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1. Introduction

Let f: 1 <R — R be a convex function defined on the interval I of real numbers and a < b. The

following double inequality

f(a;b) ! a/f( f(a);f(b)

is well known in the literature as Hadamard’s inequality. Several papers have been written on

convexity and inequalities (see [16-27] and references there in).

In [13], Dragomir defined convex functions on the co-ordinates as following:

Definition 1.1 Let us consider the bidimensional interval A = [a,b] x [c,d] in R? with a < b,

c<d. A function f: A - R will be called convexr on the co-ordinates if the partial mappings

fy

[a,b] = R, fy(u) = f(u,y) and f:[c,d] > R, fo(v) = f(x,v) are convex where defined for

all y € [¢,d] and x € [a,b]. Recall that the mapping f: A - R is convex on A if the following

inequality holds,

FOz+ (A =-XN)z, y+ (1= Nw) < Af(z,y)+ (L= f(z,w)
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for all (z,y),(z,w) € A and X €[0,1].

In [13], Dragomir established the following inequalities of Hadamard’s type for co-ordinated

convex functions on a rectangle from the plane RZ.

Theorem 1.2 Suppose that f: A =[a,b] x [c,d] > R is convex on the co-ordinates on A. Then

one has the inequalities;

(a;b’c;d) (1)
I =T R{CS ST =R E SO
< (b_a)l(d_c)'/abfcdf(x,y)dxdy
< jl[(bia) -/abf(x7c)dx+(bia) [abf(x,d)dx
+(dic) fcdf(cuy)dy+ (dic) fcdf(l%y)dy]
. @)+ flad)+ fbe)+ f(bd)

4

The above inequalities are sharp.

In [1], Bakula and Pecarié¢ established several Jensen type inequalities for co-ordinated
convex functions and in [14], Hwang et al. gave a mapping F', discussed some properties of this
mapping and proved some Hadamard-type inequalities for Lipschizian mapping in two variables.
In [2], Ozdemir et al. established new Hadamard-type inequalities for co-ordinated m-convex and
(a,m) —convex functions. On all of these, in [11], Sarikaya et al. proved some Hadamard-type

inequalities for co-ordinated convex functions as followings:

Theorem 1.3 Let f: AcR? - R be a partial differentiable mapping on A :=[a,b] x [c,d] in R?

2
with a <b and c<d. If | 911 s a conver function on the co-ordinates on A, then one has the

Otds
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inequalities:

‘f(a,c) + f(a,d) + f(b,c) + f(b,d) )

4
1 b ,d
s L L a4
0-ota-o |k o0 || 00| - ko)
16 1

where

A:;[ L Lb[f(x,c)+f(x,d)]dx+ fcd[f(a7y)dy+f(b,y)]dy].

1
(b-a) (d-c¢)

Theorem 1.4 Let f: A cR? - R be a partial differentiable mapping on A := [a,b] x [c,d] in R?

2 q
with a <b and c¢<d. If | o f , q>1, is a convex function on the co-ordinates on A, then one

Otos

has the inequalities:

fla,0) + f(a,d) + f(b,c) + f(b,d)
4

w4

82 q
S (a,d)| +
4

(b-a)(d-o) (\5;2<a7c>|q+

52 q 92 q %
atafs(bv C)‘ + ‘atafs(b’d)‘
A(p+1)7

where

A:;[ 1 Lb[f(x,c)+f(x,d)]dx+ /Cd[f(a,y)dy+f(b,y)]dy:|

1
(b-a) (d-c)

and L +1=1.
P q

Theorem 1.5 Let f: A cR? - R be a partial differentiable mapping on A :=[a,b] x [c,d] in R?

with a <b and c < d. If|a2f !

5m9s| » 421, s a convex function on the co-ordinates on A, then one
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has the inequalities:

‘f(mc)+f(a,d);—f(b,c)+f(b7d) (4)

+m fab fcdf(%y)d:vdy - A‘

atas (a d)‘

4

(b-a)(d- c)(\atas(a o+
16

Lo + | 2L b.a) )

where

1 1 b 1 d
A:2[(b—a)fa [f(x,c)+f(a:,d)]dx+(d_c)fc [f(a,y)dy+f(b,y)]dy].

n [15], Ozdemir et al. proved following inequalities for co-ordinated convex functions.

Theorem 1.6 Let f: A =[a,b]x[c,d] = R be a partial differentiable mapping on A = [a,b]x[c,d].

18 a convex function on the co-ordinates on A, then the following inequality holds;

8% f
If‘m

_(dic) cdf(aTH)’y)dy_ (b}a) fabf(I’HTd)dx

DT fabfcdf(%y)dydx

-a)(d-c 2
e =2 ol

\ata“ C”H

L, >]

0tos 8t6

Remark 1.7 Suppose that all the assumptions of Theorem 5 are satisfied. If we choose % 1

bounded, 1i.e.,

P*f (t,s)
otos

O*f (t,s)
OtOs

sup < o0,

0o (t s)e(a,b)x(c,d)
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we get

_(dic) cdf(aT”)’y)dy_ (b}a) /abf(%%l)dz

o L [ e

(b-a)(d-c)
16

Of(t,s)
otos

Theorem 1.8 Let f: A =[a,b]x[c,d] = R be a partial differentiable mapping on A =[a,b]x[c,d].

If ‘81585 , q>1, is a convex function on the co-ordinates on A, then the following inequality holds;
a+b c+d
dyd 7
(a+b ) ( c+ d) .
(d— c) )
(b—a)(d-c¢)
T 4(p+1)r

X(s;f;wlq T 0,0 + |5 @)+ ﬁ;f;wadf)é
4

Remark 1.9 Suppose that all the assumptions of Theorem 6 are satisfied. If we choose % 1

bounded, i.e.,

2 2
laf@@) S A GE))
Ot0s o (t,8)e(a,b)x(c,d) otos
we get
a+b c+d
8
(%5755) ®

_(dic) fcdf(?’y)dy_w—lcz)fabf(x’cgd)dm

+Wl(d—C) fabfcdf(xay)dydx

(b-a)(d-c)
4(p+1)%

f (t,s)
otos

IN
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Theorem 1.10 Let f : A = [a,b] x [¢,d] = R be a partial differentiable mapping on A =

, q =1, is a convex function on the co-ordinates on A, then the following

[a,b] % [c,d] . U\

Otds

inequality holds;

’f(a;b’c+d) (b a)@i c)/h~/~f(x*”dy¢” ©)

(d_c) (a+b ) ) ( c+d) .

(b—a)(d-c¢)
16

|atas (a, C)| |8t65 (b, )‘ ‘82&83 (a, d)| ‘Btas (b, d)‘
4

Recent results, generalizations, new methods and further properties of different kinds of

co-ordinated convex functions can be found in [3-12].

The main purpose of this paper is to prove some new inequalities of Hadamard-type for
co-ordinated convex functions on the co-ordinates by using a new Lemma. These estimations give

new upper bounds.

2. Main Results

To prove our main results, we need following Lemma.

Lemma 2.1 Let f: A =[a,b]x[c,d] = R be a partial differentiable mapping on A =[a,b]x[c,d].

If aa:ai e L(A), then the following equality holds:

a+b c+d)
2 7 2

_C)/~ (a+b )dy_(bia)lff(LC;d)dx

o L [ @i

A:f(
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ST _C)[f I R R R
A A < (e R R o
e ata( 2 ()0 sd (1-8) S0 dst
e g (e a0 S s ) asa

for all t,s€[0,1].

Proof Let we start with the following statement

2

Il—[f atas(a;b+(1—t)a,sc+d+(1—s)c)dsdt.
Integration by parts, we can write
[f atas(a;b+(1—t)a,sc+d+(1—s)c)dsdt
- folt[;_‘scaaf(ta;b+(1—t)a,scgd+(1—s)c);
e
gf(a;b f(1-1)a, 51 +(1—s))
' af(“;b +(1-t)a,s20 4, 1) )dsdt.
By integrating again, we get
L
= fo f 8tas(a b+(1—t)a,sc+d+(1—s)c)dsdt
(b—a)4(d—c)[f(a;b’cgd)_./: ( +(1-t)a C+d)
a+b, C+d+(1—s) )ds+/01f01f(ta+b+(1—t)a,sﬂ+

_[olf(i

2
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Analogously, we can easily obtain the followings

I
L
- aaaal (55 (tb+<1—t)“””;d)dt

SY(C R Y I GRS SRS

I3

B f f 8158
- (b—a)4(d—c)[f(a;b’c;d)_folf(ta2 +(d-ba C;d)dt

—folf(“;b sd+(1-5) < )ds+f01f01f(ta+ +(1—t)asd+(1—s)cgd)dtds]

2af(tb (-2 s a-s)C )dsdt

d) dtds] ,

+(1—t)a,sd+(1—s)c+d

( a+b

) dsdt
2

and
1y
b d
- [ f (t—l)sa (tb+(1—t)a+ i+(1—s)c)dsdt
a+b c+d 1 a+b c+d
= tb+ (1-t dt
- a)(d c)[( ) fo ( +(d-t) )
1 b d Lort b d
—[ f(£,3i+(1—s)c)ds+f f f(thr(l—t)&,sc+ +(1—s)c)dtd3].
0 2 2 o Jo 2 2
By adding I, I, I3, Iy and changing of the variables, we get the desired result. O

Theorem 2.2 Let f: A =[a,b]x[c,d] > R be a partial differentiable mapping on A = [a,b]x[c,d].

If ‘Btas 18 co-ordinated convex function on the co-ordinates on A, then the following inequality

holds;

A (10)

(b-a)(d-c) ‘%(a,cﬂ |8t85(b C)‘ 8t8s ad)‘ ‘Bt(?s(b d)‘

144 4
0> f (a+b c+d) N 0% f (a+b c)
otos\ 2 7 2 otos \ 2’

O*f (a+b
! 8t65( 2 ’d)’+

0% f (a c+d) .
otds \ 7 2

0% f (b c+d)
otos 7 2 ’
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Proof From Lemma 1 and by using the absolute value for the both sides of the equality, we can

write

Al

_ (- a(d—c)[f f %(a;b (1—1€)asJ2r +(1_S))
f f (t-1) (s —1I‘af(tb+(1_t)“;b,sd+(1_8)c;d)
+/(;1/01|t(s— ‘af( (1—t)a,5d+(1_5)c;d)

7f
6

1 rl a+b c+d
+f / [s(t-1)
o Jo

dsdt

dsdt

dsdt

+(1-s) )

(tb (1-1) dsdt] .

we have

If we use the co-ordinated convexity of ‘ Dids

)

A

_ (- a) —c)[// {

0% f c+d
9tos (a’s 2 +(1_8)C)

a+b c+d
atas( 2 " +(1_S)C)

}dsdt
e —1)|{ T (nsavir- )”d)‘
RTTE

ek (4 s -9 )

2

o°f c+d
atas(a’8d+( s 2)

f / |S(t_1)|{ ata( C+d+(1_s))
dsdt}].

+(1-1¢)

dsdt

+(1-1)

dsdt}

0% f (a+b c+d
otos \ 2 #

F(1-1) f(1-%) )
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By computing these integrals, we obtain

Al
= (b_aiéd_c)[;/ols 632;];((1;{)7 c+d Sl 8) )

6 atas( C+d+(1‘5))
%fﬁls—li 21 (st 1-0) S50
‘% 1|=9—1| aa;é(a;b,sd+(1—s)c d) ds
ST ggs(a;b sd+(1-s )Hj)’ds
éf01|8_1| a;f (“ 5d+(1—8)c+d) ds

NG 8t85( c;d“l—s))

3[ atas(a;b’sc;d%l—s)c) ds]_

By using co-ordinated convexity of | 303 | again and computing the integrals, we get desired result.

O

Remark 2.3 Suppose that all the assumptions of Theorem 8 are satisfied. If we choose % is

bounded, i.e.,

Hfﬁf(t,s) 9%f (t,s)
Y sup Y )
Otds o (f 5)€(0,1)x(0,1) Otds
we get
a0 (@0 127 (b.9)
B 16 Otds

which is the inequality (6).

Theorem 2.4 Let f: A =[a,b]x[c,d] > R be a partial differentiable mapping on A = [a,b]x[c,d].
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If ‘81&85 is a convex function on the co-ordinates on A, then the following inequality holds;

A (11)

(b—a)(d-c) 2L (b
16(p+1)7

{

where q > 1.

O*f fa+b c+d\| |%(avc)‘q |6t63(b C)‘ +‘8t65(a d)| ‘7f bd)‘q %
atas( 2 2 )’ ' 1

Proof From Lemma 1, we have

A

= (b- a(d—c)[/ f %(a;b +(1- t)as 5 +(1—s))

|(t D - ZL (m+ (1-1) 228 sav (1-5) 9| dsar
8158 2 2

dsdt

f/|t(s— |‘8t6 a;b+(1—t)a,sd+(1—s)C;d)|dsdt

s ‘af(tb (-0 sl (1-)e)

By applying the well-known Holder inequality for double integrals, then one has

dsdt:| .

Al (12)

: l(ff)

Q=

q

+(1-1%)a, 52

( a+b

5 +(1—s)c)

815 s dsdt)

4va
(L |<t—1><s—1)|”dsdt)
U
(

Q=

sd+(1—s)CJr

d)q

(tb+(1—t)a+b7

dsdt)

0 87&8

+

/ f |t(s—1)\pdsdt)
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Since

o°f
Otds

Similarly, we have

1
X( 0
+(/01f01|s(t—1)|pd5dt);

2, 9

1
q

O*f (a+b c+d
(t (1=t a,sd+ (1-5) )

q
dsdt
otos ' 2 § )

s wf |

is a co-ordinated convex function on A, we can write for all (¢, s)

(tb+ t)%b,s”d

+(1—5)c)

8t85

q

O2F [ a+b
atas(t Sl (-na,s Tt +(1—s))

IN

5 0% f (a+b c+d)q
otos\ 27 2

? a+b
+t(1_8)‘ataﬁ( 2 ’C)

9%f ( ,c+d)q

q

1-
+(1-t)s 0tds “ 2

+(1-t)(1-9) (a c)

8t8

0% f
Otos

sd+(1—s)c+d)

(tb+(1—t)a

q

82
Otds

ts

IN

(b, d)

92 f (b c+d) ?
otos 2

+t(1-35)

O’f (a+b a

+(d-t)s atas( 2 ’d)
O%f (a+b c+d\|!
+(A-t)(1-s) 31585( 2 ' 2 ) ’

e [0,

1]x[0,1]

(13)
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O%f [ a+b c+d\|*!
8tas(t 5 +(1-t)a,sd+(1-5) 5 )

NS (a;b d)q
Otos ’

2
O2f (a+b c+d\|*

(1) atas( 2 ' 2 )
2 q

c(-0)s| oL (0,0

52 ( c+d)q
a
tos \ 2

+(1-t)(1-9) 3

0% f a+b c+d
s 10+ (-0 570 (1= 9)¢)

0*f (b c+d) ?
Jtos 2

IN

ts

+t(1-3) 862;

7C)

+(1-t)s

0% f (a+b c+d)q
otos\ 2 7 2

q

f(1-1)(1- )‘mé’c(“;b,c)

Using inequalities of (13)-(16) in (12), we get

Al

a2

an( c+d)|

8tds =2 )|t o (b’&d)|+

@ =3 aa:a]; (LH)’C)|

M( 2 dtds 2
16 (p+1)» 2

(b—a)(d—c)( o (5t d)|+

(b d)‘

2 (avh crd\] |ogk @Ol + |2k (.o + |2k (a.d)| +| 2k
atas( 2 2 )’ ’ 1

{

This completes the proof.

1
q

Remark 2.5 Suppose that all the assumptions of Theorem 9 are satisfied. If we choose % 1

bounded, i.e.,

O f (t,s)
OtOs

*f (t,s)
otos

= sup
oo (£,5)€(0,1)x(0,1)
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we get

Of (t,s)
otos

Al < (b-a)(d-c¢)
4(p+1)P

o)

which is the inequality (8).

Theorem 2.6 Let f: A =[a,b]x[c,d] = R be a partial differentiable mapping on A =[a,b]x[c,d].

If ‘Btas is a convex function on the co-ordinates on A, then the following inequality holds;

A

(b-a)(d-c¢) |8t63(a C)‘ |8t85(b )‘ ‘Btas(a d)| |3t65(b d)‘

16 36
1
2 q 2 q 2 q 2 q 2 479q
+4 gta]; (%b’%” +|§tafs (GTH)’C)| +‘§t8fs (GTH)A)‘ + gtafs (a7c%d)‘ ‘gta]; (b %d)| '

Proof From Lemma 1, we have

A

_ (- a(d—c)[f [ %(a;b e (-tyasStd 2 +(1—5))
f / I(t-1) (s —1)|‘ata(tb+(1—t)a;b,sd+(1—s)c;d)
f / t(s—1 |‘6t8 a;b+(1—t)a,sd+(1—s)C;d)‘dsdt

Lol 2 a $€
[ |s(t—1)|‘§taf (-2 g “(1-5)e)

dsdt

dsdt

dsdt:| .
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By applying the well-known Power mean inequality for double integrals, then one has

Al

OO [ i)

( f( )‘&a(a;b (1- t)as +(1—s))
(f / (t=1) (s-1 )|dsdt)

( f01|(t-1)(s—1)\ gzafs (tb+(1—t)a+

1
q a

dsdt)

+

1

b,sd+(1—s)c

)

_1

+ f / [t(s-1 |dsdt) ’
(f f |t(s—1)‘8ta a;b+(1—t)a,sd+(1—s)c;d)
+( f01|s(7f—1)|d$dt)1

f f |s (t_l)‘é‘tf) tb (1—t)a+b C+d (1—3)) dsdt);‘l.

1

q i
dsdt)

2,19
% is a co-ordinated convex function on A, we can write for all (¢,s) €[0,1] x

Since

q

O’f (a+b c+d
Ms(t ; c(1-t)a,s<"° : +(1—s))

IN

5 0*f (a+b c+d)q
otos\ 2 7 2

02 a+b
+t(1_3)‘ataj;( 2 ’C)

0% f (a c+d)q
otos\ 2

q

+(1-t)s

T ()

+(1-t)(1-9) g

66
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q

;;J; (tb+(1—t)a;b,sd+(1—s)C;d)
< ts gtzs (b,d)q

ol (5

su-na-afg (4505

g:aj;(ta;b+(1—t)a,sd+(1—s)c;d)q
A |

R |

(1-1)s g;é(a,d)q

ca=n -9l (o550

;;J;(tb (1—t)a;b, C;d+(1—s)c)q
A

wt(1-5) S:@]; 00|

co-0slga (555

c1-n-s)|2t (“*b,c)q

905 \ 2

If we use (18)-(21) in (17), we get

(20)
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A

(b-a) (d- o) [ [gm @) + |G 0. + |5k 0. d)|| + | 5 )]

16 36
2 q 2 q 2 q 2 q 2 q H
o°f +b c+d o f +b o f +b o f +d o f +d 4
4|atas (%°, CT)| + |8t85 (“770)| + ‘Ot(’?s (aTvd)‘ + |6t65 (a, CT)‘ + |8t83 (0, CT)|
9
This completes the proof. O
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