5,5),

Together with system (2.1), if we consider the associatedvector map

F = (f1,%n,Xn—1,%1-25 f2, Y0, Yn—1,Yn-2),
then the point (X,¥) is also called o fixed point of the vector map F.
Definition 2.2. If (x,y) be an equilibrium point of a map
F = (f1,%n,Xn—15Xn—2, f2,Yn, Yn—1,Yn-2)
where fi and f, are continuously differentiable functions at (%,y). The linearized system (2.1) about the equilibrium point (X,y)
is

X,11 = F(X,) = BX,

where

Yn
Yn—1
Yn—2

and B is a Jacobian matrix of the system (2.1) about the equilibrium point (X,).

Theorem 2.3. For the system X, 1 = F(X,), n = 0,1,..., of difference equations such that X is a fixed point of F. If all
eigenvalues of the Jacobian matrix B about X lie inside the open unit disk |A| < 1, then X is locally asymptotically stable. If
one of them has a modulus greater then one, then X is unstable.

3. Stability Character Of Equilibrium

In this section we will prove the stability nature of the zero equilibrium point. In the following theorem we will give the
equilibrium points of system (1.8).

Theorem 3.1. For all parameters r,r1,s,s1, system (1.8) have a unique zero equilibrium point.

Proof. 1t is clear from the equilibrium definition. O
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Before we give the following stability theorems about the local asymptotic stability of the zero equilibrium point, we build
the corresponding linearized form of the system (1.8) and consider the following transformation;

(xn;xn—laxn—27yrl7yn—l7yn—2) — (f7flaf2ag7glag2)

where
Yn—1
fo= 1+s1yf,’yz,2’
fi = xu
L = X,
riXp—1
& = L+ sxhxd 7
81 = Yn
82 = Yn-1-

The Jacobian matrix about the fixed point (X,y) under the above transformation is as follows:

0 0 0 _ rsipyP e r gt
(Is3719)2 1453779 (14+s513719)2
1 0 0 0 0 0
_ 0 1 0 0 0 0
B(x,5) = rispxPTd r risgxP+d 0 0 0
(14sxPta)2 1453/t (1 4sxPT9)?

0 0 0 1 0 0
0 0 0 0 1 0

where r,8,11,81,P,q9 € (0700)

Theorem 3.2. For system (1.8) the following properties hold:
(i) The zero equilibrium point is locally asymptotically stable if rri < 1.
(ii) The zero equilibrium point is locally unstable if rri > 1.

Proof. (i) The linearized system of system (1.8) about the equilibrium point
(X0,3) = (0,0)
is given by

Xnt1 = B(X0,0)Xn,

where
Xn
Xn—1
Xp—2
X, = "
" i
Yn—1
Yn—2
and
0O 0 0 0 r O
1 0 00 0 O
_ 0O 1 0 0 0 O
B(XOJ’()): 0 rq, 0000
0O 0 01 0 0
0O 0 0 0 1 0

The characteristic equation of B(Xy, ) is as follows:

P(A)=A°—(rr)A% =0.
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The roots of P(1) are
M2 = 0,
M4 = EJrr,
Asg = Eiyrrr.
Since all eigenvalues of the Jacobian matrix B about

(%0,¥0) = (0,0)

lie inside the open unit disk

Al <1,

the zero equilibrium point is locally asymptotically stable.
(i1) It is easy to see that if rr; > 1, then the zero equilibrium point of system (1.8) is unstable. O

Now, we will study the global asymptotic stability of system (1.8) about the zero equilibrium point.
Theorem 3.3. The zero equilibrium point of system (1.8) is globally asymptotically stable when r < 1 and ri < 1.

Proof. In view of Theorem 3.2, it suffices to prove that

r}i_rgo(xnayn) = (07 0)'

It is evident from (1.8) that

rYn—1

0< X1 =——5—
i 1+51y£)’372

<ryn—1 <Yn-1-

This implies that

Xan+1 < Yan—1

and

Xan+5 < Yan43-

Besides this,
rXp—1

———— < FXp—1 < Xp—1
1+sx5xZ_2 " "

0<yn1=

This implies that
Yan+1 < Xap—1
and
Yan+s < Xan43-
So
Xan+5 < Yan+3 < Xdn+2
and
Yan+5 < Xan+3 < Yan+42.

Hence, the subsequences

{Xans1}, {x4n+2} ) {x4n+3} AXania}
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and

{y4n+l} , {y4n+2} , {y4n+3} ) {y4n+4}

are decreasing. Therefore the sequences {x,} and {y,} are monotonic which are decreasing. Hence

limx, =0
n—oo
and
Jim =0,
This completes the proof. 0

4. Prime Periodic Two-Solutions 1.8

In this section we will investigate the periodic nature of system (1.8).
Theorem 4.1. System (1.8) has no prime period two solutions.
Proof. Assuming

. (a,b),(c,d),(a,b),(c,d),...

is prime period two solutions of the system (1.8) such that

a,b,c,d #£0
and
a#c,b#d.
Then we have
Tt srlbdﬁﬂ’ b=1 +rsljp+q @D
and
rd ric

“4.2)

€= 14507 d= 1 +sa"*

After some tedious calculations from (4.1) and (4.2), we can obtain the following equilities;
(a+c)* —4dac =0,

and
(b+d)* —4bd = 0.

But they are contrary to our assumption and therefore system (1.8) has no prime period-two solutions. This completes the
proof. O

5. Rate of Convergence

In this section, we will give exact results about the rate of convergence of positive solutions that converge to the equilibrium
point of the system (1.8), in the regions of parameters described in Theorem (3.3).
Consider the following system of difference equations

Yn+1 = fZ(xanH)’ n=y,

goe

X1 =f1(xn,yn),n=8,},~-- } (5.1)
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where fi, f» are continuous functions that maps some set / into /. The set I is an interval of real numbers. System (5.1) is
competitive if fj(x,y) is non-decreasing in x and non-increasing in y and f>(x,y) is non-increasing in x and non-decreasing in y.
System (5.1) is called anti-competitive system, if the functions f; and f> have monotonic character opposite to the monotonic
character in competitive system.

We state that the following theorems give precise information about the asymptotics of linear non-autonomous difference
equations. Consider the scalar mth-order linear difference equation

Yntm + P1 (1) Yntm—1 + pm(1)yn =0 (5.2)
where m is a positive integer and p; : ZT — C fori € {1,...,m}. Suppose that

qi:r}ijrgopi(n),fori: 1,2,...,m, (5.3)
exist in C. For the following limitting equation of (5.2)

Yntm + @1 Yntm—1+ .+ qmyn =0, (5.4

the asymptotics of solutions of (5.2) are given the following results. See [25].

Theorem 5.1. (Poincaré’s Theorem) Consider (5.2) based on the condition (5.3). Let A; fori = 1,...,m be the roots of the
characteristic equation

A" g A" 4 g =0 (5.5)

of the limiting equation (5.4) under the condition that | ;| # Mj ‘ fori+ j. If x, is a positive solution of (5.2), then either x, =0
Sor all large n or there exists an index j € {1,...,m} such that

. Xntl
lim =2;.
n—roo xl‘l

The releated results were obtained by Perron, and one of Perron’s results was improved by Pituk, see [25].

Theorem 5.2. Assume that (5.3) holds. If x,, is a positive solution of (5.2), then either eventually x,, = 0 or

s

tim sup([xy )1/ = |2,

where Ay, ..., Ay are the roots (not necessarily distinct) of the characteristic equation (5.5).
Consider
Yor1 = [A+B(n)]Y, (5.6)

where Y, is an m-dimensional vector, A € C"*™ is a constant matrix and
B:7Z"T — cmm
is a matrix function satisfying
||B(r)|| — 0, when n — oo, (5.7)

where ||.|| denotes any matrix norm which is associated with the vector norm ||.||. See [20].

Theorem 5.3. (Pituk) Suppose that condition (5.7) holds for system (5.6). If Y,, is a solution of (5.6), then either
Y, =0

for all large n or
6 = lim | |'/"

exists and 0 is equal to the modulus of one the eigenvalues of the matrix A.
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Theorem 5.4. (Pituk) Suppose that condition (5.7) holds for system (5.6). IfY,, is a solution of (5.6), then either
Y, =0
for all large n or

Y,
9 — llm || n+1H

noe ||V, |

exists and 0 is equal to the modulus of one the eigenvalues of the matrix A.

Using Theorem (5.3) and (5.4), we obtain the following rate of convergence result.

=
n=

Theorem 5.5. Suppose that r < 1 and ry < 1. Let {(xn,yn) }5r__, be any positive solution of the system (1.8) such that

limx, = X,
n—yoo
limy, = x
n—soo

where M = (X1,%,) and M is globally asymptotically stable. Then, the error vector

fn Xp — X1

€,_1 Xp—1 — X1

l -

E — €,_2 o Xpn—2 — X1
n= 2 = =
€n Yn—X2

2 —

eg_l Yn—1—Xx2

€n72 6x1 Yn—2—X2 6x1

of every positive solution of the system (1.8) satisfies both of the following asymptotic relations:

1§nllEnH‘/" = | AJp(M)|, for somei=1,2,....6
lim |En 1] |[AiJFp(M)|, for somei=1,2,...,6
noe || Ey||

where
|AiJr (M)

is equal to the modulus of one the eigenvalues of the Jacobian matrix evaluated at the equilibrium point M.

Proof. Let {(xn,Yn)}5__, be any positive solution of the system (1.8) such that
lim x,, = X1
n—yoo
and
lim y, = X,.
n—oo

To find the error terms, we have

- 2 - 2 -
X1 =X = Yo A i—%)+ Y. Bi(yai—%2)
- 2 - 2 -
Y1 =X = Y. (Gl i—%)+ Y Dilyni—%2).
Set
1 . —
en = Xp—X1,
2 _ .
€ = Yn—X25

therefore, it follows that
1 _ 2 1 2 2
1 = Zl’:()Aien—i + Zl’:() Biey,_;
2 2 1 2 2
€yl = Zi:O Cie,_i+ Zi:O Die,_;
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where

Ay = 0, Aj=0, A;=0,
_ rs1py(nyn—2? =371

o (1+ 5105 27
B — r
! 1+ s1yhyn—29
B  r51gY(hyn—2? —3PH9)
(1+s1ynyn—29)2
Co = r1spX(xx, 29 —xPT4)
(1+sx7x,29)% 7
o = —a
! 1+ sxhx,_04°
o - N sqx(och X, 09 — XPT4)
(14 sx7x,29)%
Dy = 0, D=0, D,=0.

Taking the limits, it is clear that

limAy = 0, limA; =0, lim A, =0,
n—soo n—soo n—soo
i rs1pY(ynyn—2? =379
imBy = -— 7 3
n—eo (1 +S1ynyn—2q)
limB = —
n—yoo L+ s1ynyn—29
v(vP q _yrtq
mB, — mqy(ynyn;z > )
n—eo (1+s1ynyn—29)
x(xcF q _xrtq
) r18px(xhx,_ X
llmC() _ _lp(nnPZ : )’
n—yee (1 + anxanq)
. r
limC = ————,
nbeo | 1 4 sxbx,_»4
risqx(xhx,_ o9 —xPT4
Hl’l’lCz _ 71q(nnp2 ’ )’
n—yeo (14 sx5x,-29)
limDy = 0, limD; =0, lim D, =0.
n—soo n—soo n—soo
That is
B rs py(yiy2? —yP+9)
o= tayy O
(I4+s15, )
,
Bl = - _pxg + ’
14513754 P

5  rs1gy(Yiy? —37H) oy
- n»
(14517572

rispx(xhx) 4 —xP+)

C = + 6,,
(l—i-sf'lﬁq)2 "
r

@ = 1—|—s%11’+q+nm

risqx(xhx 4 —xPT4)

G = —
’ (1 +s%79)2

+ 6,




Global Analysis of a (1,2)-Type System of Non-Linear Difference Equations — 36/38

where o, — 0, B, =+ 0,7, — 0,8, — 0,1, — 0, 6, — 0 for n — oo,
Thus, the limitting system of error terms about the equilibrium M can be written as follows:

Epi1 = (C+D(n))Ey,

— (ol Ll 1 2 ,2 2 T
where E, = (enﬂen—l7en—276n76n—17en—2) )

0 0 0 0 r O
1 0 0 0 0O
c_ o1 0000
0 nn 00 0O ’
0 0 01 00O
000010/,
0 0 0 a B 1
0o 0 0 o0 0 O
s _ | o 0o 0 0 00
=l s, M 6, 0 0 0
o 0 0 o0 0 O
o0 0 0 0 0/,
and ||D(n)|| — 0, when n — oo. As desired. O

Corollary 5.6. Assume that rry < 1. Then, the error vector of every non-trivial solution of system 1.8 satisfies both of the
following asymptotic relations:

lim ||E,||'/" = |AJr(M)|, for somei=1,2,3,4,5,6,
n—soo

- En | -

lim |AiJr(M)|, for somei=1,2,3,4,5,6

n—es || Ey|

where |AJp (M)| is equal to the modulus of one the eigenvalues of the Jacobian matrix evaluated at the equilibrium point M, i.e.

{2«1_2 = 0,2,3’4 = :t14/rrl,24576 = :I:i(‘/rrl.}.

6. Conclusions

In the present paper, we described the qualitative behaviors of solutions of the system (1.8) of nonlinear difference equations.
More precisely, we studied the equilibrium points, the local asymptotic stability, the global asymptotic stability of zero
equilibrium, the existence of the prime two-periodic solutions and the rate of convergence of positive solutions of the
aforementioned system. Also, we gave a correction about an article in the literature. Our system generalized the systems
studied in [13, 14, 27].

The results in this paper can be extend to the following system of difference equations;

avp—1
Untl =~
i
B+v X viy
i=0
,n=0,1,....
. Qjup—1
Vnbl =~ s
i
Bi+n 'Zoun’_Zi
i=
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