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ABSTRACT. In this paper, we give a generalization of the osculating curves to
the n-dimensional Euclidean space. Based on the definition of an osculating
curve in the 3 and 4 dimensional Euclidean spaces, a new type of osculating
curve has been defined such that the curve is independent of the (n — 3)th
binormal vector in the n-dimensional Euclidean space, which has been called ”a
generalized osculating curve of type (n—3)”. We find the relationship between
the curvatures for any unit speed curve to be congruent to this osculating curve
in E™. In particular, we characterize the osculating curves in E™ in terms of
their curvature functions. Finally, we show that the ratio of the (n — 1)th and
(n — 2)th curvatures of the osculating curve is the solution of an (n — 2)th
order linear nonhomogeneous differential equation.

1. INTRODUCTION

Curve theory is a popular research interest in classical differential geometry and
osculating curves are a known example in this field. There are many studies on
osculating curves in the Euclidean 3-space E3. The significant property of these
curves is that the position vector of osculating curves always lie in their osculating
planes. The osculating curve o : I — E? is defined by

a(s) =A(s)T (s)+pu(s)N(s),

for some differentiable functions A and p of s € I C R, where T (s) is the tangent
vector field and N (s) is the normal vector field. Similar curves are present in
curve theory such as normal curves, where the position vector always lies in the
normal plane, and the rectifying curves, where the position vector always lies in the
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rectifying plane [1]. B. Y. Chen has studied rectifying curves in his paper ”When
does the position vector of a space curve always lie in its rectifying plane?”. Since
this study, normal, rectifying and osculating curves have been studied from different
perspectives. Some of the studies in the literature have been listed below.

Chen and Dillen have studied rectifying curves in [2], where they established a
relationship between rectifying curves and centrodes in mechanics. They also show
that rectifying curves satisfy the equality case of a general inequality in their study.
The characterization of the rectifying curve in Euclidean 4—space and Minkowski
3—space are given in [3], [4] and [5]. Cambie et al. investigated rectifying curves
in an arbitrary dimensional Euclidean space using conditions on their curvature
[6]. Additionally, there are some papers on spacelike, timelike and null normal
curves in Minkowski space [7], [8]. Characterizations of an osculating curve in the
3-dimensional Euclidean space has been given in [9] and a specific osculating curve
has been defined in the Euclidean 4-space. Normal, osculating and rectifying curves
have been defined in the Euclidean and semi Euclidean space by using quaternion
algebra in [10], [11], [16] and [25]. Bi-null curves of these types have also been
analyzed in R$ and RJ in [12, 13]. Several studies in the literature on the topic of
interest of this study can be found in [14-18, 26, 27].

In this paper, using similar methods to those used in [6] and the definition of an
osculating curve as stated in [9], we investigate the properties of a generalized form
of osculating curves in the n—dimensional Euclidean space which are independent
of the (n — 3)th binormal vector. We call this osculating curve "a generalized
osculating curve of type (n — 3)”. Firstly, basic concepts of curve theory in E" are
given as preliminaries. Then, the characterization of the osculating curves is given
in E™. The necessary and sufficient condition for a curve to be an osculating curve
in the n-dimensional Euclidean space is also obtained. Additionally, using this
necessary and sufficient condition, we show that if a curve is an osculating curve
in the n-dimensional Euclidean space, its curvatures define a differential equation.
Finally, we state the existence and uniqueness of the solution of this differential
equation and propose a general form for the general solution of the equation.

2. PRELIMINARIES

Basic concepts of curve theory in the n-dimensional Euclidean space E™ are given
in this section. Let a: I CR — E™, s € I — «/(s) be an arclength parameterized,
n times continuously differentiable curve. The curve « is called a unit speed curve
if (a,) = 1, where (, ) is the function that shows the standart inner product in
the n-dimensional Euclidean space E™ given by

<X7 Y> = szyz
=1

for each X = (x1,29,...,x,) and Y = (y1,¥y2, ..., yn) € E™. The norm of X is given
by || X]| = 4/(X,X). On the other hand, if || X|| = 1, then X is an unit vector.
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Also, if the curve o in E™ is an arclength parameterized curve, then ||[42| = 1.
The Serret Frenet formulas for E™ are given as the following equations (see [19]):

T (s) = k1 (5) N (s)

N/ (s) =—k1(s)T (s)+ ka2 (s)B1(s)

By (s) = —k2 (s) N () + iz (s) Bz (5) (1)
B; (s) = —kis1(s) Biz1 (8) + Kit2 (s) Bir1 (s), 2<i<n—3

B, _5(s) = —kn—1(s) Bn-3(s),

where k1, k2, K3,. .. ,kn_1 are the curvature functions of the curve and are positive.

For more information on curve theory, the reader is advised to see the liteature
[20-22].

3. Osculating curves of type (n-3) in the n—dimensional Euclidean space

In this section, generalizations of several fundamental definitions, theorems, and
results to generalized osculating curves of type (n-3) in the n-dimensional Euclidean
space are given. All of the mentions to osculating curves in our study refer to the
generalized osculating curves of type (n-3) from this point.

Definition 1. Let o : I CR — E™, s € I — «(s) be an arclength parameterized,
n times continuously differentiable curve. In E™, a curve for which the position
vector always lies in the orthogonal complement B;- 5 (s) of its (n — 3) th binormal
vector field B,,_3 (s) is called the osculating curve. B;- 5 (s) is defined as

By _3(s) ={W € E" (W, B3 (s)) = 0}

where { , ) denotes the standard scalar product in E™. Thus B;- 5 (s) is a (n — 1)-
dimensional subspace of E™, spanned by the tangent, the principal normal, the first
binormal, second binormal,...,(n — 4) th binormal and, (n — 2)th binormal vector
fields T,N,B1 (8),...,Bn_4(8),Bn_2 (s) respectively. Therefore, the position vector
of an osculating curve with respect to a specific origin is given as

n—4
a(s)=py (s)T(s) + pg (s) N (s) + Zﬂi+2 (8) Bi (8) + pp_1 (8) Bn—2(s) (2)

for some differentiable functions p; (1<i<n-—3)ofselCR.

Theorem 1. Let a(s) be a unit speed curve in E™ with nonzero curvatures. Then
a(s) is congruent to a osculating curve in E™ if and only if

Z: (roe ) 2 (:28)) ki () Zor O (=) -+

ceR— {0}, where 1 <i<n-—1.
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Proof. Let o be an arclength parameterized osculating curve in the n-dimensional
Euclidean space. The derivative of (2) with respect to s for both sides of the
equation is

’ ’ ’ ’ /

a(s) = ()T (s)+p ()T (s)+pa(s) N () + pa(s) N (s)

43 (b (9 B (5) + 1102 () B ()
=2

Hhn_1 (8) Bua (8) + pty_y (8) Buoz (5).

Implementing the Serret Frenet formulas for the n-dimensional Euclidean space and
rearranging the terms of the right hand side, we get

T(s) = (1) () =1z ()1 () T (s)
(12 () k1 () + i () = 113 () 2 () ) N ()
(12 (5) k2 () + iy () = 14 () ks (5) ) B (s)

n—>5
2 (111 (8) e (8) - biga () = b () i () Bi ()

(- (5) s (9) 12 (5)) B ()
(-2 (8) iz (8) = o (8) K (5)) B (9)
-1 () Baoa (9)

Using the equality of both sides, we get the following expressions for the coefficients
of T(s),N(s),B;(s) for i =2,3,...,n—2:

1y (8) — g (s) k1 (5) = 1 (3)

py (8) i1 (8) + g (8) — g (8) k2 (5) = 0 (4)

g (8) iz (8) + pug (8) — 114 (5) i (5) = 0 (5)

Pi1 (8) Kig1 (s) + lh+2 (8) = tir3 (s) Riga () =0,2<i<n—3 (6)
Hos (8) K (8) + fyy_s (5) =0 (7)

fi—3 (8) K2 (8) = Hy_y (8) Kin—1 (5) = 0 8)

fi_y (5) = 0. 9)

Starting from (9), we integrate these expressions with respect to s to obtain the
coefficient functions
U1 (8) =c,ceR. (10)
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Similarly, the integrations of (7) and (8) yield

 Kn—1 (s)
Rn—2 (3)

Mn72 (S) =

and

g (5) = —— (“‘“@)  (12)

Kn—3(8) \Kn—2(8)

On the other hand, for i = n — 4, and n — 5, we get the following equations:

na(9) = el (Tl (13)

K- (8)

+Mi@<M1@

)
v Gow) (220)

and

fn_5(s) = ¢ (“n—?» (8)>

e ) (
Tt (220) -=6)
+MZ@<M1@<Mi@D>(Zti;

N 2c 1 1 </€n1
(s)

c 1 1 </{n1
Kn—5 (S) Rn—4 (3) Rn—3 (S) Rnp—2

The other curvature functions have expressions of a complicated structure. Hence,
we define the following functions to express these curvatures: The function I',,_40 (5)
is defined as

’

Lnao(s) = s (9) Inoan(s) = ! < . >,

] : 1 Fin—a(8) \Fn—3(s)
Lpoao(s) = Kn—4 (8) (ﬁn_:a (3)) ’
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then we get

oa®) = o) (L) er, o) (221
v (E245)
Similarly, T_5.0 (5), Tn_s.1 (), Tn_s.2 (s), and T_s.5 (s) are defined as
b = o (22
o - [ (2

2 1 1

Kn—5(8) kn—a (8) n—3 (s)’

1 1 1
Fn—5,3 (5) - 7,{”75 (3) Kn—4 (S) Rp—3 (S) ’

]-—‘n75,2 (S)

then we get

’

sl = sn () (22 ) oo (221

Kn—2(8) Kn—2 (8)
(

+clns52(s) (Rnl 8)> + s (s) (mn1(5)>”’

Kn—2 () Kn—2 ()

Altogether, the following expression can be defined for the functions defined above:

n—i—2

u; (s) = Z el () (Z:Z (Iinl (S)> ,1<i<n-—1. (15)
2=0

Kn—2(8)

Thus we get the following coefficient functions for ¢ = 1, and ¢ = 2

[y (8) = gcmz (s) j; <K”1 (8)) , (16)

Kn—2(8)

and

n—4 2 K s
po (5) = Ly (s) jsz ( 1 ))' (17)
z2=0

Kn—2 (8)
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Substituting (16) and (17) into (3) we obtain the relations below

z=0

force R—-0.
Conversely, consider an arbitrary unit speed curve in E™ for which the curvature

functions satisfy the relation (18). Then, we consider the the vector X € E"
defined by

X(s) = af —&—ZCF”

+cBp—2(9)

It can be seen that X (s) = 0 through the relations (1) and (18). Thus, X is a
constant vector. This implies that « is congruent to an osculating curve. Hence,
the proof is complete. ([l

Theorem 2. Let a(s) be a unit speed osculating curve in E™ with nonzero curva-
tures. Then the following hold:

i) The tangential, the principal normal, the first, the second, ..., the i-th,..., the
(n = 5)th, and (n — 4)th binormal components of the position vector of the curve
are respectively given by

n—3 2 —
(@ (5),T(s) = 3 T () 2 (“) (19)
0

ds* \ Kn—2(8)

(a(s ch . d; (“"1(8)> , (20)

Kn—2 (8)
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Kn—2(8)

(@ (s), Ba(s)) = 3z (5) j; _ (’%—1(8)> (22)

n—i—4

d* [ Kn-1(s)
(a(s),Bi(s)) = iz (s) 7= —— 3 (23)
3 e (51)

Kn—2 (5)

/

(@ (6) Bros o) =~ (221 (24)

Kn—3(8) \ Kn—2 ()
(@ () Bu_s () = —28 (25)

i) The (n — 2)th binormal component of the position vector of the curve is a non-
zero constant.

Conversely, if a (s) is a unit speed curve in E™ with non-zero curvatures and one
of the statements (i), (ii) holds, then o (s) is an osculating curve or is congruent
to an osculating curve in E™.

Proof. By using the relations (2) and (3)-(9), the position vector of the curve can
be written as follows:

n—3 2 K1 (s
a(s) = Yl (s) zgz (”(DT(S) (26)

e ( o (e 8)) Bnos )

_ (w) B4 () +cBy2(s)

Kn—2 (s)
From (19), we get (19)- (25). Thus, (i) and (ii) have been proved.
Conversely, assume that statements (i) and (ii) hold. By taking the derivative
of (a(s),Bn_4(s)) = —fn=108) with respect to s and using (1) we get,

K/n72(3)

Kn—1(8)

—Fin—3(8){@(8),Bn_5(8)) + kn—2(s) (a(s),Bn_3(s)) = P (s)
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By using {(« (s), Bn_5(s)) = ¢ (”"’1(8)> and ky,_2 (s) # 0, we get

tin—3(s) \ Fn—2(s)
(a(8), Bp—_3(s)) =0, which means that this is an osculating curve.
If statement (ii) holds, then we have (« (s), Bp—_2(s)) = ¢, ¢ € R — {0}. Differ-
entiating the previous equation with respect to s and using (1), we find
—fn—1(8) (@ (s), Bn_3(s)) = 0. It follows that (« (s), Bn_3 (s)) = 0 and hence the
curve « is an osculating curve. O

Theorem 3. Let o (s) be a unit speed osculating curve in E™ with nonzero curva-
tures. The differential equation

n—3 ! n—4
d# ([ Kp-1(9) 4% [ Kp-1(9) 1
Fi z - Fz z = T
2 (e g () =@ 2.l (5) gz () -
where c € R —{0}.,n>4,i=1,2,...,n — 1 with the initial conditions
Kn—1(s0) kn—1(s0)] Kon1(s0)]"7Y
—< =ko, | ——=| =k, -, | T = k(n-3)
Kn—2(S0) kn—2(50) Kn—2(S0)

for so € I C R has a unique solution on an open interval I C R if the functions
[[i0(s) = sTso(8)]s Moo (s) + Tia(s) = malia(s)], -,

Cim—1(8) + T (8) = 615 (8)], -, [Tina(s) + Tiy5(8)], [Din—s(s)],

ol

are continuous on I and [F;)O(s)fmI‘w(s)] #0,...,[Tin_3(s)] #0 for every s € I.
This equation has a general solution of the form

() = (222), 0 e () 0+ ().

where (%) X (s), (Z"—:;)Q (8)y. .-y (M) , (s) form the fundamental set of so-

Rn—2

lutions for the homogeneous equation

(o) (o) ()

(P el el (el
() () -

satisfying the condition

Kn—2 /1 Kn—2 /9 Kn—2/, o
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Kn—1 Kn—1 Kn—1
Kn—2 )1 Kn—2 ) o T Kn—2 ), o
!/ ’ 7
RKn—1 Kp—1 Kn—1
— Kn—2 )1 Kn—2 ) o T Kn—2 ), o ?é 0’

<nn,1)<"—3> <~n,1)<”—3) <nn,1)<"—3>
Knp—2 1 Kp—2 2 Kn—2 n—2

(M) is a particular solution of the initial value problem and c1,ca, ..., ch_o are

Rn—2

arbitrary constants.

Proof. If the summation operators are expanded in t/he differential equation, We, get
(=) « (ra (220) ) + (oo (2263) )
(ran (22) ) +os (e (22))

(o (22) ) e (229) )

L

1 le(S) ('i”l(S)) 4o Dina(s) (“”1(3>>(n_4)1 _

Kn—2(5)

Kn—2(5)

Applying the derivations in the first summation and collecting the derivatives of
same order yields

00 = maaals)] (20 ) 4 [a(6) + 14, 6) = D) (”)

Kn—2(s) Fin—2(s)

+Tia(s) + F;Q(s) — k1l 2(8)] (“"1(3)> 4

Kin—2(s)
Kon_1(5) ) (n—4)

Kn—2(8)

HTima(s) + T s(s)] <“"—1(5) ) " + Ty nes(s) <”"—1(5) ) Y %

FPons(s) + T a(5) — mTena(s)] (

Kn—2(5) Kn—2(8)

This equation is a nonhomogeneous linear differential equation of the order

2. Considered along with the initial conditions, :n%gzgg = ko, [%ﬁg” =

(n—3)
ki, ..., [z::;gg” = k,_3, it defines an initial value problem. The conti-

nuity of the coefficients of the higher order linear differential equation [F;’O(s) —
k1l0(s)], Tio(8) + T4 (s) = m1Tia ()], s Lime1(8) + Tip(s) = £1Tim(s)],- -,
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L n—a(s)+ F;’nﬂg(s)], [Ti,n—3(s)] and the function 1 guarentees the existence and
uniqueness of the solution for the initial value problem on I C R since [I‘;O(s) —
k1l 0(s)] #0,...,[[in_s(s)] # 0 for every s € I [23|. Division of the equation by
the coefficient of the highest order derivative gives
F«'n—1(8) (n—3)
(ﬁn2(8)>

Kn—1(5) (n=2) Tin—a(s)+ 1“27”_3(3)

(nnz(s)) - l Tin_s(s)

-Fi,n—S(S) + F;,n,4(8) — Iil].—‘i7n_4(5) <”in1<8> > (n—4)
Tins() Fn2(s)

Tio(s) +Tii(s) lei,l(s)] (ﬂn—1(5;>

T n—s(s) Kn—2(s

:r;o(s) - mri,o(s)] (nn_1(5)> 1

4_

/

4_

Tin_3(s) bm—2(s))  Tim_s(s)’

such that I'; ,_3 # 0. The continuity of the new coefficients comes from the con-
tinuity assumption of the theorem and the fact that [I'; ,_3(s)] # 0. Hence, The
homogeneous version of this linear differential equation has a fundamental set of

solutions on I C R containing solutions of the form (Z"—:;)k for k =1,2,... [23].

The fundamental set of solutions is linearly independent if and only if

W (Knl) ’<"{n1> ’.”’<"$n1>
Rn—-2 /1 Rn—2 /9 Kn—-2/,_9o

Kn—1 Kn—1 Kn—1
Kn—2 )¢ Kn—2 ) o e Kn—2 ), o
Kn—1 RKn—1

= Kn-2 /4 Kn—2 ) o e

TR TR PR
(“"*2)1 (“"*2)2 (”"*2)n72
for every s € I and the superposition principle suggests that the homogeneous
linear differential equation has a general solution of the form

(225) = (22) 0o (222) 0 (22) 0

for arbitrary constants ¢;, i = 1,2,....,n — 2 [23]. Using the initial conditions, the
particular solution can be found as

() = (m22) o v (22) 0+ (522)

Wn—l)
Fn-2/p o 7é 0
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There are several methods in the literature for analyzing the solutions of higher

order linear differential equations. For instance, the variation of parameters method
proposes a particular solution for the nonhomogeneous differential equation in the

m=1

where (%) (s) form the fundamental set of solutions and W, (t) are obtained

by replacing the m-th column of the Wronskian by (0,0, ..., (cI'; ,,—5(t)) ") [24].

4. CONCLUSION

In this paper, we have investigated some concepts of osculating curves, defined
on 3- and 4-dimensional Euclidean spaces, on the n-dimensional Euclidean space.
This generalization of osculating curves to E™ has been called ”generalized oscu-
lating curve of type (n — 3). A total of n — 2 generalizations of osculating curves
to E™ can be found by using the other binormal vectors. However, we have used
the (n — 3)th binormal vector for the generalization since the relations between the
curvatures provide meaningful results. Since the differential equation that gives the
relation between curvature functions of the osculating curve in the n-dimensional
FEuclidean space is a higher order differential equation, we have invesitaged the ex-
istence and uniquness of a general solution for the initial value problem of order
n — 2. The differential equation of order n-2 is a linear differential equation with
variable coefficients. Several methods in the literature can be used for analyzing
the particular solution of the higher order differential equation.
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