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Abstract: In this correspondence, we consider quadratic double and bordered double circulant construction
methods over the ring R := Fy + uFs + u?Fs, where ©®> = 1. Among other examples, extremal
binary self-dual codes of length 66 are obtained by these constructions. These are extended by using
extension theorems for self-dual codes and as a result 8 new extremal binary self-dual codes of length
68 are obtained. More precisely, codes with =117, 120, 133 in Wss,1 and with v = 1, =49, 57,
59 and codes with v=2, =69, 81 in Wgs 2 are constructed for the first time in the literature. The
binary generators of these codes are available online at [7]. In addition to these, some known codes
are reconstructed via this extension. The results are tabulated.
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1. Introduction

The theory of self-dual codes, especially the so called extremal ones, has attracted a lot of research in
the coding theory community. The connection of self-dual codes with many different fields of study such
as designs, lattices and cryptography has made them of interest to many researchers. The theoretical
background for extremal binary self-dual codes has been established in [1, 2, 9] and the references therein.
In the aforementioned works, among other things, it was established that extremal binary self-dual codes
can only have certain weight enumerators. Much of the research in the study of self-dual codes has been
towards finding extremal self-dual codes with new weight enumerators.

Starting with [3], the use of quadratic residues has been part of the armory for constructing binary
self-dual codes. The method, which combines quadratic residues with the well-known methods of double
circulant and bordered double circulant constructions has successfully been used to obtain many new
extremal binary self-dual codes in [6] and [8]. In doing so, rings other than the binary field, which are
endowed with duality and distance preserving Gray maps were used.

In this work we consider the construction method described above for the ring R := Fy 4+ uFs 4+ u?Fy,
where u3 = 1. This is a non-chain extension of the binary field. We describe a Lee weight and a related
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distance-preserving Gray map for the ring. Unlike many of the rings studied before, the Gray map is
not duality-preserving. However we establish the conditions for the Gray image to be self-dual. Using
quadratic double and bordered double circulant constructions over the ring R, we find extremal binary
self-dual codes of length 66. Applying extensions to these codes we find eight new binary extremal self-
dual codes of length 68. More precisely, codes with 8=117, 120, 133 in Wsg 1 and with v =1, =49, 57,
59 and codes with y=2, 5=69, 81 in Weg s are constructed for the first time in the literature.

The rest of the work is organized as follows. Section 2 includes a general overview on the ring R
and self-dual codes. In Section 3, we consider projections, lifts and duality conditions. Section 4 contains
the quadratic double and bordered double circulant constructions over the ring R and some extremal
self-dual examples including codes of length 66. In Section 5, codes of length 66 are extended, using
extension theorems, to obtain new extremal binary self-dual codes of length 68. The paper ends with
some concluding remarks and comments.

2. Preliminaries

2.1. The structure of the ring Fy + ulFy + u*Fy with v =1

The ring Fo+uFy+u2Fy defined by the relation u® = 1 is isomorphic to F [z] / <x3 — 1>. Throughout
the text the ring Fy + ulFs + u?F5 is denoted by R and it is easily observed that R =2 Fy x F4. The ring
R is not a local ring because its ideal structure is given by Iy C I yy2, [11y4+u2 C R where;

Dyt = (1—|—u+u2) = {O,1+u—|—u2},
Lipwz = (T+u) ={0,u+u?*14+u1+u’}.

However, it is a Frobenius ring as can easily be seen by the isomorphism R = Fy x F4. The units in the
ring R are given by {1, U, u2} and the non-units are

{u+u2,1+u,1+u2,l+u+u2}.

The ring R has two primitive idempotent elements {u +ul, 1l +u+ uQ}. Every element of the ring R
can be written in a unique way as a + bu + cu® = (1 +u+u?) (a+b+c) + (u+u?) (a+c+ (b+c)u).

A linear code C of length n over the ring R is an R-submodule of R™ and has a generating matrix
that is permutation equivalent to

I, A B C
G = 0 (u+u2) Iy, 0 (u+u2) D
0 0 (I+u+tw?) Iy (L+utu?)E

We define a Gray map as follows;
¢ : R" T
a+bu+tcu’® — (abe).
Definition 2.1. The Lee weight of an element x = a + bu + cu? € R is the Hamming weight of its Gray

image, i.e. wty, (a+bu+ cu?) = wty (a) +wty (b) +wty (c). An element is called even if its Lee weight
s even and odd otherwise.

So, the elements in ideal I,, 1> are even and 1, u,u?, 1 +u+u? are the odd elements. The Lee weight
of a codeword is defined to be the sum of the Lee weights of its components. The minimum Lee weight
of a code C is denoted by wtr, (C) and defined as wty, (C) = min {wty, (¢)|c € C}.

Definition 2.2. A code C over R is called an even code if all the codewords have even Lee weight.
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The duality is understood in terms of the Euclidean inner product; @ob = Y a;b;. The dual of C is
defined as Ct = {g € R" | jox =0 for all T € C}. A code C is said to be self-orthogonal if C C C* and
self-dual if C = C+. A self-dual binary code is said to be Type II if all codewords have weight divisible
by 4 and Type I otherwise.

The minimum distance d of a binary self-dual code of length n is bounded above as d < 4[n/24] + 6
if n =22 (mod 24) and d < 4[n/24] + 4, otherwise ([1, 9]). A self-dual code is called extremal if it meets
the bound.

2.2. Quadratic double circulant codes

Quadratic double circulant (QDC) codes are a generalization of quadratic residue codes and have
been introduced in [3]. Let p be an odd prime and @, (a,b,¢) be the circulant matrix with first row r
based on quadratic residues modulo p defined as r[1] = a, r[i + 1] = b if ¢ is a quadratic residue and
r[i + 1] = ¢ if i is a quadratic non-residue modulo p. We state the special case of the main theorem from
[3] where p is an odd prime;

Theorem 2.3. (/3]) Let p be an odd prime and let Q, (a,b,c) be the circulant matriz with a,b and ¢ as
the elements of the ring R. If p =4k + 1 then

Qp (a,,¢) Qp (a,b,0)"
- Q, (a2+2k(b2+c2),2ab—b2+k(b+c)272ac—c2+k(b+c)2)
If p =4k + 3 then

Qp (a,b,0) Qp (a,b,0)"
= Qp(a®+ (2k+1) (b* + c?) ,ab+ac+k (b° + ) + (2k + 1) be,
ab+ac+k (b* + ¢*) + (2k + 1) be).

Definition 2.4. (/3)) The code generated by P, (a,b,c) = (I, |Qp (a,b,¢) ) over the ring R is called a
quadratic pure double circulant code and is denoted by Pp (a,b,c). In a similar way, the code generated

by

Bp(a7b7c | )‘aﬂ77) = (Ip+1

A B x1
vx 1T Qp (a,b,c) ]’

where 1 is the all 1 vector of length p, is called a bordered quadratic double circulant code and is denoted
by B;D (a7bac ‘ A?ﬁ?V)

3. Projections, lifts and duality conditions

Since the Gray map introduced in Section 2 does not preserve orthogonality, we start with de-
termining the conditions when the binary image of a code over the ring R is self-orthogonal. Then, a
projection and related lift will be defined. The extended quadratic residue codes of parameters [24, 12, 8],
and [48,24,12], which are unique up to equivalence are constructed as lifts of self-dual double circulant
binary codes.

The following example indicates that the Gray image of a self-orthogonal code over the ring R is not
necessarily a self-orthogonal binary code.

Example 3.1. Let us consider the code C over the ring R of length 3 generated by

(1+u,1+u2,u+u2),
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We may easily observe that the code is self-orthogonal since

I+u)?+ 1+’ + (ut+u®)? =1+ u> +1+u+u+u>=0.

On the other hand, its binary image is the code generated by
110101011
G=(011110101
101011110

and it is not self-orthogonal since distinct rows of G are not orthogonal to each other.

Definition 3.2. A vector T =@+ bu + cu? over the ring R can be expressed as
T=(14u+uv?) (@+b+72) + (utv?)(@+c+ (b+c)u).

a+b+canda+c+ (5 + E) u are called Fy and F4-components of T, respectively.

Definition 3.3. A matriz over the ring R is said to be free of u if all its entries are of the form a + bu?
with a, b € Fy.

Lemma 3.4. The Gray images of two vectors T = a+bu+cu? andy = d+eu+ fu? in R are orthogonal
to each other if their Fo-components are orthogonal and the product of their Fy-components is free of u.

Proof. If the Fo-components of the vectors T and 7 are orthogonal we have
(@+b+e)o(d+e+f)=aod+aoe+aof+bod+boe+bof+cod+coe+cof=0 (1)
and if the inner product of their F4-components (6 +C+ (5 + E) u) ) (8 +f+ (é + ?) u) is free of u we

have Goe+ao f+bod+bof+cod+coe =0, which implies@aod+boe+co f=0 by (1). Hence
@ (T)op(y) =0. O

We would like to determine when the Gray image of a code is self-dual. Much like ring elements and
vectors, a matrix G over R can also be expressed as

G = G1+UG2+U2G3
= (1+u+u2)(G1+G2+G3)+(u+u2)(G1+Gg+(G2—|—G3)u)

where G1, G2 and G3 are binary matrices. G; + G2 + G3 is called Fo-component of G and denoted by
Gr, and G1 + G5 + (G2 + G3) u is called Fy-component of G and denoted by GF,.

The following theorem characterizes codes over the ring R with self-orthogonal binary images:

Theorem 3.5. Let C be the code generated by G over the ring R. Then ¢ (C) is a self-orthogonal binary
code if G, G%z =0 and Gy, G%; and G, (uG)§4 are matrices over the ring R which are free of u.

Proof. Let G = G1 +uGsy + u?G3 then Gy, G%Q = (0 implies
(G1+ G2+ G3) (GT +GT +GT) =0. (2)
The matrix Gr,Gf, = (G1+ Gs + (G2 + G3)u) (G] + G§ + (G5 + G3) ) is free of u implies
G1G3 + G1G3 + G3GJ + G2G + G2GE + G3GY =0
then this together with equation (2) implies
G1GT + G,GE + G3GT = 0. (3)
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Similarly, if G, (uG)I:FF4 = (G1+ G3+ (G2 + G3)u) (GF + G + (GT + GF) u) is free of u then we have
G1GT + G1GY + G3GT + G2GT + GoGY + G3GE = 0 then this together with equation (3) gives
G1GT + G3GT + GoGY = 0. (4)

Now consider the Gray image ¢ (C) of C which is generated by

¢ (G) G1 G2 Gs
G* = "2} (UG) = G3 G1 G2
2 (UQG) G2 G3 G1

By equations (3) and (4) we have G* (G*)" = 0 which implies ¢ (C) is a self-orthogonal binary code. [

Example 3.6. The code generated by the matriz
(1 01+u wu
G = ( 01 uw 1+4u >
is a free self-dual code over the ring R but its Gray image is not self-dual. We may easily observe

that Gg, = ((1) (1) (1) é) and it generates a binary self-dual code. On the other hand, Gr, = G and

v 0 1 14w . IT+u+u? 14+ut+u?) |
(uG)g, = (0 wildu 1 ) The matrsz]F4(uG)§4: (1+u—|—u2 1+u—|—u2> is not free of u.

If C is self-orthogonal over the ring R then some of the conditions of Theorem 3.5 may be relaxed.
Lemma 3.7. Let C be a self-orthogonal code over the ring R and G be a generator matriz of C. Then

¢ (C) is a binary self-orthogonal code if Gr, G, and Gr, (uG)I:FF4 are free of u.

Proof. Let G = (1 +u+ u2) Gr, + (u + u2) Gy, be a generator matrix for a self-orthogonal code over
R. Then GGT = 0 which implies Gr, GETQ = 0. The result follows by Theorem 3.5. O

An immediate consequence of Lemma 3.7 is;

Lemma 3.8. Let G be a generator matriz of a self-dual code C over the ring R. Then ¢ (C) is a binary
self-dual code if Gy, G, and Gy, (uG)]%:4 are free of u.

Lemma 3.9. A self-orthogonal code C over the ring R is an even code.
Proof. Let C be a self-orthogonal code of length n over the ring R and T be an arbitrary codeword
in C. Let T = @+ bu + cu® where @,b and ¢ € F§ then ToZ =aoa+ (coc)u+ (bob)u? = 0 implies

@oa=0=bob==¢coc Then, wty (a), wty (b) and wty (c) are even since a self-orthogonal binary
vector has even weight. Hence, wt, (Z) = wty (@) + wtg (b) + wty (¢) is even. O

We define a projection 7 : R — Fy as;

(r) = 1 if r is odd
TU)=9 0 ifris even.

The projection 7 is extended componentwise and denoted by II. For a matrix G over the ring R the
projection of the matrix is its Fa-component; II (G) = GF,.

Moreover, 7 is a ring homomorphism. So, the following result follows;

Lemma 3.10. Let C be a linear code over the ring R generated by matriz G then C is an even code if
the rows of G are even.
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Definition 3.11. Let C be a code of length n over the ring R. The code C is said to be a lift of the binary
code D if II(C) = D. The code D is called the projection of C.

Note that the projection of a self-dual code is a binary self-orthogonal code. On the other hand a
lift of a self-dual code may not be self-dual. In the following example we construct the extended binary
Golay code as a lift of the [8,4,4], extended Hamming code.

Example 3.12. Take the following generator matriz of the [8,4,4], extended Hamming code

G=| 14

—_ == O

1
0
1
1

o
O ==

We lift G to a matrix G* over the ring R by keeping I, as it is and lifting O to an even element and 1 to
an odd element. Let C* be the code generated by

u 4 u? 14w+ u? 1 1
a—1|1 1 utu? 1+ u+u? 1
- 4 1 1 utu?  l+u+u?
1+ u+u? 1 1 u+ u?
Gy, = G and
1011 1+uw O U u
" 1101 * u l1l4+u O U
Coo=|Ta|y 110 | @Oe={uls) " 144 o
0111 0 U u 14+u

GGT =0 and Gg, (qu@)T is 4 x 4 circulant matriz with first row (1,0,1,1) and hence is free of u. Thus
by Theorem 3.5 ¢ (C*) is self-dual, which turns out to be the [24,12,8], extended binary Golay code.

Example 3.13. The binary code generated by G = (Is | A) where A is the circulant matriz with first
row ra = (0,1,0,0,0,1,0,1) is a self-dual [16,8,4],-code. Consider a lift

ra = (1+u,u2,u+u2,1+u,0,1+u—|—u2,u+u2,1—|—u+u2)

of ra. Then the code generated by G' = (Ig | A") where A is the circulant matriz with first row r 4 has
a self-dual binary image that is the unique self-dual [48,24,12],-code.

Example 3.14. The double circulant binary code generated by G = (I11 | A) where A is the 11 x 11
circulant matriz with first row ra = (1,1,1,0,0,0,1,0,0,1,0) is a self-dual [22,11,6],-code. Let

rao=(LLL1+u*1+0%1+0% 1,1+ 0 utu? 1,1+ u?)

be a lift of 4 and C be the code over the ring R generated by G' = (I11 | A’) where A" is the circulant
matriz with first row ras. The binary image ¢ (C) of C which we denote by Cee,0 is an extremal self-dual
binary code of lengh 66.

4. Quadratic Double Circulant codes over R

In this section, we consider QDC codes over the ring R and obtain families of codes which satisfy
duality conditions given in Theorem 3.5. Therefore we obtain self-dual binary codes as Gray images of
codes over the ring R. In particular, some extremal self-dual [66, 33, 12],-codes are reconstructed.
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Theorem 4.1. Let p =3 (mod 8) be an odd prime. Then P, (0, 14+u?,14+u+ u2) and
Py (1 +u?,u, 1+ u) are codes over the ring R with self-dual binary images.

Proof. A generator matrix of P, (O, 14+u?,1+u+ u2) is given by
G = (IP‘Q,,(O,l—I—uQ,l—l—u—i—uQ) )
Then Gr, = ( I,|Q, (0,0,1) ) and by Theorem 2.3 we have
Qp (0,0,1)Q; (0,0,1)" =@, (1,0,0) = I,
So Gr, (Gr,)" = 0. Analogously, Gr, = (I,|Qp (0,u,0) ) by Theorem 2.3 we have
Qp (0,4,0) Q, (0,u,0)" = Q, (u%,0,0) = u?I,,.

erefore, G F = +u which is free of u. Now, we need to show that GF, (u 1s also
Therefore, Gy, (Gr,)" = (14 u?) I, which is free of u. N d to show that Gr, (uG)y, is al
(ul,|Qp(0,1+u,0) ). We have

free of u where (uG)y,
Qp (0,4,0)Q, (0,1 +u,0)" = u@, (0,1,0) (1 +u) Q, (0,1,0)
= (u + u2) I, by Theorem 2.3,

which implies Gf, (uG)]?4 = ul, + (u+u?) I, = u?I, which is free of u. Hence, by Theorem 3.5 the
binary image of P, (0, 14w 14+u+ u2) is self-orthogonal. Since ‘Pp (O, 14w, 14+u+ u2)‘ = 8 it has
a self-dual binary image. The same can be done for P, (1 +u?,u, 1+ u) O

Theorem 4.2. Let p be a prime with p =3 (mod 8). Then the code
By (1,u+u2,1—|—u+u2 | 0,1,1)
1s a self-dual code over the ring R and its Gray image is a binary self-dual Type II code.

Proof. Let b; denote the i-th row of the matrix

G=B,(Lu+uv’l4+u+u*]0,1,1) = (I,,H

0 1
17 Qp(l,u+u2,l+u—|—u2) )
Then by o by = 0 since p is odd. If p = 8k + 3 then for 2 < i < p+ 1 we have

p_l(u+u2)+%(1+u+u2):1+(4k+1)=0.

b1 o bz =14+
So by Theorem 2.3 we have

Qp(17u+u2,1+u+u2)Qp (1,u+u271+u+u2)T
= Qp(I+u+v’+1+u+v’ut+v®+1+u+u’+0,u+u’+1+u+u’+0)

= @ (0,1,1),
which implies b; 0b; = 0 for 2 <7 < j < ¢+ 1. H ence the code is self-dual. On the other hand,
the binary code generated by Gg, = II (G) = Bp (1,0 | 0,1,1) generates a self-dual binary code since
Qp(1,0,1)Q, (1,0, n" = Qp (0,1,1). So, Gr, (Gr 2) =0. Gg, = B, (1,1,0] 0,1,1) is a binary matrix

and moreover G, (Gg,)" = 0 since Q, (1,1,0)Q, (1,1 0) =Q,(0,1,1).

0 ul
’Z,L].T Qp (U,U,O) ) :u(GF4)

and Gy, (uG)g4 = uGp, (Gr,)" = u0 = 0. Hence by Theorem 3.5 the binary image of the code is self-
dual. In addition, wt (b1) = 8k +4 and wt (b;) =3+ (dk+1)2+ (dk+1)3 =20k +8for2<i<g+1
which implies that the Gray image is Type II. O

(wG)y, = (ufpﬂ
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An extremal self-dual binary code of length 66 has a weight enumerator in one of the following forms
([2]):
Ween = 14 (858 +86) y'2 + (18678 — 248)y* +--- , 0 < B < 778,
Wes2 = 1+1690y'2 + 7990y + - -
and Wee3 = 1+ (858 4 83) y'? + (18166 — 248) y™* +--- , 14 < B < 756.

Recently, 24 new codes in Wee 3 are constructed in [6]. For a list of known codes we refer to [6] and
references therein. The code Cgp ¢ in Example 3.14 has weight enumerator 8 = 0 in Wse,1. We complete
this section by giving some examples of QDC codes over the ring R in Table 1. The binary images of two
of the codes are extremal self-dual binary codes with weight enumerators 8 = 0 and 66 in Weg 1.

Table 1. Examples of quadratic double circulant codes over the ring R

D Code over R Gray image remark

3 Ps (1+ v u,1+u) [18,9,4],

3 Ps (0,1 +u® 14+ u+u?) [18,9,4],

31Bs (0,u,14+u” | 14+u+u? 1+ul+u)| [24,12,6],

11 P (1+v*u1+u) [66,33,12], | B =0 in Wee,1
11 P (0,1 +u? 1+ u+u?) [66,33,12], |8 =66 in Wee,1
11| Bu (Lut+v’,1+u+v’]0,1,1) [72,36,12], Type 1T

19 Pio (1+u? u,1+u) [114,57,16]2

19 Pio (0,1 +u? 1+ u+u’) [114,57, 162

19 Bio (L,u+u*1+u+u®|0,1,1) [120, 60, 16]2 Type 11

5. New extremal binary self-dual codes of length 68

An efficient method to construct self-dual binary codes of length n + 2 is to extend a self-dual binary
code of length n. Such an extension method for an arbitrary generator matrix of the code is used in [5].
Such extension methods for binary rings are introduced in [8] and a substantial number of new extremal
binary self-dual codes of length 68 are obtained. In this section, extension is used for extremal self-dual
binary codes of length 66 which were constructed in sections 3 and 4. As a result, we were able to obtain
eight extremal self-dual binary codes of length 68 with new weight enumerators.

The weight enumerator of an extremal binary self-dual code of length 68 is characterized in [2] as
follows:
Wes1 = 1+ (442 +48)y'? + (10864 — 88) y** +--- , 104 < 8 < 1358,
1+ (442 + 48) y'? + (14960 — 88 — 2567) y** + - --

=
o0
[\v}
I

where 0 < v <11 and 14y < 8 < 1870 — 32~. Tsai et al. constructed new extremal self-dual binary codes
of lengths 66 and 68 in [10]. Together with the codes obtained in [10] the existence of codes in Wgg 1 are
known for g =104, 122, 125,...,132, 134,...,168, 170,...,232, 234, 235, 236, 241, 255, 257,...,269, 302,
328,..., 336, 338, 339, 345, 347, 355, 401. We construct codes with weight enumerators 8 =117, 120 and
133 in Wes 1 which are listed in Table 2. Recently, new codes in Wgg o are obtained in [6, 8] together
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with these, codes exists for Wsg 2 when

= 0, B=144,...,154 or B € {2m|m = 17, 20, 88, 102, 119, 136 or 78 < m < 86} ;

1, B=60,...,160 or B € {2m|m = 27, 28, 29, 95, 96 or 81 < m < 89} ;

2, B =65,68,71,77,159 or B € {2m|37 < m < 68, 70 < m < 81} or
{2m+142<m <69, T1 <m < 77};

3, B =101,117,123,127,133, 137, 141, 145, 147, 149, 153, 159, 193 or

{2m|m = 44,45,48,50,51,52,54, . .. ,58,61,63, ... 66,68, ...,72,74,77, ...,81,88,04,98} ;
4, B € {2m|m = 51, 55, 58, 60, 61, 62, 64, 65, 67,...,71, 75,..., 78, 80} and

= 6 with 8 € {2m|m = 69, 77, 78, 79, 81, 88} .

m

m

R T2 ™2 22
|

We construct codes with weight enumerators v = 1 and § =49, 57, 59, 67, 69, 71 and codes with
weight enumerators v = 2 and 8 =69, 81 in Wegg 2 that are given in Table 3 and Example 5.2.

The following is an extension theorem that is true for all commutative rings A of characteristic 2.

Theorem 5.1. ([8)) Let C be a self-dual code over A of length n and G = (r;) be a k x n generator
matriz for C, where r; is the i-th row of G, 1 < i < k. Let c be a unit in A such that > =1 and X be a
vector in A™ with X o X = 1. Let y; = r; 0 X for 1 <i < k. Then the following matrix

generates a self-dual code C* over A of length n + 2.
Example 5.2. When we apply the extension in Theorem 5.1 to Cep o in Example 3.14 with

X = (000101000011111010001111011100110101001110001101101011001111111111)

in other words, when we consider the code generated by

we obtain an extremal binary self-dual code of length 68 with an automorphism group of order 10 and
weight enumerator v =1, 8 =49 in Weg 2. Note that this is the first extremal binary self-dual code with
this weight enumerator.

In a similar way, the extension is applied to the Gray image of Pi; (1 +u?,u, 1+ u) in Table 1 and
seven new extremal self-dual binary codes of length 68 are obtained. These are listed in tables 2 and 3.

Remark 5.3. Recently, in [6] by using a different method codes with weight enumerators v = 1 and
B = 67,69,71 in Wss 2 are constructed for the first time in literature. Since the method used here is
different we list them in Table 3.

6. Conclusion

In this work, we applied the quadratic double and bordered double circulant constructions over the
ring R := Falu]/ (u3 — 1) to obtain extremal binary self-dual codes. Applying extension theorems to the
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Table 2. Extremal binary self-dual codes in Wss 1 as extensions of ¢ (P11 (1 + u2, u, 1+ u))

X B
011011011011011001001110100111000100000110010000010000000011100111{|117
011011001001011000010101111011101111010101011011010110100011111011 {120
011100000001010000000001111011101111001011111010100001100101110100{|133

Table 3. Extremal binary self-dual codes in Wes,2 as extensions of ¢ (7311 (1 + u2, u, 1+ u))

X 8
100010010101000101110011011111100101100000000001011010000100111111{[1{57
000010001001100101011111101000110001100010010111111111011011110001 || 1|59
001010111001001111111010010100100010101000001010110101010101001010 || 1|67
001100101010011110110111001000000111101110100111100101110101001111 || 1|69
111000000010100001010000101001101110101011100110110011101110001100|[ 1|71
100010101100011000011001101100100101110110101111001011111001101001 || 2|69
000111000010101101101111110010001000100011010010110101101100110101 || 2|81

extremal self-dual binary codes of length 66 obtained from the ring R we were able to find eight new
extremal self-dual binary codes of length 68 updating the list of all known such codes. The methods we
have used have proven to be useful in many works in the literature of self-dual codes. We believe they
could be applied to other rings and structures such as Zy.
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