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1. Introduction

The study of dynamical system is the focus of dynamical systems theory, which has application to a wide variety of fields such as mathematics,
physics, chemistry, biology, medicine, engineering and economics. Dynamical systems are a fundamental part of bifurcation theory which
studies the changes in the qualitative or topological structure of systems. A bifurcation occurs when a small change made to the bifurcation
parameter of a system causes a qualitative or topological change in its behavior.

In this paper, we will study the third order rational difference equation

o +ﬁx,,,2

- =0,1,2,.... 1.1
A+Bx, +Cx,_’ =L (1.D

Xp+1 =

We focus on the dynamic behavior of the positive fixed points and the type of bifurcation exists where the change of stability occurs. Then,
numerical examples are treated to support our results.
Local and global stability, period two solutions, boundedness, invariant intervals and semicycles of

o +an7k

L e S N 12
At Bu+Cr, (1.2

Ap+l =

were studied by Guo-Mei Tang, Lin-Xia Hu, and Gang Ma in [1]. Also, it was shown that (1.2) has no nonnegative prime period-two
solutions for even integer k. Equation (1.1) was studied by Ladas in [2].

The aim of this paper is to study the bifurcation of the third order rational difference equation (1.1). The change of variables x,, = % Yn convert

P+qyn—2
I+y,+ryn—2’

g, and r, where p = %a, q= % and r = %. Recent studies on dynamics and bifurcation can be found in [3], [4], [5], [6], [7].

the rational difference equation (1.1) with five positive parameters into y, 1| = n=0,1,2,... with three positive parameters p,
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2. Dynamics of y, ;1 = ; ot

In this section we will study the dynamics of the third order rational difference equation

P+ qyn—2

—_— 2.1)
L+yn+1yn2

Yn+1 =

with positive parameters p, g, and r, and non-negative initial conditions y_»,y_1 and yg. Note that equation (2.1) has the unique positive

. — \/,27
fixed point j = {=VAT AU,
In order to convert equation (2.1) to a third dimensional system, let z, = y,,x, = y,—1 and t, = y,_>. We have the following system
Pt
n 1 +2Zntrty
Xn+1 = 2n
et = 22)

which has the positive fixed point (7,7,7). In order to shift this fixed point to the origin, let w, = z, — 3, v, = x, — y and u, = t, — 3. System
(2.2) corresponds
_ P+4q(un+75) _
Wn+1 = = ~
L+ (W +3) +r(un +5)

Vnel = Wn

Uit = Vn 2.3)

System (2.3) has (0,0,0) as a fixed point.
The Jacobian matrix of system (2.3) is
p+q(wnty) q(1+wn+y)—rp

(4w +y+r(uy,+y))? (1+wy+y+r(uy,+y))?
J(w,v,u) = 1

0

- o O

0

p+qy 0 4to-rp __7J 0 4=
(1+5+ry)? (1+3+ry)? I+y+ry 14+y-+ry

7(0,0,0) = 1 0 0 1 0 0

1

0 1 0 0

=]

The characteristic polynomial of the Jacobian matrix J is

__43__ Y 2, 49-1¥
plA) == 1+y‘+ry-’I R 24

_ e
Let p; = ﬁ p>=0and p3 = — ]iy__gr).,.

We will use the following theorem to determine the stability of the zero solution.

Theorem 2.1. [8] For the third-order difference equation
x(n+3)+ p1x(n+2) + pax(n+1) + p3x(n) =0, (2.5)

the characteristic polynomial is
P(A) = 2%+ piA%+ pad + ps.

A necessary and sufficient condition for the zero solution to be asymptotically stable is
| p1+p3|<l+py and |p27p1p3\<17p§. (2.6)
Theorem (2.1) implies that the zero solution is asymptotically stable if condition (2.6) holds which is equivalent to

.)7 q_r)_) |

— 2.7
1+3+ry 14+5+ry @D
and
y q-ry 4—r \2

X — . 2.8
14+y+ry 1—0—)7—0—}’)7' (1+y_+r)7) 2:8)

Inequality (2.7) is equivalent to
14— -7 o, 2.9)

L+5+r5 1+5+15
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and

SR S S (2.10)
14+5y4+ry 14+3+ry

and inequality (2.8) is equivalent to

yoo, 4= 4=

p—— —— ——)" >0, (2.11)
1+54+ry 14+y4ry 1+y+ry
and
S N A b SR 2.12)
I+y+ry 1+y+ry “14+y+ry
Inequality (2.9) always holds since
y o g—ry 1—q+2(1+r)y

J’_ =
1454+r7 14+5+r5 1+(1+7)y
Also, inequality (2.10) holds for all values of the parameters p,q and r since,
y q—ry _ _1+gq

_ = > 0.
1+5+ry 143+ry  14+(1+r)y

Inequality (2.11) is equivalent to

470 Y 47 g 2.13)
1+y+ry 14+y3+ry 1+3+1y

Note that we take == ﬂ ’ 5 as a common factor. Now, add —1 to both sides of inequality (2.13), we have

q-ry [(1+r)y'—q]

- oA (2.14)
14+3+ry 1+3+1y
Multiply both sides of (2.14) by H’)H} for (14 7r)7—q < 0, we have
q—ry I+y+ry
- - < —.
1+y+ry  g—(1+r)y
Inequality (2.12) is equivalent to B _
q—-ry -y ]
T3+ T 5+r7 1+y+
or,
ik R PY (2.15)

1+5+r5" 1+5+77

Note that for (1+r)y—g < 0, 77—y — g < 0. So, if we multiply both sides of (2.15) by ’1;3;_2

, we have

q—ry <1+)7+r)7
1+5+ry  q—ry+y

Note that for ry —y—g <ry+3y—¢q <0,
0<qg—ry—y<qg—ry+y,

and hence,

1454y _ 145ty
q—1y+y q—ry—=y

So for g— (1+r)5 > 0, if § +ylyry < H}r;f; then ; ﬂfr\ < ;j;r?, and hence, for g — (1 +r)7 > 0 if inequality (2.12) holds, then inequality
(2.11) holds.

Note that if g — (14 r)y > 0, we have

q—1+\/(‘1—1)2+4p(1+r)
2(1+r)

g—(1+7)( >0

or

g—1+/(g—1>+4p(1+r)
2

q+17\/(q71)2+4p(1+r)>0

>0

g+1>/(g— 12 +4p(1+7)
take the square of both sides, we get
P +2q+1>q* —2q+1+4p(1+7)

or,
4g > 4p(l+r)
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So for p < %, the zero solution is asymptotically stable if

q—ry <1+y'+r)7
1+54+ry  g—ry+y

(2.16)

Note that if we fix g and r and choose p as a parameter where p < %ﬁ, then the stability exchanges at the value of p that satisfies equation
q—ry __ 14+5+ry
T+3+r5 — q—rity°

Name this value as p*.

_Ptayn—a

3. Existence of Neimark-Sacker bifurcation of y, | = -5 ="1=—

In this section we study Neimark-Sacker bifurcation of (2.1) which occurs at p = p* as p is the bifurcation parameter. Note that equation
(2.1) has no positive distinct periodic solutions of prime period two. Hence, we focus our attention on Neimark-Sacker bifurcation.

Theorem 3.1. The characteristic polynomial (2.4) p(A) has two complex conjugate roots if one of the following cases holds

1. g—ry <0
q-ry 4 y 3
2 T+y+ry > ﬁ( 1+y+ry’)

Proof.

A :_13_ y 2 qfr)_’
p4) g+ 14+
(A)=-322-2— 2

pA) T+5+ry

p(A)=0atAf = 77(1+)+r} or Ay =
Since, y > 0, 7L* < Aj. p(4) has local minimum value at A = A and local maximum value at A = 4. Note that lim,_, ., p(4) = o and

limy_,,, p(A) = —co.
So, p(A) has only one real root if one of the following cases holds

1. p(A{) > 0 and hence p(A5) > p(A) > 0.
2. p(A}) < 0and hence p(A]) < p(ﬁg)<0~

(
(
So, p(A) has two conjugate complex roots if one of the following holds
(2
(

y
- P ) (1+)+r\) + 1+)+r) > 0.

r
A3) =

<0.

=

)+’}

Consider case one. Note that p(0) = l+y+,y + 1+y+ry'
(g=1)*+4p(1+r)

72q+1+\/(q71>2+4p<1+r) < 0. So p(A) has areal root & such that & € (0,1).
In the second case, by similar argument we can show that p(A) has a real root of modulus less than one. Note that p(0) < 0 and p(—1) >0
in this case.

Consider the case where lj_;fry_ry > %( T 5&_ ry)S- We will find where the conditions of Neimark-Sacker conditions hold. O

>0 and p(1) = —1— Substitute the value of ¥, we have p(1) =

l+)+r»

Theorem 3.2. For p < ILH, the characteristic polynomial p(A) has two complex conjugate roots of modulus one and a real root of modulus
less than one at p = p* if g > 3.

2
—(1372+16r-7 13r2416r-7)2+4(6r-9) (93 +16r2 47,
(2(l+r)( (132 416r—7)+/( Z(rg:gﬂrér2)+;)( r—9)(9r3+16r2+ ”)7((1*1)) —(g—1)?

4(1+r)

, then Neimark-Sacker conditions hold.

Moreover, if p* >
To prove this theorem we need Viete formula.

Theorem 3.3. [9](Viete formula) Given any polynomial of degree n, say
P(x) = apx* + ap X"+ .+ ajx+ag

with roots ry,ry, ..., ry. Vieteformula say that
rtr b = =

an

(rr+rrs+...+rmm)+ (s +rr+ .o rmm) + oy = 222

an

(rimrs+rirrga+ ...+ rirm)+ (rirratrimrs+ .4 rirm) .o oty = —

an-3
a, ’

1yn e

Firary...ry = (— .
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Proof of theorem (3.2): Consider that ¢ > 3 and p < 1+ Note that for p < 1+r’ we have ¢ — (1+r)y > 0 and hence g — ry > .

N 4 - ; 1

Recall that 1 > (#ﬂy)2 sol> ﬁ(1+y‘y+ry) and hence, y > 27(1+}+r)) y.S0,g—ry>y> 27(1+v+ry) - Multiply by 75775, we get
q—ry 4 y 3

5475~ 7 (575)7 o ' ,

So, in this case the characteristic polynomial has two complex conjugate roots and another real root of modulus less than one as we have

shown in the proof of theorem (3.1).

Now we will show that the modulus of the conjugate roots equals one at p = p*. Let A1, A, and A3 be the roots of p(4) where, A; and A, are

the conjugate roots and A3 is the real root. Recall that A3 = & has modulus less than one. By Viéte theorem, we have

y
MAL+A3=——"" 3.1
1+A2+ A3 155415 3.
MAAz = ——— 3.2
123 = 1+ i (3.2)
MAr+AiAz+ A A3 =0. 3.3)
If A, and A, has modulus equal one, then 411, = 1. From (3.2), we get A3 = lfi;‘ifry
Substitute A3 in equation (3.1), we get A; + A + 152 Jﬂ H} = #_’H)_
q—ry+y
M+Ap=—"7—""-——. 34
R 34
Also, substitute A3 in equation (3.3), we get A + 4, = }3 = lz;y_ f;i.
—ry  _ 149+ry q—ry _ 1+y+ry

That implies This shows that at p = p* where p* satisfies (A) has two complex conjugate roots of

l+y+ry gy T+ — g—rty P
modulus one and a real root of modulus less than one for p < 135 H.

As p is the bifurcation parameter and ¢ and r are fixed, the bifurcation point is p* which satisfies

g—ry _ l4+y+ry
1+y+ry qg—ry+y

(1+5+r9)° = (g =7 +3)(g—19)
A+ 20045+ 1 =6 —qri+qy—qri+ 'y —rf’

(14357 + 21 +r) +q2r—1)5— (¢ —1) =0. (3.5)

Equation (3.5) is a quadratic equation with the following roots

=2+ +q2r—1) £/ 2(1+7) +q(2r—1))2+4(q> — 1)(1+3r)
r= (1+3r) '
Since, 5 > 0, for g% > 1
=+ +q@r—1)+/ 21 +r) +q2r—1))2+4(q> — 1)(143r)
r= 2(1+37) '
Substitute the value of y, we have
q—1++/(g—1)2+4p*(14+r) _ —(2(14r)+q(2r—1) +\/ (14r)+q(2r—1))24+4(g*>—1)(1+3r)
2(1+r) - 2(143r)
2(14r 2r—1) 1+r)+q(2r—1 4(q>—1)(1+3r
Vig= 12+ 4p (147 = 1= g +2(1+r) (~EEHL LeviEl e e L )

- 3\ 2
(1—q+2[1+ A= (2(14r)+q(2r—1))++/(2( 2;1+J:3j)q(2r 1))2+4(q? 1)(1+3)]> —(q—1)2

4(14r)
To check if Neimark-Saker bifurcation exists at p*, we must show that ¢X®" £ 1 for k= 1,2,3,4 and #(p*) # 0 where 4 5 = cos 0* £isin 6*.
To show that el £ 1 let A =cosB+isin® and A = cos 6 — isin O be the complex roots of p(4) at p*. Substitute A in p(A), we have

pr=

3 2 _
A — Attty =0or
3 y 29—y
+ — =0. 3.6
1+y+ry 1+3+7ry (3.6
Recall that at p*, Hfry = ;f{;‘ g So equation (3.6) becomes
_ L5 r5
SR e 3.7)
1+y+ry q—ry+y
By similar argument, substitute A in p(A) we get
- 5 oao LT+
JE y g2 1Ey+ry (3.8)

1+y+ry q—ry+y
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Multiply equation (3.7) by A2, we have

— 3.9
+5+5 q—r9+3 G
Also, multiply equation (3.8) by A2, we have
~ 5 14547y
A S (3.10)
1+3+r9 q—ri+y
Add (3.9) to (3.10), we get
% y 1+y+17 .2 52
A+A+2 - A“+A7)=0 3.11
(l+)7+r)7 q—r)7+)7( ) ( )
Note that A +A = 2cos 8 and A2+ 1% = 4cos? 6 — 2.
Equation (3.11) becomes 2cos9+21+y+ry ;ﬂr;g (4c0s26 —2)=0or
1 y 1+5+7ry
(LTI 020 420080 4 2(—2—— ) 4oL ) (3.12)
q—ry+y I+y+ry q—ry+y
From equation (3.4), we have A + A = —¢ ﬂ’,f;i and hence, 2cos 0= ‘f;;itf That implies cos 6 = f%(ﬁ;itf ). Note that this is a root
1+5+ry 1 ry+y ry+y 1+y+ry ry+y 1+y+ry
of equatlon (3.12) since, —4(;Z55) (=3 % C1]+)7)jkr§) +2= x {5555) +2mm) H2(55n) = 25 +21+}+r} +20 054 =
9= 1+y+ry -
2( 1+V+ry + r)+}) 2(0) =0.

Note that er} <1org—ry<1+3+ry. To show this, note that 0 < 4p(1 +r), add (g — 1)? to the both sides, we get (g — 1)?
(g—1)% +4p(1+r). Now, take the square root of the both sides, since we assume g > 3, we get g — 1 < \/ —1)2+4p(1+7) or
g—1< Ity (q_l)2+4p(]+r) . That is equivalent tog—1< (147r)y. Sog—ry <1+3+ry and hence

. 1+y+ry q ry -1
Since, 5 = T55 <1,cos0 <

’ 1+y+))7 <l

Also, note that % < ;J_rf; _3: To show that we will use that for ¢ > 3, we have 2 — g < 0 and then %Z < p, multiply both sides with

4, we have 8 —4¢ < 4p(1+7). Add (g — 1)? to the both sides, we get ¢*> —6¢+9 < (¢— 1)> +4p(1+7r) or (¢—3)*> < (g—1)> +4p(1 +7).
Take the square root of both sides. Since we take g > 3, we get g —3 < \/(q —1)24+4p(1+7r). Add g— 1 to the both sides, we have

2g—4<q—1++/(g—1)2+4p(1+r)or,g—2 < (1+r)y and hence, g —2 < (1 +3r)yor,q—r)7+)7<2+2y+2r)70r% < }Iffyfg
. 1 1+y+ry
Smce,7<q ry+) cosf > —1. -
So, at p* where 1 < (lff;g = lj’r)+r> < 1, there exists 8 € (%, ) such that —1 < cos 8% = —1( HC{;;) < —1. Note that ¢/*®" £ 1 for
k=1,2,3,4.
To check if #(p*) # 0, it is enough to show that W |p=p# 0.
y 2 q—ry
A)=-A1°— :
p(A) L5495 145419
d‘“ d(li) __ 19 dA dp(2) di 7,dp(A) _dA
lp=r'= "0 lp=p=[AG, + ] lp=p-=A("g, ~d,,(z))+ (Cap @iy
) _ 1 22— r _ (1+r)(g—ry)
d|MA| | _/—1( (145+r9)2/(g—1)2+4p(1+r) (1+)7+ry')\/( 1) +4p(1+7) (l+y'+r)7)2\/(q71)2+4p(l+r)>
dp "M EYEN )
l+y+ry
- 1 72 r (1+r)(g—1y)
+l< (145+15)2/(g—1)2+4p(1+r) (145+r9)+/(g—1)>+4p(1+7) (1+)_‘+r)7)2\/(q71)2+4p(1+r))
72
31— 1+y+ryﬂ‘
At p* A4 =1, so we have
_ 1 22— r _ (1+r)(g—1y)
d| A2 | _( (145+79)2y/(g—12+4p(1+7) (145+r9)1/(q—1)2+4p(1+7) (1+}_‘+r)")2\/(q71)2+4p(1+r))
p=pr"= 3 2
dp —31° - 1+>+ry’l
_ 1 272 r _ (1+r)(g—ry)
+< (145+r9)*/(g=1)*+4p(1+7) (145+r9)V/ (g=1)*+4p(1+7) <1+y‘+r>7>2\/(471>2+4p<1+r>)
13 J__ 32
1 2_ r (1+r)(g—r5) _233_ y 22
_ << (145492 (g—1 +4p(1+r))' (15402 +4p(tr) (1454923 (q-1 -4p(1+,))( A2 ))
B (=343~ l+»+r\lz)( 33— 2]+»+nz’2)
_ i 52 r (141)(g=r5) 2
+(( <1+_v+r_v)2\/<q—1)2—4p(1+r)/1 (L7t V2 ap0er) (L) \/(qql)2+4pl+r))( 303 2 s >)
(_313_21 éI\rf/V)( 303~ 14\m12) '
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The denominator is non zero term since

(=313 —2*12)(—313 - 2%12) = 9+6ﬁ(1 FA)HA(— )2

L4+5+r5 1+5+ry +y+ I4+5+r7
—ry+y
Atp* A+ A= -4 5775 80 the denominator becomes
9_gla4—ry+y) Vg 6 y(q_—ryzz_z(
(1+3+75)? 1+y+ry (1+35+75) L+y+ry
y J(g—ry) —ry
Note that 1+y+r‘ <1so— (l+}"+ry) > —1and — (1+)+ry)2 > — l+)+r>
So,
9_6 24— S22 P96 1o
(1+7+r7)? 14+y+ry 14+9y+ry
—ry
and since at p* ; +y 5 <1, i
9-6-1""Y 559 6-2=1>0.
1+y+ry
It remains to show that the numerator is non zero term.
The numerator is
_ 1 22— r _ (1+r)(g—ry) >(_313_2 J
(5492 (g=1244p(140) " (145+9)y/(g= 1) +4p(147) (l+i+fy')2\/ (q—1)2+4p(1+7) Hyry
r _ (1+r)( ) >(—3)L3 JLZ)
(145+19)/ (q=D>+4p(1+r)  (14+5+19)21/(g—1)>+4p(1+7) SRR
_ 3 7 3r 3(1+r)(g=ry) )
(145+19)2/(g=1)2 +4p(1+7) (At+a)+ <(1+ﬁ+ry)\/<q—1)2+4p(l+r) + (145+19)2/(g=1)2+4p(1+1)
3,33 2ry 2(1+1)(g=ry)y ) 2,32 4y
A7+ + ((1+y_‘+r)_')2\/(q71)2+4p(1+r) + (145+19)3y/(g—1)2+4p(1+r) (A"+2%)+ (145+r9)3y/(g—1)2+4p(1+r)
Recall that at p*_ 155:3;‘_ = ;j‘ﬂy}: . Also, at p* L+ A4 =2cos 8, A2+ A% =4cos?8y—2 and A3 + 13 = 8cos? 6y — 6cos 6y where
costy =~} (4555

The numerator at p* is

12) + <_ (145+r7)2/(

2ry

g—1)2+4p(1+r)

_ 3(g=ry+¥) _ 3r(g=ry+y)? _ 3(1+r)(g=ry+3)*
(H45+r9)3/(q=1)>+4p(1+r)  (145+r9)*y/ (g1 +4p(1+r)  (14+5+9)*/(g—1)>+4p(1+7)
9r(g—ry+y) n 9(1+r) 2r9(g—ri+3)*
(H45+r9)2/(q=1)7+4p(1+r) (145492 (g 12 +4p(1+r) — (14+5+9)*/(g—1)>+4p(1+7)
2(141) (g—ry+3)5 _ 41y _ 4(1+r)y n 45
(1+)7+r)7)4\/(q71)2+4p(1+r) (1+i+r)7)2\/(q71)2+4p(1+r) (14+5+79)2(g—ri+7) \/(q71)2+4p(1+r) (14+5+ry)3 \/(q71)2+4p(1+r) :
Note that —1 < cos 6* < f% which implies that 1 < ‘llﬂ'?:;;_ <2and — rlyﬂ > fﬁ.
The numerator is greater than
- 6 _ 12(14r) + 9r 4 9(1+r) " N
(H45+r9)2/(q=1)>+4p(1+r) (145492 (g2 +4p(1+r)  (145+r9)y/(q—=1)2+4p(1+7)  (145+9)>/(q=1)>+4p(1+r) (145492 (g—1)2+4p(1+7)
2(14r)y _ 4ry _ 4(14r)y + 4y
(45493 (q=12+4p(1+r)  (14+5+r9)2y/ (q=1)>+4p(1+r)  (145+5)33/(q=1)>+4p(1+r) (14545 /(g—=1)2+4p(1+)
2(1—r)y 6-+3(1+7)+2ry

T 5+ g )24 ap(itr) (145492 (g— 12 +4p(1+7)

9
+ 4 :
(1+5+r9)y/(g—1)? +4p(1 +7)
Term (3.13) is positive 1f2(1 —r) —(6+3(1 +r)+2ry)(1 +54+1r9) +9r(1+5+r7)? > 0.

That is equivalent to (973 + 16r> 4 7r)5* 4+ (13r> + 16r —7)5+6r —9 > 0
or

—(13r2 +16r —7) + \/(13r2 + 16r — 7)2 + 4(6r — 9) (913 + 16r2 +7r)
2(9r3 +16r2+17r) '

Substitute the value of j, we get

g—1+4+/(qg—1)2+4p*(1+4r) —(13r2+16r—7)++/(13r2+16r—7)2+4(6r—9) (973 +16r2+7r)
2(1+7) > 2007 +16:2177)

multiply both sides by 2(1 + r) and then add —(g — 1) for both sides, we get

V@ (47 > 21 +r)(—(l3r2+16r—7)+\/(13r2+16r—7)2+4(6r79)(9r3+16r2+7r)) C(g—1)

2(973+16r2+7r)

take the square of both sides, we obtain

2 r— r— I % r 2
(g 1)2+4p*(1 > (2(1+r)(—(13r2+16r—7)+\/(13r +16r—7)2+4(6r—9)(9r3+16r2+7 ))_ (G- 1)>

2(9r3+16r2+7r)

(3.13)
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add —(g — 1)? for the both sides and then multiply by 1 we get

(1+r)

—(13r2416r—7 13r2416r—7)2+4(6r—9)(9r3 +16r2+7r 2
(2014 ) (R DT OB ) — (1)) = (g 12

4(147r)

*

p*>

If term (3.13) is grater than zero, then W |p=p=> 0, and then Neimark-Sacker bifurcation conditions are satisfied.

4. Direction of Neimark-Sacker bifurcation

In this section we will use the normal form theory of discrete systems to determine the direction and the stability of the invariant closed curve
bifurcating from the positive fixed point ( see [9]). System (2.3) can be written as

Yor1 =JY,+G(Yy) “4.1)
q=ry y
“Ts 0 s Wn
where, J = 1 0 0 and, ¥, = Vi
0 1 0 Un
G(Y)=3B(Y,Y)+C(Y,Y,Y)+O(| Y |I*)
B (Y,Y) G (v,Y.Y)
B(Y,Y) = 0 and, C(Y,Y,Y) = 0
0 0

Bi(x,y) = jk 1 8§,B§k ‘5 o (xjyx) and Ci(x,y, )_ijl 1 35]95]( |§ —o (xjyxz1)

Bi(9,y) = 1+y+ry oy — Hi—,fry 79393+ %[%% + 1),

25—4r( 2354417217 6%y
Ci(0.v.m) =~ P pryam + ) (¢1 Yinz+3yimi+91 +uf3m) L e <¢1 Vf3773+¢311/1113+¢3v/3771> + iy B VT3
Recall that 6y = cos~! (—2(‘11%%). Let ¢ and p* be the eigenvectors corresponding to the eigenvalues A = cos 8y + isin 6y = /%
' ¢ifo L+5+r5 i
and A = cos 6y — isin 6y = ¢~ 1%, respectively, where g ~ 1 and p* ~ eif . Note that ~ means that the vector can
e ibo 1

differ from that given by a non-zero complex multiplier. To normalize g and p*, we must find § such that < {p*,q >=1, where < .,. > is
the standard scalar product in C3.

e*l’@g _,’_ zefl'eg)

3 - -

- l+y+ry

<Cp*a>=CY pigi=C(———
i=1 y

Set § =

The critical real eigenspace T¢ corresponding to A1 2 is two-dimensional and is spanned by {Re(q),Im(q)}. The real eigenspace T°
corresponding to the real eigenvalues of J is one-dimensional. Any vector x € R3 can be decomposed as

So take p = { * p*. We have < p,q >=1.

1
@ezm(l-&&e’iso .

X=zq+zZG+y
where, z € C!, zg € T¢ and y € T*. The complex variable z is a coordinate on 7. We have
Z :< p7'x >7

y=x—<p,x>qg—<p,x>q.
In these coordinates, the map (4.1) takes the form

= 19[)

7=e"z+ < p,G(zg+zG+y) >

¥=Jy+G(zq+2G+y)— <p,G(zq+24+y) > q— < p,G(zg+2G+y) >
The previous system can be written as

= 190

1 1 1
= Z+ = Gzoz + G2+ = Gozz + = Gzlz 7+ < Gyo,y > 2+ < Go1,y > Z,

o 1 2 R 2=
:Jy+ EHZOZ +H112Z+ EH()zz +§H212 Z

where,
Gy =< p,B(q,q9) >,G11 =< p,B(q,G§ >,Go2 =< p,B(3,q) >,G21 =< p,C(q,9,9) >
and
Hy = B(q,9)— < p,B(q,q9) > 9— < p,B(q,9) > §,

Hy1 = B(q,4)— < p,B(q,q) > q— < p,B(¢,9) > ¢
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and
< G0,y >=< p,B(q,y) >,< Go1,y >=< p,B(q,y) >

where the scaler product is in C3.
From the center manifold theorem, there exists a center manifold W¢ which can be approximated as

Y =V(z,7) = %wzozz +wizz+ %WOQZZ
where < g,w;; >= 0. The vectors w;; € C3 can be found from the linear equations
(€% 13 — J)wao = Hao,
(I —J)wi = Hip,

(e %13 — J)wop = Ho.

These equations has unique solutions. Note that the matrices (I3 —J) and (e¥2%];3 — J) are invertible in C3 since 1 and ¢*%® are not
eigenvalues of J. Recall that ¢'® = 1. So, z can be written as

7= 074 1Go? + Grizz+ G + 1[Ga1 +2 < p,B(q,(1—J)"'Hyy) > + < p,B(q, (€2®1 —J) ' Hyg) >]27+....

Taking into account the identities

(1=1)"q= B N
qilfel'eoq’ qieieuflzb ] qilfel‘eoq
and
. —i6y
(@1 -0) "G = G—a
eif —
Also, z can be written using the map
. 1 .
t=e®t Y e “.2)
ki>2 I

where, g20 =< p,B(q,9) >, g1 =< p,B(q,9) >, g0 =< p,B(g,q) >
and g1 =< p,C(q,4,4) > +2 < p,B(q,(I-J)"'B(q,q)) >+ < p.B(q, (¢*%1~J)"'B(q,q)) > +

- i6 -
— 2 < pB(9,9) > — 7 |< p.B(2,@) >[*.
The map (4.2) can be transformed into the form

e~% (1-2¢'%)

i — <p.Blg,9) ><p,B(q,9) >

g=eMz(1+d(p") | 2|

where, p* is the value of the bifurcation parameter p where the Neimark-Sacker bifurcation exists and the real number a(p*) = Re(d(p*)),
that determines the direction of bifurcation of the closed invariant curve, can be computed by the following formula

e—i60g21 (1— 2ei90)e_2i90 1 1
(3 )
a(p”) = Re( — (i oemy s08n) 3 [g11 1" =5 1802 |

Now, we compute a(p*). Recall that g0 =< p,B(q,q) >

2 (q—rf) %% —2r5e~2% +2gr—2 <r2+ 1 ) b

where, B(q,q) = (IHSVW
0
- 1 zqe2i90+2qr72(r2+1)}774r}7c08290)
§20= g, +2ﬁ (1+5+ry)? .

2 (‘1*’)_’) —2rj+2 (qrf(errl))'r) c0s26)

811 =< p,B(q,q) >, where B(¢,q) = (1+y-0+ry)2
0
SO,
_ 1 _ 2(‘1*’)7)*2”)7+2(qr*(r2+1))7)005290)
s 3 42 (1+3+r7)? '

2ge=%% —4rjcos20+2 (qrf(errl))

go2 =< p,B(q,G) > where B(q,G) = (1+y—6r,)—,>z
0
So, |
g0 = C 1 +y+ rﬁ67i90 <2qe*2190 —47')_100329 +2(qr_ (r2 + 1)))
y (I+5+7r7)2
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or

1 2ge 2% —4rycos260 +2(qr— (r2+ 1))
g = )

3t 42 L (1+5+r7)?

_ _ _ _ . _ —ify 1-2 i0) _
821 =< p,C(¢,4:4) > +2 < PaB(CL (1=1)"'B(¢.9)) > + < p.B(g. (¥ 1 1) B(q.q)) > + "2 < p.B(q.q) >< p.B(q.7) >

_176%/90 |<po(qvq) >‘2 3:90 1 ‘<P7 (q_7q_) >‘2'

(=6(g—ry)—4r*(g—17)+8r7)e’% +(45—8r(q—ry)+6r°5)e % + (25—4r(g—r)) e + (4r5—2r* (g—r7)) e~

g (14+5+ry)?
C(q.4,9) = 0
0
1 (= 6(g—r5)—4r2(g—r9) +8r7) e
<p,C4,9:9) > S
63l60 +21+y+ry (1+y+ry)3
(4y‘ —8r(qg—ry)+ 6r2y‘> e 1% 4 (2)7 —4r(q— ry'))e3i9° + (4ry‘ —2r%(q— ry-)) e i
+ — .
(I+3+ry)
The second term in go1 is < p,B(q, (I —J)"'B(q,3)) >
1+g+y y -1 Lyt 5 3
1+3+ry T Tty g+1 _ q+1 g+l
-l _ | 14g+
e N A A B W
0 —1 1 I+y+ry  14g+y 1494y
q+1 q+1 g1
1 [ 2(g=r9)=2r§—2(gr—(*+1)5) cos 26y
q+1 T+y+ry S
- - 2(q—ry)—2rj—2(gr—(r*+1)5) cos 26
(I=1)"Blg,q) = | iy (He=2n liqy_gr(vr teos2e | _ g
1 [ 2(g=r9)=2r§—2(gr—(r*+1)5) cos 26 S
g+1 T+y+ry
2(q—ry)5e""—2rySe*""+2 (qr—(r2+1)y>5c05290
B(q,(I—-J)"'B(q,9)) = (1+)78-ry_)2
0
1 2 _‘Si9_2—57i9
<P Bl (1=0)"'Bl0.0) >= < ’ Eyl):ﬂr ‘)rzy -
e +2 l+)+r) yrry
2(‘1"*(7 +1)y )Scos290
+ - -
(1+y+7ry)?
2 (2} gy 7 —1
2i6 1 Ytrss 00—
(eTPI—J)"" = -1 2260 0
0 —1 62i90
o4t v 526
1 4 Tty 573
= e2ibo 4190+ q 1Y _,2i6 Ty
b £2i6 ryry o4 H};g 2216
t i
! 0+ 1+v+ry MR E= s ¢ 0

where D is the determinant of the matrix (e2% — J) such that D = ¢* (¢21% 4 5 fry) — ﬁ

Le4i90
. D~ _.
(1 =0)"Blg.q) = | pe®
D
2 (qfr)") %% —2rye~%% 42 (qrf (r2+1))7>
where, L = 59"
L (2(q—ry’)e3"’0 ~2rje® +(gr—(r*+1)7) (€% +e %) )
_ o _ D (I+5+r5)?
B(g, (e*®1—-17)""'B(q,q) = 0
0
= (2007 _ )1 _L 1 2(g—r)e¥™® ~2rje® +(gr—(r* +1)7) ("0 +e~ )
< p,B(q, (7T —J)"'B(g,q)) >= D ( 1,90+2H‘+” > ( (T+5+r5)72 .

a(p*) =Re(* c(4,4:q) >) +Re(e”"® < p,B(q,(I~J)"'B(q.4)) >) +Re(*5 B(q,(e¥*1—~J)"'B(q,q))) >).
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Theorem 4.1. If a(p*) < 0 (respectively, > 0), then Neimark-Saker bifurcation of system (2.3) at p = p* is supercritical (respectively,
subcritical) and there exists a unique invariant closed curve bifurcates from the positive fixed point ¥ which is asymptotically stable
(respectively, unstable).

5. Numerical examples

In this section we give numerical examples which support our results in the previous sections.

Example 5.1. Take

p+4yn—2

—_— 5.1
1 +yn + O.3yn,2 ( )

Yn+1 =

with the initial conditions y_, =y_1 =y = 1.

_ 3+v94+52p
I 26

Note that for p < %H = 3.0769, the bifurcation point p* is satisfy
m 3+\/9;5.2p* 4_ .3(3+\/9;25.2p*)
4t .7(3+\/92fr65.2p* ) 14 3+\/92+5.2p*

2.
(. ( YB++/9+5.2p")? +——£ (3+1/9+52p")—15=0

~(1+ 32284+ 12 282415 % 025+ 321
34+/9+5.2p" = \/ 021 2
(025+(26))

—(1+12 28 +\/(1+2—6—ﬁ)2+4x15x(025+ 021y

(26) 2
([ 2025+ 38 J=3)"-9

52
p* =0.83564585

Now, we will check if Neimark-Sacker bifurcation conditions hold. By theorem (3.2), it is enough to check if

—(132+416r—7)+ /(132 +16r—7)2+4(6r—9) (9P 1 1672177 2
i <2(1+r)( (BAHE- T 2(9;§+16r24)r7t)( S )>_(q_1)> a1y
P>

4(14r)

Note that at p = p*, y = 2.55889613 and

I+y+ry  1+.3x2.55889613+2.55889613

= 74708948,
g—r+5 4— 3x2.55889613+2.55889613

and

—(13r24-16r—7 13r2+4+16r—7)24+4(6r—9)(9r3+16r2+7r 2
R — e — ) e b

4(1+r)

2
—(=13(0.3)2416x03-7)+/(13(0.3)216x0.3=7)2 +4(6x03-9)(9(0.3)3 +16(0.3)2+7x0.3) 2
(2(1'3)( 2(9(0.3)3416(0.3)2+7x0.3) )=3) =03

I(13)

= —1.1334411 < 0.83564585 = p*.

So the condition of Theorem 3.2 is satisfied. That implies equation (5.1) undergoes a Neimark-Sacker bifurcation at p = p* = 0.83564585.
The bifurcation diagram of equation (5.1) is shown in Figure 5.1. Figure 5.1 shows that the positive fixed point y is asymptotically stable
for p > p* and change its stability at Neimark-Sacker bifurcation value p* and an invariant simple closed curve appears on the plane
(x(n),x(n—=2)) for p < p*. Figure 5.2 and Figure 5.3 shows the phase portraits associated with Figure 5.2 for p = p* and p = 0.95,
respectively.
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y(n+1)

0 | I I I
0 0.2 0.4 0.6 0.8 1 1.2 14 1.6

parameter p

Figure 5.1: Neimark-Sacker bifurcation of the map y,+| =

P42 .
Th 05,3 P is a parameter.

BE

{
N

A 3\

=
o

1
15 2 25 3 35
x(n)

4yn—2

Figure 5.2: Phase portraits of the map y, | = HSIFW

for p=p*.

291

271

23

2_2 1 1 1 1 L 1 1 1
22 23 24 25 26 27 28 29 3

%(n)

Figure 5.3: Phase portraits of the map y, | = ﬂ% for p=0.95 .
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