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Abstract: In this paper we study polycyclic codes of length p*' X --- x p°® over F,« generated by a single
monomial. These codes form a special class of abelian codes. We show that these codes arise from
the product of certain single variable codes and we determine their minimum Hamming distance.
Finally we extend the results of Massey et. al. in [10] on the weight retaining property of monomials
in one variable to the weight retaining property of monomials in several variables.
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1. Introduction

Cyclic codes are said to be repeated-root when the codeword length and the characteristic of the
alphabet are not coprime. Despite that it has been proved that in general they are asymptotically bad
in some cases repeated-root cyclic codes are optimal and they have interesting properties. Massey et. al.
have shown in [10] that cyclic codes of length p over a finite field of characteristic p are optimal. There
also exist infinite families of repeated-root cyclic codes in even characteristic according to the results of
[14]. Also in [10] it has been pointed out that some repeated-root cyclic codes can be decoded using a
very simple circuitry. Among other studies on repeated-root cyclic codes with several different settings
are [1, 2, 7, 8, 11, 12, 14].
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Monomial-like codes

Contrary to the simple-root case, there are repeated root cyclic codes of the form ( f (x)’) where
1 > 1. Specifically, all cyclic codes of length p® over a finite field of characteristic p are generated by a
single “monomial” of the form (z — 1)?, where 0 < i < p® (see [2, 11]). In this paper, as a generalisation
of these codes to several variables, we study cyclic codes of the form
I(il,‘..in) — ((331 _ 1)21 "'(-Tn _ 1)1") CR= SFP“[ml,...,fn] ’ (1)
(x’f T —1)

i.e. Z(;,,. i,) is the ideal of R generated by a single monomial of the form (z; — D (2, — 1),

This paper is organised as follows. First we introduce some notation, give some definitions and prove
some structural properties of the ambient space of a particular class of abelian codes in Section 2. In
Section 3, we show thatmonomial like codes arise from product codes and we determine their Hamming
distance. We describe their duals which yields a parity check matrix for these codes. In Section 4, we
explain the relationship of the Hasse derivative with the dual of this type of codes. Finally in Section 5,
we generalise the weight retaining property of monomials in single variable to the multivariable case.

2. The Ambient Space

Throughout the paper, we consider the finite ring

Fpalz1,...,20)
(x{“ S TR A 1)

R= (2)

as the ambient space of the codes to be studied unless otherwise stated. It is a well known fact that R
is a local ring with maximal ideal (1 — 1,...,2, —1). We define

L={(a1,00,...,00) | 0< j <p®, a; €Z forall 1<j<n}. (3)

The elements of R can be identified uniquely with the polynomials of the form
f(xlw-'axn) = Z f(al,ag,...,an)xtlhxgz "'$g", (4)
(alaa27~--10¢n)eL

so throughout the paper, we identify the equivalence class

82

fxe, .. @) + (x:‘ljSl — 1,257 —1,... 20" —1)

with the polynomial f(z1,...,x,). We shall consider a repeated-root code as just an ideal C of R. The
length of the code is p°* x p2 x --- x p®» and the support of a codeword f(z1,...,z,) € C is the set
supp(f) = {(a1, 2,...,0n) € L | fia1 a0,....an) 7 0}. The Hamming weight of f(xz1,...,2,) is defined
as w(f(x1,...,2n)) = [supp(f)|, i.e. the number of nonzero coefficients of f(z1,...,z,). The minimum
Hamming distance of the code C is defined as

d(€) = min{w(f(z1,...,2n)) | f(z1,...,2n) € C\{0}}.

3. Monomial-like codes

In this paper we shall study a particular class of the codes over R called monomial-like codes given
by an ideal generated by a single monomial of the form

Ciirriny = ((x1 = 1) - (22 — 1)2 -+ (z, — 1)) C R. (5)
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Note that not all the ideals in R can be generated by a single monomial of this form.

In one variable case, the minimum Hamming distance of C' was computed in [11] and [2]. It turns
out that, in multivariate case, C;, .. ;,) can be considered as a product code of single variable codes.
This decomposition allows us to express the minimum Hamming distance of C;, .. ;) in terms of the
Hamming distances of cyclic codes of length p®i.

Definition 3.1. The product of two linear codes C,C" over Fpa is the linear code C @ C' whose codewords

are all the two dimensional arrays for which each row is a codeword in C and each column is a codeword
. /
i C'.

The following are some well-known facts about the product codes.

1. If C and C’ are [n, k,d] and [n', k', d'] codes respectively, then C ® C’ is a [nn’, kk’, dd’] code.

2. If G and G’ are generator matrices of C' and C’ respectively, then G ® G’ is a generator matrix of
C ® C’, where ® denotes the Kronecker product of matrices and the codewords of C ® C” are seen
as concatenations of the rows in arrays in C @ C'.

Theorem 3.2. Let ny,no be positive integers and let

Fpe [z, Y] o= el o Fpefy]

- . R, = |
@n—Ly=—1) " @n-1) T (- D)

Suppose that (x — 1)*1|z™ — 1 and (y — 1)*2|y"2 — 1. The code

C=(z-D" (y—1*)cRrR
is the product of the codes Cj = ((x — 1)k1) C Ry and Cy = ((y - 1)’“2) C Ry, ie., C=Cr®C,y.
Proof. Let

g(x) = (x — )" = gy, 2" + -+ g1z + g0, My) = (y — 1) = hi,y™ + -+ + hay + ho.

Then
0 ... 0 0 9k, --- 91 9o 0 ... 0 0 hk2 hl ho
0 ... 0 9k, - - g1 9o 0 0 ... 0 th hl ho 0
Gz = . . 7Gy = . .
9k, --- 91 9o 0 ... 0 0 hk2 hl ho 0 ... 0 O

are two generator matrices for C and C,, respectively.
. . . _ . l ] .
We identify the polynomial f(z,y) = > o<icpn, 0<j<n, CisT'y € Fpe[z,y], with the codeword
(Cnlfl,n272; <9 Cny—1,1,Cny 1,05+ - -y C1,ngp—15- - -, C1,1,C1,0, CO,na—15 - - - 5 €CO,15 CO,O)'

The elements of C' = ((z — 1)* (y — 1)*2) C R are exactly all the Fa-linear combinations of the elements
of the set

B={ayi(z -1 (y—1": 0<i<n—k, 0<j<n—ky}

Now we consider G = G, ® G,. Using the above identification for the rows of G, we obtain a basis for
Cy ® Cy which is equal to 5. Thus C = C,; ® C,,. O

~
H
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Corollary 3.3. Let ri,...,Tn,01,-..,1, be positive integers and let
R = ]F [1‘1, .- xn] R = ]Fp“ [xj] )
(z" =1, e = 1) Y (2 1)

Suppose that (x; —1)% \x” —1 for all1 < j <mn. The code

C(i1,...,in) = ((xl — 1)1'1 oz — l)ir)

is the product of the codes Cy; = ((x; —1)%) C Ry, i-e.,

Cli,oin) = (- ((Cay ® Cay) ®Coy) ® -+ ) ® Ch, ® Co,- (6)

Remark 3.4.

1. Note that the tensor product is associative in the sense that there is a natural isomorphism (C ®
CHYeC'2C® (C'®C"). Thus we can remove all the parenthesis in Equation 6.

2. The reader can identify in Theorem and Corollary 3.3 as a polynomial version of the the fact that for
G a finite p-group such that G = Gy XGa X+ - x G, and K a field then KG =2 KG; 9KGy®- - -QKG,
where g = g192 - . . gn 1S mapped to g1 R go Q@ + -+ X Gn, -

The previous construction give us a straightforward result for the minimum distance of our codes as
follows.

Corollary 3.5. Let C(;, ... i) C R then

n

C(zl, i) H (i5) (7)

Jj=1

where d(C;,y) is the minimum distance of the code (J:z] —1) inFpa [2]/(z — 1).

K2

Note that d(C(;;)) is explicitly given in [2, Theorem 6.4] and [11, Theorem 1] in terms of p,a and ;.

3.1. Weight hierarchy of some two-variable cases

In some very special two-variable cases we can go slightly further and compute explicitly the whole
weight hierarchy of the code. The r-th generalised Hamming weight d,(C) , 1 < r < k, of a Fp-linear
code C of dimension k is defined as the minimum of the cardinalities of the supports of all the subcodes
(linear subspaces) of dimension 7 of C. We will define do(C) = 0. The sequence {d,.(C)}*_, is called the
Hamming weight hierarchy of C.

Let R’ = (F: [wl) and C(;,) = ((z — 1)) C R’. It was shown in [10, Theorem 5] that C(;,) is a Max-

imum Distance Separable (MDS) code.The weight hierarchy of a MDS code C is completely determined
by its length n and dimension k as d,.(C) =n —k +r for r = 1,2,... k, see for example [6, Theorem
7.10.7).

[z2]

F;: D and let k1, ko the dimension as Fp.-linear spaces of the
B

Consider now C(;,) = ((z2 —1)2) C
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codes C;,),C(s,) respectively. Using [13, Theorem 1] and since C(;,) ® C(,) = Cyi, i) We get
(C(il,iz))

= mln{z i(Ciiyy) — di—1(Ciy)))de, (Ciin))y 1 <t < oo <ty < ko5 < klazti =r}

i=1

= min{dy (Ci,))(iz +t1) + Y (o + 1), 1 <ty <o <ty <hoys <hy,» ti=r}

=2 i=1

= min{(dy(Cs,)) = Dz +t1) + 7+ sig, 1 <t <o <ty <hoys <ky, » i =7}
i=1
Since d1(C7) = i1 + 1 and the minimum value of ¢1, subject to 1 < t, < --- <3 < ko and Zle t, =,
is (ﬂ, we obtain

dr(c(h,iz)) mln{zl(22+ ’7 —‘)+T+SZQ, Sgkl}a 7":1,2,..-,]{51‘]{32. (8)

3.2. Dual codes

Note that the elements of the form [],_; (z; — 1)J* with j € N" form a basis of Fpa[21,...,x,] and
the elements of this form with jj, > p** for some k form a basis of ({27 — 1}7_,). Let us consider

0# f(z1,...,2, Zc_,ka—l

JeEL k=1

Therefore (z1 — 1)% -+ (z,, — 1) f(x1,...,2,) = 0 in R if and only if for every j € L with ¢j # 0 we
have p** < jj + i), for some k if and only if f(zy,...,z,) € ({(x — 1)P"*~%*}?_,). This proves that the
annihilator of C;, ;) is ({(z — 1)P"*~%}7_)) and the dual of an ideal of R is exactly its annihilator.
Therefore we have proved the following statement.

Theorem 3.6.

Choiny = {@— 1P i}y C R,

coyin)

Remark 3.7. Note that the above fact does not hold for arbitrary ideals of algebras of type

Fley, o wal /({2 = 130)

and it relies on the fact that the n; = p®

Let us construct an Fp.-basis for C*. This will provide us a generator matrix for C*+ and hence a
parity check matrix for C.

Let T, = {(a1,...,an) € N* | p% —i; < a; <pifj =k 0<a; <pifj#k}andT =
TiU---UT,. Let s =81 + 82+ --- + sy,, it is clear that for eq,...,e, pairwise distinct

S

p

|T61 ﬂ~~~ﬂTeT| :iel'”ierm.

Now applying the inclusion-exclusion principle we obtain

9

IT| = Z Z ijig——— — 4 (=1)"* iy -y,
=1
pS

SJ Sk
i<k p

S1 Sn

(p —ip) - (PP —ip).
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Let B = {(z1 — 1)* ---(z, — 1)* | (a1,...,a,) € T}. Clearly the elements of B are Fj.-linearly
independent and |B| = |T'|. On the other hand, we know, from Theorem 3.2, that dim(C,,..;,)) =

(p** —iq) - - (p° —iy). This implies that dim(C(li1 z)) = p®—dim(C(;, ... ;,)) which agree the cardinality

of B, thus the set B is an [F;-basis for C*t. Le., if we consider the vector representations of the elements
of B, we obtain a generator matrix for C* and a parity check matrix for C.

4. Duality and the Hasse derivative

In this subsection we will show the natural relation between the Hasse derivative and the dual
of monomial-like of codes. We begin by recalling the Hasse derivative which is used in the repeated-
root factor test. For a detailed treatment of the Hasse derivative, we refer to [4, Chapter 1] and [5,
Chapter 5]. Note that the standard derivative for polynomials over a field of positive characteristic, say
p, is inappropriate because from the p'* derivative on, the result is always zero. For this reason, it is
more convenient to work with the Hasse derivative. Sometimes the Hasse derivative is also called the
hyper derivative. Throughout this section, we will use the convention that (’Z) = 0 whenever b > a.
Let g(z1,...,%n) = Y gar,....an®i’ - 2% be a polynomial in Fy[xq,...,z,]. The Hasse derivative of
g(x1,...,2y) in the direction a = (aq,...,a,) is defined as

o Q ar—a o —a
D[a](g(xl,...,xn)) :Zgahm,an (all> (an)xll 1 ...xnn n (9)

We denote the evaluation of Dl (g(z1,...,,)) at the point (A1,...,A,) € Fi by DI(g)(A1,..., An).
We can express g(x1,...,%,) as

g(xl""vxn) = Z cj17~-7jn,(x1 - 1)j1 ('Tn - 1)jn
(J1,--20n)ES
where S is a finite nonempty subset of N™. Let S = U, U P, where
Uf :{<]177]n) S S‘J@ ZZZ}'7 sz {(]17a]n) eSl]@ <lf}

Therefore

9(1'1,...,(En) = Z ler"vjn(xl - 1)j1 (xn _1)jn

(jlv---vjn)eUZ
D D T N Ch AR CEl DECH
(jlv“'»jn)epl

and the term (z, — 1) divides g(z1,...,2,) if and only if ¢;, ., = 0 for all (j1,...,jn) € P;. Now
suppose that (z; — 1)* { g(x1,..., ). Then there is a (&1,...,&,) € Py such that cs, . s, 7 0. Hence

DF ()1, 1) = can....c0, (ae> (ae) £0.

é1 En
Conversely, if (z, — 1) divides g(x1,...,7,), then

g(xlv"'axn) = Z lef--'vjn(xl _1)j1"'(‘rn_1)jn'
(jlv---vjn)eUZ

Therefore DI (g)(1,...,1) =0 for all @ = (a1, ..., a,) with 0 < ay < ;. This proves the following result.

Lemma 4.1. Let g(z1,...,2,) € Fpa[z1,..., 2] and let Ay = {@ = (a1,...,a,) € N* | 0 < ay < 4p}.
Then (zy — 1)* divides g(x1,...,x,) if and only if DI (g)(1,...,1) =0 for all @ € A,.
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As an immediate consequence, we have the following theorem.

Theorem 4.2. Let A; = {d@ = (a1,...,a,) € N" | 0 < ay < ip} and A =U}_;A¢. Let g(x1,...,2,) €
Fpelz1,...,x,]. We have (x1 — 1) -+ (x,, — 1) divides g(z1, ..., x,) if and only if D@ (g)(1,...,1) =0
foralla e A.

Let R be as in (2) and let our code be C;, . ;) C R. We know that the polynomial g(z1,...,2,)
is in the code C(;, . ;) if and only if (z; — 1)"---(z, — 1) divides g(z1,...,2,). Note that
Dlawanl(g)(1,...,1) = 0 if ap > p* for some 1 < ¢ < n. Together with this fact, Theorem 4.2
implies the following result.

Theorem 4.3. Let C(;, .. 5,y CR, and let us define

n
Q= U{J:(al,...,an)6N”|O§ag<i570§aj < p forj #(}.
=1

Then g(x1,...,2n) € Cay .4, if and only if Dldl(g)(1,...,1) =0 for all @ € Q.

Now let us fix a monomial order so that z; > -+ > z,. Let @ = (a1,...,a,) € Q. Consider the
vector

= () ) ) L0 ) () ()

For g(x1,...,2,) € R, let uy be the vector representation of the polynomial with respect to the fixed or-
dering. Then the dot product of w, and u, gives us the evaluation of the Hasse derivative of g(x1,...,zx)
at (1,...,1) in the direction @, i.e., wq - ug = Dld(g)(1,...,1). If we construct the matrix H whose rows
are the vectors w, where @ € @ and @ is as in Theorem 4.3 then H is an alternative parity check matrix
for the code C(;, ... .;,) by Theorem 4.3.

in

5. A generalisation of the weight retaining property

In [10], the so-called weight retaining property of polynomials over finite fields was stated and proved.
This property turned out to be very useful for determining the Hamming distance of cyclic codes.

In this section, we give a generalisation of the weight retaining property to multivariate polynomials.
We prove that the Hamming weight of any F,«-linear combination of the monomials (z1 — e (2, —
)™ is greater than or equal to the Hamming weight of the “minimal” nonzero term, where a “minimal”
term is the one that is not divisible by the rest of the nonzero terms of the summation.

First, we consider the case in one variable which was studied in [10]. The weight retaining property
of (x — ¢)* is given in the following two theorems.

Theorem 5.1. [10, Theorem 1.1 and Theorem 6.1] Let L be any nonempty finite subset of non-negative
integers with least integer iy, and let

flx) = bie—c)

i€l
where ¢ and each b; are nonzero elements of Fpe. Then

w(f(@)) = w((z —c)'mn).

It is not hard to see that Theorem 5.1 is equivalent to the following theorem.
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Theorem 5.2. [10, Theorem 6.2] For any polynomial Q(x) over Fpa and ¢ € Fpa \ {0}, and any non-
negative integer N,

w(Q(z)(z — )Y) = w((z — )M)w(Q(c)).

The Hamming weight of the monomial (z — ¢)*, which is used above, was also determined in [10].
Theorem 5.3. [10, Lemma 1] Let ¢ € Fpa \ {0} and let i be an integer with the p-adic expansion
i=w+up+-tmop™ !

where 0 <1y <p—1forall0<l<m—1. Then
w((z —c)?) HLJ+1

The following theorem is a generalisation of the Massey’s weight retaining property to n variables.
Its proof is very similar to the proof of [3, Proposition 1.2].

Theorem 5.4. Let v» C N™ be a finite set and let (N1, Na,...,N,) € 1. Let
flz, ... zn) = Z cp(x1 — 1) (zg — c2)P2 - (2 — n)Pm € Fpalay, ..., 2],
Bey

where g € Fypu\ {0}, 8= (Br,...,Bn) and (21— c1)™ (22— )2 - (w — ca) N2 divides (a1 — 1) (w2 —
c2)P2 - (2, — )P for every B € 1. Then

w(f(zy,. .. zn)) > HP(Nz)

Proof. The proof is via induction on n. For n = 1, the claim follows by Theorem 5.1. Now assume
that the claim holds true for n — 1. We can express f(x1,...,x,) as

(xn, — cn)Nn(Z C(BO)(xl _ Cl)ﬁl (29 — 62)52 N Cn_l)ﬁn,l
Beyp

+(zn — cn) Z cg)(arl - 01)51 (xg — 02)52 N cn—l)ﬁ"’l
BeY

+(In - Cn)r Z Cg,) (1’1 — Cl)ﬂl (IQ — 02)52 . (xn—l _ Cn—l)ﬁnfl)
BEY

for some non-negative integer r and cg) € Fpe. By the induction step, we have

w() e @1 — o) (w2 = e2)™ - (@0t = ea1)? ) 2 P(NY) - P(Nom).
Bey

If we express each summand >, cg")(xl — )P (zy — )P (#n—1 — €a—1)?' in the form

,6( )xﬁl 2.. :Bn 1,Weget
gey €5 L1 Tp—1
: 0 n 1 e
—c )N(Z eé)xfl 5 TBL 1t (T —cn) Z 653)55161%2 : "xifll
BeY’ BeY’

(on = ea)” D7 e el ),

Bey’
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Note that we have just shown that there are at least P(Ny)--- P(N,—1) many nonzero e(ﬂo)’s. We
define
h,@(xn) = e(gO) + eél)(xn - Cn) + -+ e(gr)(xn - Cn)r~
So

F@r, ) = (@0 — )V (Y ha(an)af® a3,
BeY

There are at least P(N7)--- P(N,—1) many f’s such that hg(x,) # 0. For every such 8 = (51,...,08n),
we have

w((@n — )N hg ()2t - ahn3t) > P(N,)

n—1

because w((x, — )N hg(x,)) > P(N,) as the claim holds for one variable. Hence w(f(z1,...,z,)) >
P(Ny) -+ P(Np—1)P(Ny,). O

Remark 5.5. This result only applies for polynomials f of a special kind, namely those for which the
set denoted 1) contains (N1,...,Ny,). For example, b = {(1,2),(2,1)} does not have that property. Note
that the condition (N1, No) € 1 is necessary, consider the following example

fler,x9) = (21 + 1) (w2 +1)° + (21 + 1) (22 +1)*

with coefficients in the field of 2 elements. It is easy to check that w(f(x1,x2)) = 14 but P(3) = 4 where
P is the polynomial of Theorem 5.3.

Using Theorem 5.4, we generalise Theorem 5.3 to n variables.
Corollary 5.6. Let Q(z1,...,2y) € Fpa[z1,...,25], ¢1,...,¢y € Fpa and Ny,..., N, € N. We have

w[Q(z1,...,xn) (21 — )V (g, — cn)N"}

> wl(@1 =)™ - (0 = en) [Qen, - en)]
= P(Ny) - P(Np)wg|Q(c1, - .., cn)]

Note that this property roughly states that the Hamming weight of a polynomial of a linear combi-
nation of polynomials of the form (x; — 1)",...(x, — 1) is at least the Hamming weight of a minimal
term (in the lexicographical order of exponents).
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