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Abstract: In this study, we consider linear and especially cyclic codes over the non-chain ring Z,[v]/(v? — v)
where p is a prime. This is a generalization of the case p = 3. Further, in this work the structure of
constacyclic codes are studied as well. This study takes advantage mainly from a Gray map which
preserves the distance between codes over this ring and p-ary codes and moreover this map enlightens
the structure of these codes. Furthermore, a MacWilliams type identity is presented together with
some illustrative examples.
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1. Introduction

Recently, codes over some special finite rings especially chain rings have been studied. More recently,
codes over finite non-chain rings have been also considered. However, the study on non-chain rings has
proved to be challenging due to the algebraic structure of these rings which does not allow to give a nice
and compact presentation of linear codes over these rings. Study on codes over such rings or rings in
general is motivated by the existence of some special maps called Gray maps whose images give codes
over fields. The existence of such maps is not guaranteed in general. First substantial paper which
relates codes over the quaternary ring Z4 to binary codes is studied initially in [9] where a Gray map
is presented. Some important results of this study are the generation of some optimal non-binary codes
such as Kerdock, Preparata codes via a Gray map. This particular work motivated the researchers and
since then codes over rings have been of great importance to the study. We can list some related studies
on this subject that study codes over chain rings such as the ring of four elements Fy + uF5, the ring of
8 elements Fy + uFy + u?Fy, and a more general chain ring F[u]/(u®) are presented in [2-4, 6, 11, 13].
Some Euclidean and Hermitian self-dual codes over the ring Fy[v]/(v? —v) are related to binary self-dual
and formally self-dual codes and optimal self-dual binary codes obtained in [5] which inspired the original
work of the authors [4]. Gao studied a new generalization of [4] over F,, under the restriction v® — v in
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[8]. Here, the authors mainly further generalize the results in [4] to codes over the ring Z,[v]/(vP — v)
and study algebraic structure, that is, its ideals, units, etc. Furthermore, the authors also determine the
algebraic structure of linear, cyclic and constacyclic codes over this generalized ring by means of a Gray
map.

In this work, we consider codes over the non-chain ring Z,[v]/(vP — v) = {ap + a1v + ... +
ap—1vP"ag, a1, ...,ap—1 € Z, and vP = v}. In the first section we analyze the structure of the ring
and investigate its algebraic properties. Furthermore, linear codes over Z,[v]/(vP — v) are taken into
account and the generator matrices of their Gray images are examined. Then, the dual of a linear code is
defined by defining an inner product and relation between linear code and further its dual is presented.
The relation between cyclic codes and their duals over Z,[v]/(v? — v) are also studied. Finally, a class of
constacyclic codes have been introduced and dual codes of them are studied.

2. Preliminaries

The ring R, = Z,[v]/{v? — v) has p” elements where p is a prime number. In order to study the
structure of this ring, we introduce a linear map ¢ which we refer as a Gray map in the following way:

¢ R, = Z,[v]/(vP —v) — zp
a=ag+a1v+ ... +a,_ 1971 = d(a) = dlag + arv + ... + ap_1vP71) = (a(0), (1), ...,a(p — 1))

(1)
where a(i) = ag + a1i + ... + ap—1i?~1 (mod p) for all i € {0,1,...,p — 1}.. Indeed, this map is basically
the natural one that gives the Chinese Remainder Theorem and hence this map relates the rings R, and
Zp. Due to the fact that the map ¢ is a ring isomorphism, we have

Ry = Zp[o]/(v) @ Zp[v]/(v = 1) @ --- @ Zp[v]/(v = (p - 1)) = 2.

It is not easy to find the structure of lattices of ideals of non-chain rings in general. Here by using the
Gray map introduced above, we are able to give the structure of ideals of R, and further count the
number of ideals as follows:

Lemma 2.1. R, has exactly 2P ideals.

Proof. Since Z, is a field then its ideals are exactly the zero ideal and Z, itself, then the number of
ideals of Z7 is the product of the number of the trivial ideals. Therefore the number of ideals of R, is
2°. O

Example 2.2. Consider the ring Rs. Prior to listing the ideals of Rs we introduce a short notation
such as 11010 which means that the ideal in Z2 which is composed by the zero ideals in its third and fifth
coordinates and the all ring in the rest. Also, we note that ayaz0a40 where a; # 0 for i € {1,2,4} gives
the same ideals since the nonzero elements in the field generate the all field. Therefore, the ideals that
generate the all ring have 5° = 3125 elements and naturally the elements that generate these ideals are
units of Ry:

e 11111 = (1) =(2) = B) = (4) = 2+ v?) = ... = (1 + v + 20?).

The maximal ideals with 625 elements:
e 11110 = (1+v) = (2+2v) = (3+3v) = (4+4v) = (1+2v+02) = ... = (4 + 3v + 4v? + 403 + 40?)
e 11101 — (2+v) = (4+2v) = (1+3v) = (3+4v) = 4+ 4v+0?) = ... = (3+ 3v +4v? + 403 + 4v?).
e 11011 = (3+v) = (1+2v) = (4+3v) = 2+ 40) = (d+v+v?) = ... = (24 3v + 402 + 403 + 4?)
e 10111 = (4+v) = (3+20v) = (2+3v) = (1 +4v) = (1 +3v+0?) = ... = (4 +4v + 4v? + 403 + 4?)
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o 11100— (2+3v+v?) = (4+v+20v%) = (1+4v+30?) = (3+2v+40v?) = ... = (14+3v+2v2 +4v3 +40?).
The tideals with 25 elements:

e 00011 — (2v + 202 + (v¥)) = (4v + 402 + 203) = (v +0? + 3v3) = ... = (1 + 3v + 20% + 4% + 40?).

e 00101 — (3v+v2+03) = (v+20%+203) = (4v+30v%+303) = (2u+4v2+403) = ... = (202 +4v3 +40?).

o ...

e 11000 — (14+v+v2+03) = (14+20+20%4+203) = (3+3v+30v%+30%) = ... = (4+3v+30v% +3v3 +4v?).

The ideals with 5 elements:
o 10000 — (4 +vY) = (3+2v%) = (2 + 3v) = (1 + 4v?).
¢ 01000 — (v+v2+v3+0v?) = (20+20% + 203+ 2v%) = (Bv+30? +3v3 +3v?) = (dv+4v? + 403 +40?).
e 00100 — (3v+4v2 4203 +0v4) = (v+ 302 +40v3 +20%) = (dv+20% + 03 +30?) = 20+ 02+ 303 +40?).
e 00010 — (2v+4v2 4303 +0vt) = (dv+30% +0v3 +20%) = (V4202 + 403 + 301) = (3v+ 02+ 203 +40?).
e 00001 — (4v+v%+4v3 +v1) = (3v 4202 + 303 +2v%) = (20+30v% + 203+ 3v?) = (v+4v2 + 03 +40?).

and the zero ideal:

e 00000 — (0).

Let R be a ring and a € R. If a is nonzero then its Hamming weight denoted by w(a) equals to 1
otherwise it is equal to 0. This is generalized to an n-tuple such that if a = (a1,as,...,a,) € R™, then
the Hamming weight of a is defined by w(a) = 3" ; w(a;). The Hamming distance between two n-tuples
is d(z,y) = w(x — y) where z,y € R™. It is well known that the Hamming distance is a metric on R™.

It is possible to characterize the unit elements of R, and further give the number of elements in an
ideal by considering the definition of ¢ together with its properties.

Lemma 2.3. Suppose that I = (a) where & = ag + a1v + ... + a,_10P~1 € R,. |I| = pXizo w(a(®),
Especially, if a(i) # 0 for all i, Then « is a unit in R, and vice versa.

Since the map ¢ is a ring isomorphism, the inverse map of ¢ denoted by ¢! : Zp — R, exists. In
the following example we present the inverse map explicitly:

Example 2.4. The inverse map is defined by
¢_1 : Zg — Rs
(k,l,m,n,t) — k+ (4l +2m~+3n+t)v+ (4l +m+n+4t)v? + (4l +3m+2n+t)v> +4(k+1+m+n+t)vd.

Definition 2.5. (Gray weight) Let o = ag + a1v + ... + a,—10P~* € R,,. Then

wg(a) = w(g(e)) (2)

1s called the Gray weight of «.

The Gray distance between two elements « and 5 of R, is described by dg(«, 8) = w(¢(a) — ¢(8))
which also happens to be a linear distance preserving map from (R, dg) to (20", d).

Example 2.6. Let p=7. If a = 1+ v+ 50% + 503 and B = 6v + 402 + 503, then we(a) =
v+ 502 + 50%)) = w(1,5,0,2,6,0,0) = 4 and we(B) = w(p(6v + 4v? + 50%)) = w(0,1,5,0,2,6,
hence dg(a, B) = w(p(a) — ¢(B)) = w((1,5,0,2,6,0,0) — (0,1,5,0,2,6,0)) = w((1,4,2,2,4,1,
w(1l+ 2v +v?) = 6.

Definition 2.7. Let a = (a1, a2, ..,a,) € Z}. Then, supp(a) = {ila; # 0} C {1,2,...,p}.
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We can easily check that:

o If supp(d(@)) = supp(¢(B)) then weg () = wa(B) where o, f € Ry,
o Assume that (o) and (§) are two ideals in R,. Then, supp(¢(a)) = supp(¢(f)) if and only if

(@) = (B)-

Therefore, R, is a principal ideal ring, that is, all ideals in R, are generated by a single element of R,
similar to the special case p =3 [4] .

Theorem 2.8. If I = (a1, qz,...,0,) is a finitely generated ideal of Ry, then I = (B) for some B € R,
where supp(¢(8)) = Ui—; supp(¢(ai)).

Example 2.9. Let I = (a1, a9) where a; = 3v+ 2+ 03 and as = 14 3v + 3v% + 303 4+ 20 € Rs. Since

supp(¢(ar)) = supp(¢(3v +v* +v%)) = supp((0,0,3,0,2)) = {3,5}
and

supp(¢(az)) = supp(¢(1 + 3v + 30> 4 30° 4 20)) = supp((1,2,0,0,0)) = {1,2}

supp(¢(B)) = U supp(¢p(a;)) = {1,2,3,5},

then B can be selected as 4 + 2v 4+ 3v2 + 3v> + 2v* which generates a mazimal ideal in Rs.

The units and the elements which generate the maximal ideals in R, can be classified by means of
their Gray images:

Lemma 2.10. Let o € R,. The follows hold:
i) supp(Pp(a)) = {1,...,p} if and only if @ is a unit. Hence, R, has exactly (p — 1)P units .
ii) Suppose I = (a). Then, | supp(p(a))| =p —1, if and only if T is mazimal.

3. Linear Codes over R,

A minimal generating set is comprised for all linear codes by a set of linearly independent and
spanning vectors called basis for codes over fields. However, in the case for codes over rings, this is a
challenging problem and in most cases impossible since we do not have basis in general for modules. In
[2] and in [3], authors gave a basis or a minimal spanning set for the codes of even length over Z + uZ
and Zs 4+ uZs + u?Zy + - - - + uF 125, respectively. These are all chain rings, that is, the set of all ideals
is a chain under set-theoretic inclusion.

Since R, is not a chain ring, we can not get a generating matrix, easily. To overcome this problem in
linear code case some special definitions (modular dependence) and cases of codes over rings are presented
in [12] and in [15]. Here, based on the Gray image of the code, the generator matrix of the image code
is presented and some results are obtained:

Theorem 3.1. Assume that the set {g1,92,...,9x} C Ry is a generating set of a linear code C over R,
of length n where g; = (gi1, gi2, - - -, Gin). Then, the matriz
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#(g911) é(g12) - d(g1n)
o(vgi1)  ¢lvgiz) -+ B(vgin)

d(v?g11)  o(vigi2) - d(v7g1n)

¢>(Up_'1911) ¢>(UP_'1912) (v g1n)

(G) = : : :
d(gr1) (gr2) - O(gkn)
P(vgr1) d(vgr2) -+ d(vgkn)
d(v2gr1)  o(Vigr2) o d(V?gkn)
_¢(Up_.lgk1) ¢(Up_llgk2) (VP gy, |

generates ¢(C).

Example 3.2. Let p =5 and suppose that

G- 20 + 42 + 303 4 vt 0
o 0 4v + 0% + 403 + 0t

is a generator matriz of C of length 2 over Rs = Zs[v]/{v® — v).

Then

(00000 00000]
00000 00000
00000 00000
00000 00000
00000 00004
(&)= 100000 00000
00000 00000
00000 00000
00040 00000
00000 00000 |

Hence ¢(G) is a generator matrixz of ¢(C), with length 10, dimension 2 and size 5% = 25.

Another simple and compact way to represent the structure of a generator matrix of ¢(G) is given
below. Let a = go + g1v + ... + gp—19?~' € R, and a(i) = go + 919 + ... + gp—11P~ (mod p).

$(@) = 6(g0 + g1v + .. + gp—10" ") = ((0), (1), ..., a(p — 1))

Alternatively, after some row operations the generator matrix is then equivalent to a block matrix
with blocks (Gij),,,., = diag(ai;(0), ai;(1), ..., ai;(p — 1)).

As mentioned above, we again emphasize that it is a difficult problem to determine the minimal
independent sets that generate a linear code over R, in general due to the fact that R, is not a chain
ring. However, one can adopt a similar approach as presented in both [12] and [15] to capture the size of
linear codes over R for some special cases.

Definition 3.3. A set {g1,92,...,9x} C R} is called a minimal independent generating set for a code

C, if
{o(g1), d(vgn), ..., 60" 91), 8(92), B(vg2), .-, d(VP " ga), ..., Blgk), d(vgk), - - -, &P~ gi)} C ZE"

is a Zp-linearly independent set.
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Now, having this definition at hand one can determine the size of a code with a generating set which
is Zp-linearly independent:

Lemma 3.4. If C = ({g1,92,...,9x}) where the set {g1,g2,...,9x} C R} is a minimal independent
generating set, then |C| = pPk.

3.1. The Dual Code

In this subsection, an inner product which is introduced as below helps us to construct the dual code
of a linear code where the inner product is obtained with the Gray image. We also show the proof of a
lemma which relates dual of the code and its Gray image:

Let g = (91,92, -, gn), h = [h1, ha, ... hal € Ry, gi = gi1 + gi20 + ... 4 gipvP ™1 hy = hiy + higv +
ot hipPT  gi(9) = g1+ gizd 4 -+ 9ipiP T (mod p) and h;(§) = hit + hizj + ...+ hipPT (mod p).

n p—1

(g0 =D > (9:i(i)hi(3))-

i=1 j=1

If C is a linear code of length n over the ring R, then the dual code is defined by

Ct ={h e R(g h)y=0forall g€ C}. (3)
Lemma 3.5. ¢(C)* = ¢(Ct).

Proof. The proof follows from the definitions: If h € C*, then, (g, h), = 0 for all g € C. This implies
that ($(g), d(h)) = 0 for all ¢(g). Hence, ¢(h) € (¢(C))" . Thus, ¢(CL) C $(C)L. The reverse follows
directly by reversing the steps.

O
Example 3.6. Let

24+ 4v% 3+ 3v+v? +20°% 4+ 30

G= 203 + 20 3+ 4v + 30t

be a generator matriz of a linear code C over Ry = Zs[v]/(v®—v), Then the image of this code is generated
by

B(2 + 4v?) B(3 + 3v + 0?2 + 20° + 3v?) 2000030000
d(v(2+4vY))  d(v(3 + 3v+v? + 20° + 30?)) 0100002000

d(v2 (24 4vt))  d(v3(3 4 3v + v? 4 203 + 3v?)) 0010000200

p(v3(2+ 4v*))  P(v3(3+ 3v+ 02 + 203 + 3v?)) 0001000030

(G = (2 +4vh)) (B +3v+v*+20° +30*) _ 0000100002
P (203 + 20%) (3 4 4v + 3v4) 0000030000

d(v(20® + 20%)) #(v(3 + 4v + 3v?)) 0400000000

d(v2(20% + 20%)) #(v2(3 + 4v + 3v?)) 0030000400
d(v3(203 4 20%)) d(v3(3 + 4v + 3v)) 0001000030
Lp(v?(20° + 20%)) (v (3 4 4v + 3v%)) (000000000 2|
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i
OO DODDDDODODODO O
[eNeleoNoNeleNol S "
[leleNoBeBal S =R =]
DO OO DODO+HOOO
[N oNoNoll e NN N
SO O OO OOoOOo
OO ODDODODODOOO
O OO0 OoOOo
SO O OO WO oo
—H OO0 oo

over Zs, then |C| = 5%, Let
H=[0001000030].
is a parity check matriz of ¢(C).
Hence |¢(C)*| = 5. Conversely, for all h = [h] € C" such that
h= [h1 + hov + h3v? + hyv® + kvt h/l + hlgv + h;,v2 + h;v?’ + h;)v‘l]
then

Ct={h=[2v+40*+30° + v )hs (v+20%+ 403 + 3v*)hs] , hs € Z5}
Hence,

’C’L = 5. Therefore, $(C+) = ¢(O)*.

3.2. MacWilliams Identity for Codes over R,

The MacWilliams identity is one of the prominent results in coding theory, which supplies the
relationship between the weight enumerator of a linear code and that of its dual code [10]. The distribution
of weights for a linear code is crucial to its performance analysis such as, linear programming bound, error
correcting capabilities, the extremal weight enumerators related to the dual codes, etc. In this section,
we state several lemmas and the main theorem. We also illustrate the theorem with a moderate example.

In this work, we assume that the character x is described by x(a) = 4O +a()+a@)+.+alp=1) where
6 — eZﬂ'i/p_

The Gray weight enumerator of a linear code C' over R, is defined by
W (z,y) = Z xpn—wc(C)ywc(C).
ceC

This section is a generalization of Section 3.2 in [4], so we will not give all proofs in detail here. Therefore
we present the statement of lemmas and the main theorem and state an example to show the result.

Lemma 3.7. 1. Assume that I # {0} be an ideal of the ring R,. Then,

Z X (a) = 0.
acl
2. For a € Ry, we have

, a=0
ZX(aT){%p’ a#0.

reR,
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3. If B € Ry, then

> x((Ba))arre@yrel@ = (z 4 (p— 1)y)? "¢ (g — y)ve®
a€R,

The following well known result plays an important role in finalizing the proof of the main theorem:

Lemma 3.8. [10] If C and its dual C*+ are linear codes over the ring R, with

then

> rw =g X f ).
ueC

veC+t

By combining the lemmas above we get the main theorem that relates the Gray weight enumerators
of the code and its dual:

Theorem 3.9. Suppose that C' is a linear code over R,, then

1
VVCL (SE,y) = @WC (.’E+ (p_ l)y,x _y)

Example 3.10. Assume that

_ 2 + 3t 0

G 0 3v + 302 4+ 303 + 30t

generates a linear code C over Rs. Then, its Gray weight enumerator is
We(z,y) = 21 + 82% + 1625y°.
Therefore, by applying the necessary change of variables in the main theorem, we obtain

Wei(x,y) = 20 4 322% + 4482532 + 358427y + 179202%y* + 57344x5y° + 114688219° + 13107223y"

+6553622y5.

4. Cyclic Codes over R,

A very significant and well know class of linear codes is the class of cyclic codes which plays a crucial
role in coding theory due to their easy implementation. Since cyclic codes can be described as ideals in
some polynomial rings, they have considerable inherent algebraic structure.

In this part we consider the algebraic structure of cyclic codes over the ring R,. We also study the
structure of their duals.

Definition 4.1. Let o be a cyclic right shift on the entries of an n-tuple in R™ such that o(cg,cy,.. .,
Cn-1) = (€n=1,€0, .-, Cn—2). For a linear code C, if o(C) = C, then C is called a cyclic code of length n.
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After associating a polynomial ¢(z) = cg + c12+ - + ¢, 12" to a codeword ¢ = (cg, ¢1, .-, Cn1)
€ C, if C is a cyclic code then, C becomes an ideal of the quotient ring R[z]/{z™ — 1).

Let Rnp) = Rpl]/(z" —1). Since R, = ZF, then
Rylal/(z" — 1) = Zylal (a" — 1) X Zylal/{a" — 1) X ... x Zyla] /(" — 1),

Let

Lippy = Zplz]/(x" — 1) x Zp[z]/{z" — 1) x ... x Zy[z]/(z" —1).

Now as a natural extension of ¢ ,we can get an isomorphism between the rings R, ) and L, p).
We define a projection map

i Zh = Zy,
such that m;((a1, a2, ... ap)) = a; for 1 <i < p. Then, we identify

¢ :Rnp) = Ln,p)

n n n

¢’(Z aiz’) = (Z 7T1(¢’(az'))ﬂfiaZW2(¢(ai))$ia R Zﬂp(¢(ai))$i)-
i=0 i=0 i=0 i=0
Example 4.2. Let f(z) = (1+v?)2® + (1 + 3v +v*)z® + (3v® + vz + 1 in Ry 5. Then, ¢(f(x)) =
(23 4+ 2% + 1,223 + 42 + 2,30 + 1,222 + 32 + 1,223 + 222 + 42 + 1).

It is easy to get the structure of R[x]/(z™ — 1) since this map is an isomorphism.

R p is a principal ideal ring. We can determine the generator of ideals as follows: Suppose that
I = (fi(x), fo(x),..., fs(x)) is a finitely generated ideal of R, ,) where f;(z) = Z;L:O fijxj. Then, for
i=1,2,...,plet g; = gedi<j<s(mi(&(f;))), 2™ — 1). Hence, I = (g(z)) where

9(z) = 67 ((91(2), 92(@), - .., gp(@)))-

Example 4.3. Let I = (f1(x) = (1+v+20* 42+ (14+20+0v?)2?, fo(z) = 2+ 202+ (1+v+0?) 2+ (v+202)2?)
be an ideal of Ry 3). Then, ¢(f1(x)) = ((2+x)%, (2+2)?, 24+ z) and (f2(x)) = (2+2,1,(24x)?). Neat,
g1 = gcd((2+2)2%,24+z,2° —1) = 24z, go = ged((2+2)%, 1,23 —1) = 1, g3 = ged(2+x, (2+2)2, 23— 1) =
2 + . So we have ¢(I) = ((2+ ,1,2 + x)). Therefore, I = ¢~ (p(I)) = (¢~ (2 + 2,1,2 + 2)) =
2+v+v2+ 1 +v+0?)).

The following lemma can be observed as a straightforward result of the above statements and the
example:

Lemma 4.4. If C = (g(z)) is a cyclic code of length n over R, and ¢(g9(x)) = (91,92, .-, gp) with
deg(ged(gs, ™ — 1)) =n — k; for 1 <i < p, then |C| = p=i=1 ki,

4.1. The Dual of Cyclic Codes

In this subsection, we study the algebraic structure of the dual of a cyclic code over R,. Let
C = (g(z)) be a cyclic code of length n over R,. Assume that, ¢(C) = J = ((g1(x), g2(), ... gp(x)))
where ¢g; = m;(¢(g(2))). The dual of J is the cyclic code

Jt = <(h1R($)7 hap(z), ..., h:DR (:L'))>,

where h;(z) = (2" —1)/(ged(z™ — 1,9;) and h; () is the reciprocal polynomial of h;(z). Hence, Cct =
(07 Hha, (), hay (), By (2))).
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Example 4.5. Let I = (f(z) = (30 +3v3+4v) 23+ (vt +403 +202 + 1) 22+ (20t + 402 +-3) 2+ (v3 +4v+2) >
be an ideal of R(s 4y. Then, ¢(f(x)) = (2243242, 22 +4x+2,2+3, 23+ 22+ 2+ 1, 23+ 322 +42+2). Next,
g1 = ged(2?+3x+2, 24 —1) = 2243242, go = ged(x? +4a+2, 2% —1) = 22 +4a+2, g3 = ged(x+3,2* 1) =
143, g4 = ged(2P+2% +a+1, 21 —1) = 23+ 2% +a+1, g5 = ged(2®+322 +4x+2, 2% —1) = 23+ 322 +42+2.
Thus, [{I)| = 5%. C+ = (¢ (h1,(x), hap(2), hay, (), hay (7), hs, (7)) = (¢~ H((22% + 22 + 1,322 + 4o +
1,284+ 2? +o+1,40+1,224+1))) = ((4v* 4303 +02 +20) 23 + (4v* +30% +4v+2) 22 + (403 +40v% +20+-2) o+ 1).
Therefore, |<CJ->’ =5t

5. Constacyclic Codes over R,

In this section, we study constacyclic codes over R,,.

Definition 5.1. Let o = ag+ajv+...+a,_197~1 be a unit element of R, and C be a linear code of length
n over R,. If for all ¢ = (co,c1,...,cn-1) € C and a unit in R, we have (acp—1,¢co,¢1,...,cn—2) € C,
then C is called an a-constacyclic code or shortly constacyclic code.

Similar to the cyclic codes case if we associate each codeword ¢ = (cg,c1,...,¢n—1) € C with
a polynomial ¢ = ¢y + 17 + -+ + ¢,_12"" ! € Rlx], then C can be viewed as an ideal in Stmp) =
Rp[z]/(z™ — ). By applying the Chinese Remainder Theorem, we have the following result:

Let Sin,p) = Rp[z]/{z" — ). Since R, = ZF, Then
S = Z,[al/{a" — a(0)) X Zyla}/ (" — a(1)) X ... x Zyfal /{z" — alp— 1).

For example, let I = (f(z) = (4+3v+v3 + v+ (1+3v+02 + 403 +4vh)z + (v +40v? + 203 + 20*) 2% + (20 +
024303 +40v1)2?)), be an ideal of R(4 5) then ¢(f(x)) = (44, 443z +27, 4+22+2°, 1+ +a?, 1+4z+2?).

Since « is a unit element of Ry, then (i) # 0 for all 0 <4 < p— 1, the number of constacyclic codes
over R, can be obtain as follows:
Theorem 5.2. The number of a-constacyclic codes of length n is equal to f;ol 0(i) where

. On, =1,

0(i) = )
(@) {n(m), i=2,..,(p—1).

on and 1, iy are equal to the number of cyclic and a(i) — constacyclic codes of length n over Z,, respec-
tively.

Proof. Since « is a unit element of R,, the Gray image consists of non zero elements of Z,. If the Gray
image contains 1 as a component then the projection code corresponding to that particular component
is cyclic which has a generator polynomial as a divisor of 2™ — 1 over Z,. In addition, if Gray image
contains non zero elements different from 1, call it (i), then the projection is a «(i) — constacyclic code
of length n over Z,. Therefore, if o, and 7, ;) are equal to the number of cyclic and «(i) — constacyclic
codes of length n over Z,, respectively, then the number of a-constacyclic codes of length n is equal to

[T 6()- 0
Example 5.3. Let ¢(4+v+20°) = (4,2,2,1,1) € Zs. Since the number of 2 — constacyclic , negacyclic
and cyclic codes over Zs are 6(2) = 12y = 2, 6(4) = nes,4) = 2% and 6(1) = o4 = 8, respectively then the
number of all (4+ v+ 2v3) — constacyclic code length 4 over Rs is equal to 4.2.2.8.8 = 22114343 — 910,

The algebraic structure of a dual constacyclic code can be obtained as follows: Suppose C = (g(x))
is an a-constacyclic code of length n over R,. Let g; = m;i(¢(g(x))), then ¢(C) = ((g1(z), g2(),
... gp(z))). The dual of C is an a-constacyclic code which is equal to (¢~1(hi(z), ha(z),... hy(z))),

where h;(x) = (2™ — (7)) /(g:(x)).
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Example 5.4. Let C be a (1+v+4v?+3v3) —constacyclic code over Ry generated by f(x) = (405 +4v° +
6v° +v) 2 4 (50° +v° 4+ 60 + 03 + 60 + v+ 1)z + (V0 + 50° + 403 +v® 4+ 5v 4 3) which is an ideal of Rz 7).
Since ¢(1+v+4v? +3v3) = (1,2,1,2,2,5,1) and ¢(f(z)) = (x+ 3,2 +5,0,0,2% +5,2% + 2,2 +5) then
g1=z+3 and hy(z) = (2 —1)/(x +3) = (2® + 42+ 2), go = 2>+ 5 and ha(z) = (2* —2)/(@® +5) =1,
g3 =0 and h3(z) =0, g4 = 0 and hy(z) =0, g5 = 2> +5 and hs(z) = (23 - 2)/(@®> +5) =1, gs = 2> +5
and he(z) = (23 = 5)/(x3 +2) =1, gr = 2+ 5 and hy(x) = (23 — 1)/(x + 5) = 22 + 2z + 4. So,
¢*1(h1(w),h2(x),h3(w),h4(w),h5(w),h6(x),h7(x)) = ¢71(1’2 + 4z + 27 130707 ]-7 1,.’E2 + 2z + 4) = (51)6 +
v° + 60t + 03 + 602 + v+ 1) 22+ (v° +20° + 5vt + 203 + 502 + 20 +4) 2 + (50° + 05 + vt + 303 +3v? + 50+ 2)
Therefore, C+ = ((5v° +v° 4+ 6v* +v3 + 602 + v + 1)2? + (v + 205 + 5v? + 203 + 502 + 20 + 4)z + (505 +
v® + 3vt + 303 + 3v% + 5u + 2)).

6. Conclusions

We have explored further a new family of codes over a special non-chain ring by generalizing some
results in [4]. In general, non-chain rings are very complicated to be studied. Here, by introducing a
Gray map the problem has been resolved. Linear, cyclic and constacyclic codes have been introduced. A
MacWilliams Type Identity is also proven. This results can be easily generalized to codes over the ring

F,[v]/{v? — v) where Fy is a field with q elements.
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