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Abstract

In this paper, by using identities related to the tessarines, Fibonacci numbers and Lucas
numbers we define Fibonacci tessarines and Lucas tessarines. We obtain Binet formulae,
D’ocagnes identity and Cassini identity for these tessarines. We also give the identities of
Fibonacci negatessarines and Lucas negatessarines and define new vector which are called

Fibonacci tessarine vector.
Keywords: Tessarines; Fibonacci numbers; Fibonacci tessarine vector.
Fibonacci ve Lucas Say1 Bilesenleri ile Fibonacci Tessarinelere Yeni Bir Yaklasim
Oz
Bu makalede, tessarineler, Fibonacci ve Lucas sayilartyla ilgili 6zdeslikleri kullanarak
Fibonacci tessarineler ve Lucas tessarineleri tanimladik. Bu tessarineler i¢in Binet formiillerini,
D’ocagnes 6zdesligini ve Cassini 6zdesligini elde ettik. Ayrica, negatif Fibonacci tessarineler ve

negatif Lucas tessarinelerin 6zdesliklerini verdik ve Fibonacci tessarine vektorii olarak yeni bir

vektor tanimladik.
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Anahtar Kelimeler: Tessarineler; Fibonacci sayilari; Fibonacci tessarine vektor.
1. Introduction
A tessarine can be defined as follows [1-3];

T=t1+tzl+t3]+t4_k,

where t;_, are real numbers and +1, i, j, k are governed by relations
i2=-1,j2=+41, ij=ji=k, jk=1i ki=—j.

Let 7 and T’ be tessarines. The addition, subtraction and multiplication of these numbers

are presented as follows

THFT ' =(t;Ft)+(ty, Ft)i+ (tz3Ft3)j+ (ty Fto)k
and
TXT' = +ti+t3j+ta k)Xt +t/i+t3"j+ t,'k)
= (tyt; — ty ty + tats — tatsy ) + (tity' + oty +tgt, + tyts' )i
+(tits + gty —tyty — tuty )+ (ty ty' + taty' + tsty + tats k.
The conjugates of a tessarine are described by T¢,77/ and T¥. In that case, there are

different conjugations as follows:

Ti=t1_t2i+t3j_t4_k,
T]=t1+t2l_t3]_t4_k,

Tkztl_tzi_t3j+t4k.

Then, the following equalities are written

TXTE=t2 +t2 +t2 +t2 + 2j(tyts + tyty),
TXT) =t2 —t2 —t2 +t7 + 2i(tyt, — tsty),

TXTE =t +t—t2—t2+2k(tity — tyts).
Fibonacci numbers and Lucas numbers are defined in many studies. The relations between

these numbers are given and computed in [4-8]. Horadam defined the generalized Fibonacci

sequences [9].

In the present paper, we introduce and study the Fibonacci tessarines and Lucas tessarines

by using some properties of Fibonacci and Lucas numbers, and we obtain some identities for
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them. The Fibonacci numbers f;,, are defined for all integers n by the second order recurrence

relation

foez2 =fosrthe

and initial conditions f; = f, = 1. The Lucas numbers l,, are defined for all integers n by the

same second order recurrence relation as

livz = lnyr + 1y,
but initial conditions I[; = 1, I, = 3. The Binet formulae for the Fibonacci and Lucas numbers

are as follows [10]

n_ﬁn
fn = aa—/; and [, = o™ + g™,
where o =1+2—\/§andﬁ =1_2—\/§.

These facts are well-known and can be found in most basic references, e.g. [11, 12]. In this

paper, we need some of them as follows,

fas2fa-1 = i1 = f2 @)
faifars = = (D", )
fan+1 = fi + firn, 3)
In = fo1 + fars, )
In = favz = fa-2s (5)
L= (=D"ly, (6)
5fafm = lnsm — (D™ b, (7)
frnfass = fmsifa = (D finon) ®)
fon = (D™, ©)

(10)

ln-1 + lns1 = Sfh.
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2. Fibonacci Tessarines and Lucas Tessarines

Definition 1. The n'" Fibonacci tessarine T}, and the n‘"* Lucas tessarine 7;, are defined by,

respectively,
_ , . (11)
Th=Jfot+ farrl + furz J + faask
and
, . . 12
Tn = ln+ bl + bz J + lnask, (12)

where f;, is the nt* Fibonacci number and ,, is the n®"* Lucas number. Also i, j and k are arbitrary

units which satisfy the relations;

i2=-1,j2=+41,k*=-1 and ij=ji=k. (13)

Starting from n = 0, the Fibonacci tessarines and Lucas tessarines can be written

respectively as;

To=1j+2k; [, =14+ 1i+2j+3k; T, = 1+ 2i + 3j + 5k, ...

Ty =2+1i+3j+4k; I =1+3i+4j+7k; T =3+ 4i+7j + 11k,...
Now, let T; = fo + fas1l + faszJ + fuesk  and Ty = fon + frnaal + frnaz J + frask

be Fibonacci tessarines. Then we have

To ¥ T = (o + fin) + (1 + fins1)i + (Fvz + fins2)j + (Fras + fineadk

and

In XTI = (fnfm = fnt1fmer t fas2fmaz — fn+3fm+3)
+(fufm+1 + fasifm + forzfmes + farsfme2)i
+(fnfm+2 + fn+2fm - fn+1fm+3 - fn+3fm+1)j

+(fafmez + faszfm t farafmer + fasifme2)k.

Definition 2. Let 7, be a Fibonacci tessarine. For n > 1, there are three different

conjugations with respect to i, j and k;

Tni = fn - fn+1i + fn+2j - fn+3k:

Tn] = fo t fas1l — fas2 ] — fuesk

Tnk = fn - fn+1i - fn+2j + fn+3k-
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Now by using definition 2 and the Eqn. (11), we can obtain

Tn X Tni = (3 + 2j)f2n+3'
To X Tl = (1 =20 fonys,

Ty X TF = =43 + (D) E.

3. Some Identities on Fibonacci Tessarines and Lucas Tessarines
3.1. Identities

Let n = 1 be an integer. Then, we can give the following relations between Fibonacci

tessarines

T = Tagrl + Doz J — Tnask = B+ 213,
Tn+ Tnpal — Tnya J — Tnask = (1 = 20) 1,43,

Tn = Tne1l — Tnz J + Tnazk = =5fn4s.

Proof. Now, we will give proof of identity T, — T 411 + Tpy2j — Tnezk. We have

Tn — Tagal + Tnyoj — Thask = (fn + fn+1i + fn+2j + fn+3k)
_(fn+1 + fn+2i + fn+3j + fn+4k)i

+(fn+2 +fn+3i +fn+4j +fn+5k)j

_(fn+ + fn+4i + fn+5j + fn+6k)k

= (fn + fn+2) + (fn+4- + fn+6) + 2j(fn+2 + fn+4)-

Here by using the Eqn. (4) and doing necessary calculations, we obtain

T = D1l + Tnaof — Tnask = 20Uz + s + 2jlny3 = 3lnyz + 2jlnss
=B+ 2)ls.

For all n, we compute the following identities with similar method.
T+ Tgal — Tnyz J — Tnask = (1 — 2013,

T = D1l = Tnz J + Tnask = —5fnqs.
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3.2. Identity

Let 7;X be the conjugation of Fibonacci tessarine with respect to the imaginary unit k. Then,

forn > 1, we have

TaTo + Tooa Tia = =5 fonsz.
Proof. From the Eqn. (2) and Eqn. (3), we have

2 2 2 2
T+ TacaTior = fr ot fray = (Fraa & Fras) + 260 nasf = Fria frs)

-1+ S = i + fir2) + 2k(faszfroa = fafased)
= fane1 = fanes + 2k((Frsz + fre)foo = frer (s + £2)
+fan-1 = fanes t2k((frss + f) foms = fa(fatfum1))
= ~(fanss ~ fans1) + 2k (farzfn = fits) = (Fames = fan-1)

+2k(fn+1fn—1 - fnz)

= —5fon+2-

3.3. Identities (Binet Formulae)

Let 7,, and 7;, be Fibonacci tessarine and Lucas tessarine, respectively. For n > 1, the

Binet formulae for these numbers are given as follows;

_ aa"-Bp"
T, = oy
and
T = aa™+ BLL",
where

a=1+ia+ja*+ka*and B =1+if+jB*+ kPS>
Proof. By taking @ = 1+ ia + ja® + ka® and f =1+ if + jB*+ kfB* and using the

Binet formulae for Fibonacci and Lucas numbers, we obtain

Th = fn + fn+1i + fn+2j + fn+3k
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O(n+3 _ ﬁn+3

o(n _ ﬁn O(n+1 _ ﬁn+1 . O(n+2 _ ,Bn+2 ] k

a—pf + a—p L+ a—pf J* a—pf

_(a*(1 +ia+ja? + ka®) = B(1 +if + jB* + kB®)

a-p
_aw g
“Tep

and

Tn = ln+ lppal + lnga Jj + lngsk
= o + B+ (a1 4 L) 4 (a2 + BHR)j 4 (a3 4 NIk
=a(l+ia+ja®+ka®)+ B +iB +jB*+ kB>
= aa® + BB".

3.4. Identity (D’ocagnes identity)
Let m,n = 0 be integers. Then, the D’ocagnes identity for Fibonacci tessarine is given by

ImTn+1 = Im+1In = (_1)m+1 (Tm-n = Sfin-n = fm-n+10)-
Proof. If we use Eqn. (5), Eqn. (8) and Eqn. (9), we have

TnIne1 — Tms1Tn = m + fnaal + fne2) + finask) (fner + fra2l + frss) + fasak)
—(fm+1 T frna2l + fnes) + fnrak) (o + frosal + frs2) + faask)
= _4(_1)m+1 fm—n + (_1)m+1fm—n+2j + (_1)m+1 fm—n+3k

= (_1)m+1[( fm—n + fm—n+1i + fm—n+2j + fm—n+3k)
_(5 fm—n + fm—n+1i)]

= (_1)m+1 (Tn-n = Sfn-n = fin-n+10)-
3.5. Identity (Cassini’s identity)

Let n = 0 be an integer. The Cassini’s identity is given as;

Tns1Tn-1 — T = (=D)"(27, + 2 + 2j — 3k).
Proof. We have

Tn+1Tn—1 - TnZ
= (fn+1 + fn+2i + fn+3j + fn+4k)(fn—1 + fni + fn+1j + fn+2k)
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~(fa + far1l + fas2) + far3k)?
= ff=fa-1far1 — Fertfafarz)
~(firz = fas1fars) T Fnsafnra — fivs)
+ilfn-1fnez = fafner + fasifova — fasafoes)
+(fiier = fafarz = favz + factfuss—fasifass + fasifass — fafas2)
+(fiier = fafarz = favz + factfuss—fasifass + fasifoss — fafns2)
+k(fo-1fn+a — fafn+s)
which implies
Tni1Tn-1 = Tf
= 4(-D)" + (D)™ + (D)) +jRED"
HEDM g+ (D) + k(-1
=4-D"+2iED AL +HjRED+H CDM+ (D) k(DM
= (—1)"(4 + 2i + 6] + 3k).

Also by adding and subtracting the term 3k, we complete the proof.
3.6. Identities (Fibonacci negatessarine and Lucas negatessarine)

Let 7,, and 7;, be Fibonacci tessarine and Lucas tessarine, respectively. The identities of

Fibonacci negatessarine and Lucas negatessarine are defined as;

T = (DT, + (D™, + ) + 2k)

and

T = (D" + (D)™ + 55,3+ + 2k).

Proof. Now, we will give proof of identity J_, . We have

Ton = fon + fonrl + fonsa) + fonask
= fat fra-ni t frm-a) + -k
=DM+ CD M fuoal + (DM ) + (D sk
= (D" o + frarl + furz) + frrszk) = GO i = (DM fy)

_(_1)n+1fn+3k + (_1)nfn—1i + (_1)n+1fn—2j + (_1)nfn—3k
In this identity, taking into account the Eqn. (1), Eqn. (5) and Eqn. (9), we obtain

T—n = (_1)n+1T—n + (_1)n(fn+1 + fn—l)i + (_l)n(fn+2 - fn—Z)j
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+(_1)n(fn+3 + fn—3)k
= (—=D)™"7, + (=D, (i + ) + 2k).

Now, if we use the Eqn. (6), Eqn. (7) and Eqn. (10), we have

T =L+l gni+ g+l gk

Ln+ i+ oz + sk
= (D)Mp + (D" Mg i+ (D)Mo + (D) 3k
= (Do + bnpal + bngof + lygzk) = (CDMppqi — (D™ y)
—(=DMpysk + (CD i+ (CD o) + (CD 5k
= (D" + D™ (s + b))+ (e — li2)j + (nas + 1o3)k)
= (DT + (“D™ 4 Sfi + (~D™ 4 5f) + (D)™ 4 10f,k,
which completes the proof.
Example 1. Let 75, 77 and 7 be the Fibonacci tessarines such that
To=1i+j+2k,
T =1+i+2j+3k,
To=1+2i+3j+5k.

Considering the Eqn. (11) and Eqn. (13), we have

ToT2, —T2=({ +j +2k)(A+2i +3j +5k)— (1 + i + 2j + 3k)?
= —(4+2i+6j+3k)=—-Q27 +2+2j—3k)
and

LT — T

(1+i+ 2 +3k)2+3i +5j +8k)— (1 + 2i +3j + 5k)?
=4+42i+6j+3k =27, +2+2j—3k.

4. Some Applications on the Fibonacci Tessarines

. . . = . =
Definition 3. The n*" Fibonacci tessarine vector 7, and the nt"* Lucas tessarine vector T,
are defined as

To = fasrl + frazJ + frask
and
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Tn = lnsal + lyyz J + lnask,
where f;, is the nt* Fibonacci number and ,, is the n®"* Lucas number. Also i, j and k are arbitrary

units which satisfy the relations;

i?=-1,j2=+41,k*=—-1and ij=ji=k.
Definition 4. [13] Let if}l and fm be Fibonacci tessarine vectors. The dot product

and the cross product of these vectors are defined by

- -

<Tn, T;n>= fos1fmer + faszefmeztfnssfmes

and

i j k
Tn X Ty = det fn+1 fn+2 fn+3
fim+1 fm+z  fmes

= i(fn+2fm+3 + fm+2fn+3) _j(fn+1fm+3 + fm+1fn+3)
+k(fn+1fm+2 + fm+1fn+2)-

Some examples of Fibonacci tessarine and Lucas tessarine vectors can be given easily as;

—

To=1li+ 1j+ 2k, T, = 1i+2j+3kand 7, = 2i 4+ 3j + 5k
and
To = 1i+ 3j+4k, 7/ = 3i+ 4j+ 7k and Ty = 4i +7j + 11k.
Theorem 1. Let 7—; and 7—";1+1 be Fibonacci tessarine vectors. The dot product and the cross

product of these vectors are as follows

A "
<g;1aTn+1>_§lZn+5+ 5

and

= = = . . (=" ., .
To X Toss = Tonsr = 2omrali+ ) + S5 +2) = 26).

Proof. Using the Eqn. (7) and Eqn. (10), we obtain,

<Tn Tns1 > = farifnez + fn+2fn+3+fn+3f}n+4

1
=3 (an+s — (D™ + lngs — GO+ Lpyy — (C1D™L)

="

4
:_l 4+
5 2n+5 5

and the cross product of fn and .’]—fﬁl is given by
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7:;1 X 7—;+1 = i( fuszfnra + fitvz) — J Fnsifoea Hnrafors)

+ k (fasifoes + frez)
Finally, from Eqn. (7), we have

— —

2 1
In X Tpy1 = 3 (Lan+el — Lantsj + lonyak) — 3 D"+ 2j — 2k)

2
=z [(zn+e t lansz — Lns2)i + (“lanas + lanss — Lngz)j + lanak)]

="

75

(i+2j—2k)

n

5

=, A ¢ o
= Tont1 — 2fon+a(i +)) + (i +2j—2k),

where fz’n+1 is a Lucas tessarine vector.
Example 2. Let 7—"; and 7—"; be Fibonacci tessarine vectors such that i’l =(1,2,3),
f]—"; =(2, 3, 5). The dot product and cross product of these vectors are

< ﬁ,@ >=fofs+ fafatfufs

_1\1
—4y 4+ 8 =03
5 5

and

— — — 1
Ty x B =T = 2ify(i +)) — g (i~ 2j — 2k).

Example 3. Let 27—";1_1, fn and fnﬂ be Fibonacci tessarine vectors. For n > 1, the Cassini

identity for Fibonacci tessarine vectors is given by

—

— — — 4’
Toa s =72 = (D" (% +3 -2 k)

— — —2
Proof. Now, we will give proof of identities 7,,_4, T,4+1 and T, we obtain

Too1 Toir = (fal + fret) + fra2k) (Faszl + fras) + frsak)

= —fafnsz + fasifnez — fosafnea + i(fn+1fn+4 + fn+2fn+3)
_j(fnfn+4 + fnz+2) + k(fn+3fn + fn+1fn+2)

and
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—2

Tn = (fn+1i + fn+2j + fn+3k)(fn+1i + fn+2j + fn+3k)

= _fnz+1 + frf+2 - fnz+3 + 2ifn+2fn+3 - ijn+1fn+3 + 2kfn+1fn+2-

From the Eqn. (3) and Eqn. (7), doing necessary calculations, we have

- - - 4
Tn_lTnH—fELZ=(—1)”[(3+i+3j—§k>—4k+4k]

= ()" (ﬁ, +3 —§k>.

5. Conclusion

In this paper, we first describe the concepts of Fibonacci tessarine and Lucas tessarine with
coefficients from the Fibonacci and Lucas numbers. We introduce many identities that have an

important place in the literature on tessarines.
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