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Abstract

The main purpose of this paper is to investigate Bézier curves in the Euclidean space E* with respect
to differential geometry. For this purpose, the Serret-Frenet elements at every point, starting point and
ending points are computed.
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1. Introduction
Bézier curves are parametric smooth functions with significant aspects. There exist precious
applications of this kind of curves in computer science, graphics, animations, modelling and
many other related fields of engineering.

A Bézier curve is defined with the aid of control points. These points are ordered set of points
by,b,,...,b, which provide the approximation for desired curve. A Bézier curve of degree n

with (n+1) control points in Euclidean n-space E" is defined by [1].
P(t)=)_B;, (b, 0<t<1 (1)
i=0

Here, the functions B, ,(t) are Bernstein polynomials given by
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where (Ij denotes i™ binomial coefficient [2]. Considering the Bernstein polynomials

derivatives, the r™-order derivative of the Bézier curve of degree n is represented by

" S8, (0 @)

(r) _
P = (n—r)l=

where A'b, is the difference equation indicated by A'b, =A™"b,,, —A™"b, [3,4].

Furthermore, the r" -order derivative of a Bézier curve of degree n at starting and ending
points is represented by the following equations, respectively [3]:

P(r)(t)|t:0 = (n i!r)lAr 0 ®)
and
PO =y A @

Taking into consideration (2), (3) and (4), various authors studied the geometric properties of
Beézier curves. In [5], K. Kenmotsu investigated surfaces of revolution with a periodic mean
curvature function and their visualization, G. H. Georgiev computed shape curvatures of cubic
Bézier curves in [6], H. Kusak Samanci, S. Celik and M. incesu [7] obtained the Bishop frame
of Bezier curves in Euclidean 3— space and the authors [8] presented the Serret-Frenet elements
of these kind of curves in any Euclidean plane and Euclidean 3— space etc.

Motivated by these facts, we study Bézier curves in Euclidean 4—space and we obtain the

Serret-Frenet frame of these curves. By the help of this frame, we compute the principle
curvatures of Bézier curves in Euclidean 4 —space.

2. Basic concepts in four dimensional space

In this section, we shall recall some general definitions and basic formulas dealing the standard
real vector space R* and Euclidean 4 —space.

2.1 Ternary product

We begin this subsection with the following definition:

4 4
Definition 2.1 Let {e,,e,,e,,e,} be the standard basis of R*and x=) xe;,y=>)_y,e; and
j=1

j=1
4

z :ZZjej be any three linear independent vectors in R*. The ternary product (or triple
j=1

vectorial product) of these vectors is defined by
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XQ®Yy®z=
Z 7, 1, 1,

and the following relations satisfy

X®YR®z=y®ZAX=2QXQy=—(20y®X)=—(y®x®2z)=-(x®z®Yy) [9], [10].

Furthermore, we have the following algebraic properties of ternary product for each
a,b,c,d,e, f,x,y,zeR*and A, xR, [10, 11]

(1) (x+Y)®(z®t) =(x®z®t)+(y®z®t)
(2) (a+b+uc)®b®c=a®b®c
(3) x®y®z=0«< x,yand z are linearly dependent.
@) (x,y®z®t)=det(x,y,z,t)=(x®y®z,t) (quadruple scalar product)
(5) (x,x®y®7)=(y,x®y®7)=(z,x®y®7)=0.
a b c
(6) d®e®(a®b®c)=|(a,e) (be) (ce).

) (e
(a.d) (b.d) (c.d)

is stated the quintuple vector product of vectors a, b,c,d and e and a linear combination of
vectors a,b and c. It can be interpreted as a vector lying in the space of vectors a,b and c.

(a.x) (@) (a.2)

(7) a®(d®e®f)®(x®y®z)=|(d®e® f,x) (d®e®f,y) (d®e® f,z).
X y z

(a.a) (a.a,) (a,.a,)
©) |la,®a, ®a,| =A(a,.a,,8,) =((a,,8,) (a,,8,) (a,.a,).
() (%,8,) (aa)

Here, A(a,,a,,a;) denotesthe px p Gram determinant is, namely, a; :<ai,aj>,|, i=L...p.

2.2 The theory of curves

Let B:1 < R—E*, B(t) =(A.(t), 5, (1), B;(t), B, (t)) be aregular curve in Euclidean space E*.
dg

We shall use the notation = ' for the arc-length parameter s and use the notation c:j—ﬁ =f
S S
for arbitrary parameter s throughout the paper.

Now we recall the following theorems of [12].
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Theorem 2.2 Frenet frame vectors {T,N, B,, B,}of a regular curve g in E* are given by the
following formulas:

A1)

T t =T (5)

O Ts0)]

N = BO®BO® L) ©)
B,() ®B, (1) ® A(t)|

B.(t) = B,®SO® AW )
B, (1) ® A1) ® A(t)

B.(t) - PO SO B() )

T smepm B

Theorem 2.3 The first, second and third curvatures of the curve g are given respectively by

K () = M 9)
|40
K\ = @Lf(t»’ (10)
|80 <)
(B, ), 8 (1)) a

K3 =— 7 .
|80 %O ®

3. Serret-Frenet elements of Bézier curve of degree n in Euclidean space E*

Let b,,b,,b,,...,b, be non-linear (n+1)—pointsin E* and P(t) be a non-unit speed Bézier
curve of degree n with control points b,,b,,b,,...,b. in Euclidean space E* that is given by
the following parametric equation

P(t) = i B.,(t)b, =B, , ()b, +B, , ()b, +...+ B ,(t)b,. (12)

Then, we obtain the following theorem:

Theorem 3.1 The Serret-Frenet frame {T, N, B, B,} of the curve P(t) defined with (12) is
given by

LN

n—

Bi,n—l (t)AbI

T() =17
Be..0m)

Il
o

, (13)

|
AN
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>
|
LN
>
|
N
>
|
w

. s ) {(Ab, ® Ah; ® A’h, ) ® Ab, ® A’D; |
Bi,n—l (t) Bj,n—z (t)Bk,n—3 (t)

®(Ab, ® A’h, ® A’h, ) ® Ab,

{{(Ab ® A%, ® A°h,) ® Ab, @Azbj}}H’

Il
o
Il
o
=~
Il
o

N(t) = (14)

Biz,ln—l (t) B?,n—z (t)Bkz,n—S (t)

= >
I T
o =
— =]
Il |
o N
=~ =]
Il |
o w

®(Ab, ® A’h, ® A’h, ) ® Ab,
(Ab, ® A%, ® A%, )}

=}
L
=]
I\
S
b

Bi2,n—1 (t) sz,n—z (t)Bk,n—S (t)

M

I
o

=}
|

LN

> —
|

N

=}
|

®Ab, ® A2 b
(Ab ® A%, ®A%,)||’
®Ab, ® A%

I
o
=~
I

Bl(t) =

w | ©

(15)

Blzn l(t)B Z(t)Bk,n—S (t){

Il
o
N
o
=~
1l
o

=}
L
=}
S
=1
b

M

B4 (t)B,, » (t)B, , 5 (t)(Ab, ® A%, ® A,

ST
Lo
S f—.
|

Bz (t) =

(16)

1l
N O
=} =

1l
w |Oo

Bl,n—l(t)Bj,n—Z (t)Bk,n—S (t)(Ab| ®A2bj ®A k

Il
o
Il
o
=~
1l
o

forall teR.

Proof By the equation (2), the first, second and third derivatives of P(t) are found as follows:

P =n3 B, (4D, 7)
P() =n(n-D3 B, (DA% (18)
P"(t)=n(n-D(n-2)3 B, ,OA, (19)

i=0

Taking into account of (5) and (17), we have

P/(t) nz Bi,n—l(t)Abi B ;Bi,n—l(t)Abi

"ol g

n-1 T In2
nz Bi,n—1 (t)AbI H
i=0

i,n-1 (t)Abl H |

Thus, we obtain the equation (13). Using (8), (17), (18), (19) and by a straightforward
computation, we get

,_\
N

n-3

Bi,n—l (t) Bj,n—2 (t)Bk,n—B (t)(Ab| ® Azbj ® ASbk)

n—-1 n—

M

Pt)®P"(t)®P"(t) _

"

B, ) =

Lo
3\_
I\J
OJ

"

3

Bi,n—l(t) Bj,n—2 (t)Bk,n—s (t)(Ab| ®A2bj ®A k

Thus, we obtain the equation (14). With a similar computations, we obtain
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n-1 n-2 n-3 5 ) (AbI ®A2bj ® Asbk)
" z Z Bi,n—l(t) Bj,n—2 (t)Bk,n—s(t) ®Ab ®A2b
B.(t) = B,(t) ® P'(t) ® P"(t) i~0 j=0 k=0 i i
! IB,t)®P'(t)® P”(t)|| n-1n-2 n-3 (Ab. ® A’h. @ A%,)
Biz,n—l(t) sz,n—Z (t)Bk,n—B(t) {@Alb ®AZIJD ‘ }
i=0 j=0 k=0 i j
and
n1n-2 n-3 (Ab, ® A’h; ® A%, ) ® Ab, ® A%b,
Blz,ln—l (t)Bjs,n—Z (t)BI<2,n—3 (t) { 21 3k 1, J}
i=0 j=0 k=0 ®(Ab ® Ah; ® A°h, ) ® A'h,
N () =
n-1 n-2 n-3

{(Ab, ® A%, ® A%h,) ® Ab ®A2bj}}H'

Bina (1B, (DB, 5 (1)
PR @(Ab, ® A%, ® A%, ) ® Ab,

T
o
I

o

k

I
o

j
This completes the proof of theorem.

Theorem 3.2 The first, second and third curvatures «,, x,, x,0f P(t)defined with (12) are
given, respectively, by the following formulas:

00208 , {(Ab ® A ® A%, ) ® AL ® A% | ®]
Bln 1(t)B n— Z(t)Bk,nfs(t) 2 3 ,A b
® n-1 i=0 j=0 k=0 (Ab, ® A'; ® A’h, ) ® Ab, (20)
K. =
' N [oan2ns {(ab,® A%, ® A°h,) ® AL, ® A%, | ®
BI (t) BJ n- Z(t)Bk n— 3(t) 2 i,n- 1(t)Ab
i20 j=0 k=0 (Ab, ® A%D; ®A’h,) ® Ab,
n-1n-2n-3
> B, (0B}, (0B}, (0 ({(Ab, ® A%, ® A% ) ® Ab, ® A%}, A%, )
i=0 j=0 k=0
n-10-21n-3 (A, ® A%, ® A%, ) ® Ab, ® A%D | ®
B, . (1)B] (1B, ,(t ){{ NN ) }
. (t) _ n-2 i=0 j=0 k=0 (Abl ®A bj ®A bk)®Ab| (21)
TN g [(Ab, ®A%, @A) @A ®A%,|® , || e
Bi,nfl(t)Bj,n—Z(t)Bk,nfii(t) 1 2 3 1 ’A bj i,nij(t)A bi
20 j=0 k=0 (A'D, ®A’D; ® A™D, ) ® A'h, i0
n-1n-2 n-3 n-4 L ) 3 . n-1 L
) B, 4(0B; ,, (0B, , 5B, (((A'h, ®A%; ®A%,), A%, )Y B, (t)A'y
t (n-1)°(n-3) 5 T mo =0 (22)
(1) n SES L 1 2 3 1 2 3 I
2.2 B (DB}, (08!, (O({ (A%, ® A%, ® A, ) @A, ® A%, |, A%, )
i=0 j=0 k=

Proof If we write (14), (17) and (18) in (9), the proof of equation (20) is straightforward.The
second curvature x,(t)is obtained by writing B, (t), x;(t), P"(t)and

. 3
P =03 B, 0
i—0

derivative of P(t) as follows:

in the equation (10). From the equation (2), we write the fourth
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PO () =n(-D(n-2(n-3)3 B, (A% 29)

The third curvature ,(t) is obtained writing the equations B, (), x,(t), ,(t), P®(t) and

n-1 4
IP'@)| =n*|>.B,,.(®)A%,| inthe equation (11).
i=0

Now, we shall investigate to the Serret-Frenet elements {T,N,B,, B, x;,«,,x,} of a Bézier
curve with degree n at starting point t =0 and ending point t =1 in Euclidean space E*.

Corollary 3.3 Let P(t) be a non-unit speed Bézier curve with control points by,b,...,b,
defined by the equation (12). For the starting point t =0, we have

b
O, =”i—b” (24)
N = {(Aby x Ab, x Ab,) x Aby x Ab,} x (Ab, x Ab, x Ab, ) x Abg (25)
=0 ”{(AbO x Ab, x Ab, ) x Aby x Ab, } x (Ab, x Ab, xAbz)xAbo” 1
or
__Ab, cosay  Ab 1
MOk by oina] Tab ] Finee] )
8.0, = (Ab, ® Ab, ® Ab,) ® Ab, ® Ab,_ 27
|(Ab, ® Ab, ® Ab,) ® Aby ® Ab |
or
[t atfsine,  abatfsina, o [a[[a]sinay
_ A} Al Al
N N B S e R SN
_ Ab,®Ab, ® Ab
BZ (t) |t=o_ ”Abz ®Ab1 ®Ab§” (29)

where «,, is the angle between Ab, and Ab,, «,, is the angle between Ab, and Ab,, «,, isthe
angle between Ab, and Ab,.

Corollary 3.4 The first, second and third curvatures «;,x,,x, of P(t)defined by the equation
(12) at starting point t =0 in Euclidean space E* are given by

n—1 ({(Ab, x Ab, x Ab,) x Ay, x Ab } x (Ab, x Ab, x Ab, ) x Aby, Ab; )

i (t) |t:0 = 2 (30)
n ”{(Abo x Ab, x Ab,) x Aby x Ab, } x (Aby x Ab, x Ab, ) x Ab0||||Abo||
0,02 (A, ) Ay x Ay A, x Ay x A, )< Aby | ((Abyx Ab,xAB,)x Ab, x Ab, Ab, 1)
S | (A, x A, x Ab,) x Ay x A Al ({(Aby Ay x Ab,) x A x Ay x (A, x Ay x Ab, x Aby, A )
)]s = n-3 (Ab, ® Ab, ® Ab,, Ab, ) [(Ab, ® Ab, ® Ab,) ® Ab, ® Ab|| 32)

N ((Ab, ® Ab, ® Ab,) ® Aby ® Ab,, Ab,)  ||Ab, ® Ab, ® Ab, ||| Aby |
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Corollary 3.5 Let P(t) be a non-unit speed Bézier curve with control points by, b,,...,b, defined
by the equation (12). For the ending point t =1, we have

Ab,
33
T(t) .= IIAbnlll (33)
N, = —{(Ab, ;®Ab,_,®Ab _)®Ab, , ®Ab _,} ®(Ab,_,®Ab,_,®Ab, ,)®Ab, , 34
“ |{(ab,,®Ab,_,®Ab,_,)®Ab_, ®Ab,_,} ®(Ab, ,®Ab,_,®Ab,_,)®Ab, |
or
N(t) |t=l Abn—z 1 Abn—l cos 0{(n 2)(n-1) (35)
”Abn 2” |S|na(n 2)(n— 1)| |Abn l” |Sm A (n-2)(n- l)|
B,(0)], — (Ab_,®Ab_,®Ab _)®Ab _, ®Ab_, | (36)
|(Ab, ;®Ab_,®Ab )®Ab , ®Ab, ||
or
B(1)] = - [0, 2[[}A, . [sin &, 50+ _Ab b, b, ofsin _Ab b, oAb, 2[sin 510 (37)
SO A, ®Ab,®Ab | " [Ab,®Ab,®Ab | " [Ab,®Ab_,®Ab |
and
Ab, . ®Ab,_, ® Ab
B,() =7 (38)

|Ab, s ®Ab,_, ®Ab, |’

where «, 4, , iSthe angle between Ab, ; andAb, ,, &, 5,y iSthe angle between Ab, ;and
AD, 1, @ a0y 1S the angle between Ab, , and Ab, ,

Corollary 3.6 The first, second and third curvatures «, x,, x, of P(t) defined by the equation
(12) at ending point t =1 in Euclidean space E* are given by

1 {{(Ab,_,®Ab,_, ®Ab, ,)®Ab,, ®AD, ,} ®(Ab, , ®Ab,_, ®AD,,)®AD, ;,Ab,,) (ag
N |{(ab,,®Ab,_,®Ab _)®Ab,_, ®Ab,_,}®(Ab,_,®Ab,_, ®Ab_)®Ab,_[ab, [
_(n-2) [{(Ab, ,®Ab, ,®Ab,_,)®Ab,_, ®Ab, ,} ®(Ab, ,®Ab, ,®Ab,_,)®Ab, ,

Kl(t)|t:1 -0

15, (1)
k2O = (36, ® Ab, , ® Ab,)® Ab, , @ Ab, b, | )
' ((Ab,_;®Ab, ,®Ab_)®Ab,_, ®Ab, ,,Ab, ;)
({(Ab, ;®Ab, ,®Ab, )®Ab,, ®Ab, ,} ®(Ab, ;®Ab,_, ®Ab, )®Ab, ,,Ab, ,)
K, (t) |t:1 —_ n-3 <Abn—3 ® Abn—Z ® Abn—l’ Abn—4> ||(Abn—3 ® Abn—z ® Abn—l) ®Abn—1 ® Abn—Z || (41)

n ((Ab,,®Ab,_,®Ab )®Ab  ®AD ,,Ab ) [Ab,,®Ab_,®Ab,[[Ab,|

4. Conclusion

In this work, Bézier curves are examined using the basic techniques of differential geometry.
Serret-Frenet frame and curvatures of Bézier curves in Euclidean 4-space are formulated by the
help of ternary product or triple vectorial product for Euclidean 4-space. These elements are
calculated at each point, starting and ending point for the Bézier curves defined parametrically.
These formulations provide an opportunity to determine the location of these curves in
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Euclidean 4-space. Thus, a different perspective is given to these curves, which were not studied
in 4-dimensions in the literature.
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