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Abstract: The subdivision graph S(G) of a graph G is the graph obtained by inserting a new vertex into every
edge of G. The Syertes OF Syer join of the graph G; with the graph Gz, denoted by G1VGa, is
obtained from S(G;) and G2 by joining all vertices of G with all vertices of G2. The Scqge Or Seq
join of G1 and G4, denoted by G1VGsa, is obtained from S(G1) and G2 by joining all vertices of S(G1)
corresponding to the edges of G1 with all vertices of G2. In this paper, we obtain graphical sequences
of the family of induced subgraphs of S; = G1 V G2, Sper = G1VG2 and Seq = G1VG2. Also we
prove that the graphic sequence of Seq is potentially K4 — e-graphical.
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1. Introduction

Let G = (V(G), E(G)) be a simple graph with n vertices and m edges having vertex set V(G) =
{v1,v2, - ,vn}. The set of all non-increasing non-negative integer sequences m = (di,da, - ,dy) is
denoted by NS,,. A sequence m € NS, is said to be graphic if it is the degree sequence of a simple graph
G on n vertices, and such a graph G is called a realization of m. The set of all graphic sequences in
NS, is denoted by G'S,,. There are several famous results, Havel and Hakimi [6-8| and Erdés and Gallai
[2] which give necessary and sufficient conditions for a non-negative sequence m = (dy,ds,- - ,d,) to be
the degree sequence of a simple graph G. A graphical sequence 7 is potentially H-graphical if there is
a realization of m containing H as a subgraph, while 7 is forcibly H graphical if every realization of m
contains H as a subgraph. If 7 has a realization in which the r 4+ 1 vertices of largest degree induce a
clique, then 7 is said to be potentially A, i-graphic. We know that a graphic sequence 7 is potentially
K}, 1-graphic if and only if 7 is potentially Agyi-graphic [10, 11]. The disjoint union of the graphs Gy
and Gs is defined by G1|JG2. If G; = Gy = G, we abbreviate G1|J G2 as 2G. Let Kj, Cy and Py
respectively denote a complete graph on k vertices, a cycle on k vertices and a path on k£ + 1 vertices.
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A sequence m = (dy,da, - ,dy) is said to be potentially K,,1- graphic if there is a realization G
of 7 containing K, ;1 as a subgraph. If 7 is a graphic sequence with a realization G containing H as a
subgraph, then in [4], it is shown that there is a realization G of 7 containing H with the vertices of H
having |V (H)| largest degree of 7. In 2014 [1], Bu, Yan, X. Zhou and J. Zhou obtained Resistance distance
in the subdivision vertex join and edge join type of graphs. Also conditions for r-graphic sequences to

be potentially Kfﬁrl—graphic can be seen in [12].

2. Definitions and preliminary results

In the simple graph G, let d; be the degree of v; for 1 < i < n. Then 7 = (dy,ds,- - ,d,) is the
degree sequence of G. We note that the vertices have been labelled so that 7 is in increasing order.
The degree sequence m = (dy,ds,- - ,d,) is said to be potentially A, i-graphic if it has a realization
H = (V(H),E(H)), where V(H) = {u1,usa,-- ,u,} and the degree of u; is d; for 1 <+ < n, such that
the subgraph induced by {u1,ug2, - ,tup41} 18 Kpq1. For 7 = (dy,da, -+ ,d,) € NS, and 1 < k <n, let

ﬂ-l:(dl_lf" 7dk:71_17"' 7dk+1_17dk+27 7dn)> Zf dk2k7
:(d1_177dk_]-77dk+177dk2717dk‘+17dn)7 Zf dk‘<k

Denote 7}, = (d ,dj,--- ,di_,) where 1 < i <n and di ,dj,---,d._, is a rearrangement of the n — 1
terms of 7’. Then 7’ is called the residual sequence obtained by laying off dj from .

Gould, Jacobson and Lehel [4] obtained the following result.

Theorem 2.1. If 7 = (di,da, -+ ,dy,) is the graphic sequence with a realization G containing H as a
subgraph, then there exists a realization G' of m containing H as a subgraph so that the vertices of H
have the largest degrees of .

Throughout this paper, we take m, = (di,ds,--- ,d},) and mo = (d3,d3, - ,d2) respectively to be
the graphical sequence of the graphs Gy and Gy. Let o(n) = dy + da + -+ - + d,, and d' in the graphic
sequence m means d occurs t-times.

The following definitions will be required for obtaining the main results.

Definition 2.2. The join of G1 and Gs is a graph S; = G1 V Gy with vertex set V(G1) UV (Gs) and
an edge set consisting of all edges of G1 and Ga, together with the edges joining each vertex of G1 with
every vertex of Gs.

Definition 2.3. The subdivision graph S(G) of a graph G is the graph obtained by inserting a new vertex
into every edge of G. Equivalently, each edge of G is replaced by a path of length 2. Figure 1 shows the
subdivision graph S(G) of the graph G. The vertices inserted are denoted by open circles.

Figure 1.
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Definition 2.4. The subdivision vertex join of G1 onto Go, denoted by Syer = G1VGa, is the graph
obtained from S(G1) U Gy by joining every vertex of V(G1) to every vertex of V(G2). Figure 2 gives
Sper = K4VEKy.

SveT = K4\./K4

Figure 2.

Definition 2.5. Let G and Gy be two graphs, let S(G1) be the subdivision graph of G1 and let 1(G1)
be the set of new inserted vertices of S(G1). The subdivision edge join of G1 and Gs denoted by Seq =
G1VGa, is the graph obtained from S(G1) UG by joining every vertex of I(G1) to every vertex of V(G2).
Figure 3 below illustrates this operation by taking S.q = K4V Ky.

Sea = K4VK4

Figure 3.

Definition 2.6. If the vertex set of a graph can be partitioned into a clique and an independent set, then
it is called a split graph [5]. Let K, and K be complete graphs on r and s vertices. Clearly K,V K is
one type of split graph on r 4 s vertices and is denoted by S, ;.

Pirzada and Bilal [9] defined new types of graphical operations and obtained graphical sequences of
some derived graphs.

Definition 2.7. Let K, and K, be any two graphs. Let K be the subdivision graph of K, and K be
the complement of Ks. The graphs (Bm) = K;VK, is called the r-vertex sub-division-S; s-graph and the
graph (B?ys) = K;VK is called the r-edge sub-division-S, s-graph. These are illustrated in Figures 4, 5,
6 and 7 below by taking the graphs Ky and K.
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K, K>
Figure 4.
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K K>
Figure 5.

In 2014, Pirzada and Bilal [9] proved the following assertion.

Theorem 2.8. If Gy is a realization of 1 = (d},...,d.) containing K, as a subgraph and Gg is a
realization of my = (d3,...,d2) containing K, as a subgraph, then the degree sequence ™ = (di, ..., dm+n)
of the join of G1 and Ga is Ky q4-graphic.

The purpose of this paper is to find the graphic sequence of the family of induced subgraphs of
Sy, Sver and S.q. We also give the characterization for a graphic sequence of S.; to be potentially
K4 — e-graphical.

Now we have the following observations.

T
Remark 2.9. Let L, = Ky, 4y, 0, and M, = Ky, b, ... . Tespectively be the r-partite graphs on > a;
i=1

1=

and > b; vertices. Letly = 3 a; and 1y = Y b; and define

=1 1=1 =1
s T
Z:Z(ai+bi), m:Z(aerbf).
i=1 i=1
()
Clearly, the number of edges in Ka, g, 0, = |EL.| = > asa; and the number of edges
i,j=1,i#j

(2)
= > bib;.
i,j=1,i#]

Remark 2.10. Let clyy, be the circular ladder with 2m vertices, m > 3. The circular ladder is the graph
formed by taking two copies of the cycle Cp, with corresponding vertices from each copy of C,, being
adjacent. A ladder graph on 8 vertices is shown in Figure 8. Let (Ko — clam) be the graph obtained
from Ksp, by removing the edges of clay,. For m > 3, it can be easily seen that (Ko, — cloy,) is a 2m — 4
reqular graph on 2m vertices and the number of edges in this graph being 2m(m — 2).

in Kbl;b27"'7b7' = ‘EMT
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Figure 6.

Figure 7.

Remark 2.11. In the split graph S, s, the number of vertices is v+ s and number of edges is @ +7s.

That is, |V (Srs)| =7+ s and |E(S, )| = T(gi_l) +rs. Figure 9 ilustrates Sso and Sy 1.

Remark 2.12. If 7y and mo respectively are the graphic sequences of G1 and Gs, the graphic sequence
of Syer = G1VGy is = (d} +n,ds +n,- - ,d- +n,d3 +m,---,d> +m,2/F1) and the graphic sequence
OfSed = G1\7G2 is T = (d}vdév e 7d}n?d% + |E1|7 e 7d721 + |E1|7 (2 + n)IEl‘)

3. Main results

In the following result, we find the graphic sequence of the induced subgraph (Ko, — clom )V(Kap —
claps) of the graph S,e = G1VGa.

Theorem 3.1. If w1 and o respectively are potentially (Kopm: — clam) and (Kan — clans)-graphic se-
quences, m' >3, n’ >3, m>2m', n > 2n', then the graphic sequence of (Kam: — Clom )V (Kap — clans)
is ((2(m/ + n/ — 2))2m'+n) g2m (m'=2))

Proof. By Remark 2.12 and Theorem 2.1, the graphic sequence of Sy, is 7 = (d} +n,ds+n,--- ,d: +
n,ds +m,---  d> + m72‘E1|). Now let 7* be the graphic sequence of the induced subgraph (Ks,, —
lom )V (Kap — clan:) of Syer. By taking |E(Kap — clom: )| = 2m/(m’ — 2), we have

* :(d%/ +on' dy +2n - dh 20 dY +2m! dE + 2m,
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e d2y 4 2m! 2 (T 2))
=02m —4+2n.2m' —4+2n/ .- 2m' —4+2n' 20" — 4+ 2m/,
coon — 4+ 2m/, 22m’(m’—2))
= ((2(m/ +n/ —2)2" " g2 =2,
O

Corollary 3.2. If my and my are potentially (Kapms — clom)-graphic sequences, where m’ > 3, m >
2m/, n > 2m/, then the graphic sequence of the induced subgraph (Kopm: — clom/ )V (Kam — clom’) of Syer
is ((4(m’ — 1))+ 227”/(’”/_2)) and o(m*) = 4m’(5m’ — 6).

Proof. Put m’ =n'in Theorem 3.1, we get
7 =02m' —4+2m' 2m' —4+2m/,--- ) 2m' — 4+ 2m/ 2m' — 4+ 2m/,
o ,27’71, — 44 2m', 227n'(m/—2))
_ ((4(m/ _ 1))4771/7 22"/(771/—2))

Also o(7*) = 4m/(4(m' — 1)) + 2m/(m/ — 2)2 = 4m/(5m’ — 6). O

The following result shows that the graphic sequence m of S,y = G1VGs is potentially K4 — e-
graphical.

Theorem 3.3. If m; and my respectively are potentially K, and K,,-graphic sequences, where m >
3, n>2, p1 <m and ps <n, then the graphical sequence ™ of Seq is potentially K4 — e-graphical.

Proof. Let m and my respectively be potentially K, and K,,-graphic sequences, where m > 3, n >
2, p1 <m and ps < n. Let Se¢qg = G1VG2 and 7 be its graphic sequence. Then 7w = (d%7 di, -+ dL, d3+

' mo
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|E1|,d% + |Eq|,- -+ ,d? + |E1]). Clearly there are at-least three vertices and at least two edges in G and
there are at least two vertices and at least one edge in G5, since G; and G are connected. Let v;,v;
and vy be any three vertices in G; and u; and u; be any two vertices in G. Since there are at least
two edges in G; and at least one edge in Ga, without loss of generality we take v;v;,vju, € E(G1) and
u;u; € E(G2). By construction, it can easily be seen that the graph G formed from G; and G4 contains
a subgraph on u;, u},u; and u; vertices (where uj and u/; are the two inserted vertices in v;v; and v;vg
of G1) which is K4 — e. Thus 7 is potentially K, — e graphical. O

Now we obtain the graphic sequence of the induced subgraph S;, s,V Sy, s, of Scq = G1VGs.

Theorem 3.4. If m and my respectively are potentially Sy, s, and Sy, s,-graphic, then the graphic se-
quence of the induced subgraph Sy, s,V Sy, s, 0f Seq is
. ((2(7"2 +s9—1)+7r1(281 +11 — 1))7“2 (27‘2 +71(281 + 71 — 1))52
i =
2 ’ 2 ’

r1(2s14r1—1)
2

(2419 + 52) ,(r1 + 81 — 1)7'1,rf1>.

Proof. Let m* be the graphic sequence of the induced subgraph S;, 5,V Sy, s, of Seq. By Remark 2.11
and Theorem 2.1, we have

* 1 41’ 1 41 1’ 1 2" 52 2’ E(Sy s
™ :(dlad27""drlvdr1+1adr1+27"'adr1+51ad1ad27"'adr2+527(2+’r2+82)‘ ( 1'1)‘)
7"1(7’1—1)
:(7’1+81—1,7‘1+81—1,"',7‘1+81—1»T1,7"17"'7T1,T2+82—1+T+(T181),

% + (r151), (r2 + |E(Sr1,51)1),

(P2 | B(Spy60)])s (24 72 4 59) BSren)])

'7T2+52_1+

o (2(ra4+s2—1)+ri(r —1)+2rs\ "7
:((7‘1+81—1)T1,ri17( (2 2 ) 21( 1 ) 1 1) 7
2 —1 2 52 ry(r1—1 718
( 7"2+7"1(7’12 = T181> 24yt sy) 1)
22+ 52— 1)+ (251 +1r1 — 1)\ [ 2ra 4+ r1(2s1 +r1 — 1)\
B 2 7 5 ,
(2+r2+52)”@”3””,(r1+511)7‘1,@‘1).

O
Next we obtain the graphic sequence of the induced subgraph K, VK,, and S, 5,VSy, s, of Seq =
G1VGs.

Theorem 3.5. If m; and m respectively are potentially K,, and K,,-graphic, then the graphic sequence
of the induced subgraph K, VKp, of Seq is

2
where p1 > 2, pg > 1.

Proof. By Theorem 2.1, in the graphic sequence of the induced subgraph K, VK, of S.q, we have

di =p1—1,d} =pi—1, ’dzl)ll =pi—1,d} =po—1,-- ,df,;_ng— 1, |E(Kp,)| = w and

n = pa. Thus the graphic sequence 7* of the induced subgraph K,, VK,, of Scq is

-1 —1 r1(p1—1)
7T*—<p117"'ap117p21+pl(p12)7"'7p21+p1(p12)3(2+p2) 2 )



Graphical sequences

- ((m - (pl(pl - 1);2@2 - 1)),&7 (2 +p2)““’é“>.

O

Theorem 3.6. If w1 and mo respectively are potentially (Kop — cloy:) and (Kop — clons)-graphic, where
m',n’ > 3, then the graphic sequence of the induced subgraph (Ko —clom )V (Kaop —clons) of Seqa = G1VG3
18

’

. <(2(m’ — )™, (20 +m') — 4’ + 1), (201 + n’))2m/(m/2)>.

Proof. Let 7* is the grlaphic sequence of (Ko, — clom )V(Kay — claps). Then by Theorem 2.1, we have

di' =2m' —d=dy =dy,, df +|E(Kzm —clow))| = d5 + | B((Kamr — clom)|, -+ d3 0 + | E((Kzm —
clom/))| = 2n' — 44 (2m’ —4)m/. Thus the graphic sequence 7* of the required induced subgraph (K, —
Clom )\V(Kap —clay) of Seq becomes ((2(m’—2))2m , (2(n’+m'2)—4(n’+1))2n L (2(14n))2m (' =2)) O
Theorem 3.7. If my and my respectively are potentially L, = Kq, 45, a, and My = Ky, p, ... ». graphic,

then
(a) the graphic sequence of induced subgraph L.V M, of Syer = G1VG3 is

= () ) ) ) )0,

where (g) s the number of combinations of a1,as,- - ,a, taken two at a time.

(b) o(m*) =371, (ai(l —a;) +bi(l — bz‘)) +2(3).

Proof. Let m and my respectively be potentially L, = Kg, 45, 0, and M, = Kj, p, ... . graphic. So
clearly the graphs G and G contain respectively L, and M, as a subgraph. Let S,., = G1VG3 be the
graph obtained by sub-division vertex join of graphs and let 7w be the graphic sequence of Sy.,.. We have

= (di—i—n,d%—l—n,no A+ d?+m, - ,di—i—m,QlEl‘) (1)

where |E4| is the size of Gj.

Let 7* be the graphic sequence of the induced subgraph L,VM, of S,... To prove (a) we use
induction on r. For r = 1, the result is obvious. For r = 2, we have G} = Ky, 4,V Kp, p,. Let 7} be the
graphic sequence of GY. Therefore, by Remark 2.12, we have

al as bl
7r§:<(CL2+51-H?2) 7(a1+b1+b2) ,<b2+a1+a2> ,

@)

(b1 + a1 + a2) bz, 2131:;@#]' aiaj)
E <( 5 (ai + bz) - a1>a1, (zz:(ai + bi) — a2>a2, (22:(04 + bl) — bl)bl,
=1 =1 1=1
2 ba (é) aja;
. ) — i,j=1,i#j
(;(az +b)—b) 2 )
2 a; 2 bi
= <(;(ai+bi)—ai> ,(;(ai—i—bi)—bi) ,2 )
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This proves the result for 7 = 2. Assume that the result is true for r = k — 1. Therefore, we have

, _ .
k—1 — Ka17a27"' ,ak,1VKb1,b2,~~- k-1

and let m,_, be the graphic sequence of G)_;. Then we have

i <<§(ai ) a1>a1" o (kz_:l(ai +bi) — ak—l)ak_l7

i=1 i=1
k-1 by k-1 br—1 (kél) a;a;

(Z(ai +b;) — bl) R (Z(ai +b;) — bk—l) y 2007 > (2)
i=1 i=1

Now, for r = k, we have

; .
k= Kalga2¢'“ Ak —1,0k \/Kblub27"' br—1,bk

= KR,ak\/KS,bka
where R =ay,a0, - ,ap_1 and S = by,bo, -, bp_1.

Since the result is proved for all » = k — 1 and using the fact that the result is proved for each pair
and since the result is already proved for » = 2, it follows by induction hypothesis that the result holds
for r = k also. That is,

k—1 k-1
a A —
W*W;c<<ak+bk+ E (ai+bi)*al> la"'a(akJFkaF E (ai+bi)*ak—1) P

=1 =1
k an k—1 by
(ak+bk+2(a1+bl) 7@;@) ,(ak+bk+2(ai+bi)fb1) S
i=1 i=1
k—1 b k—1 b ((kg) ) )
k—1 k a;a; Qs
<ak b+ ) (ai+0;) — bkfl) ; (ak b+ Y (ai +b;) - bk) PREEC >
=1 =1

_ ((zm)‘“, ()™ () () (lbr)”",2<s>>.

This proves part (a).

Now we have
(3)
o(@)=ar(l—a)+-+ar(l—ay)+by(l—b)+-+b(I—b)+2\"7" "7
= Z (ai(l —a;) +bi(l — bi)) + 2(2)
=1

O

Theorem 3.8. If mi and w2 respectively are potentially L, = Kq, 4y, 0
then the graphic sequence of the induced subgraph LNVM of Seq is

and M, = Ky, b,,... b, -graphic,

T

K3

™= (((11 —ai)", (I + |EL| - bi)bi):lv 2+ ZI1)IELI>

T T
and o(m*) =12+ 1> —m +2(1 + I})|EL|, where l; = 3" a; and I, = 3. b;.

i=1 =1



Graphical sequences

Proof. Let m and my respectively be potentially L, and M, graphic. Then the graphs G; and Go
contain L, and M, as a subgraph. Let S.q = G1VG4 be the graph obtained by sub-division edge join of
graphs and let 7 be the graphic sequence of S.y. Then, we have

T = (d%,dé,... Al A2+ |Ey, e, d2 A+ |E1\,(2+n)‘E1|> (3)

where |F4] is the size of G;. Let 7* be the graphic sequence of the induced subgraph L, VM, of S.q. To
prove the result we use induction on r. For r = 1, the result follows by Theorem 3.5. For r = 2, we have
G4 = Kq, 0, VEp, p,. Let 7 be the graphic sequence of G5. Therefore, by Remark 2.12, we have

; a a bl bz ajaz
Ty = a21,a12, <a1a2 =+ bg) , (a1a2 =+ bl) 5 (2 + bl + bg)

2 @ 2 " ®) 1
- <(;ai—a1) ,(;ai—@) 7( Z aiaj—f—bQ)b,

,3,57#]

(2)
20, by 2 . 22: “aia;
( E a;a; + bl) R (2 + E bi)”]’#J
1,577 =1

N <(lT - “1)a1’ (1 - “2)%7 (1B(L2)] + bz)b17 (1B(L2)] + bl)b27 (2+1) 'E(L2)>

2

S(ERTERSNARES

=1

2

where If = )" a; and |E(L2)| = |E(Kq,,a,)| = a1a2. This proves the result for r = 2. Assume that the
i=1

result is true for r = k — 1, therefore, we have

, _ _
k—1 — Kal,az,'”,ak—1VKb1,b2,"' br—1

)

Let 7,_; be the graphic sequence of G),_,, then we have

= (((q* _ a) (|E(Lk_1)| +U - b)b)

k—1
where I7* = Y a;.
i=1

k—1

,(2+z'1)E(L“)'>

i=1

Now we show that the result holds for » = k. We have

; _
k= Kahaz,"' Ak —1,0k \/Kb17b27"' ybr—1,bk

= KRgak:VKS»bk
where R = ay1,a0, - ,ap_1 and S = by,bo, - ,bp_1.

Since the result is proved for every r = k — 1 and using the fact that the result is proved for each
pair and since the result is already proved for » = 2, it follows by induction hypothesis that the result
holds for » = k also. That is,

k-1 k-1 k-1
« , ai az ag
=T = (ak+§ Gi—a1> ,(ak-i-g ai_a2> ,"',(ak—i—g ai_ak) )
i=1 i=1 i=1
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k=1
( 2 ) b1
(akal tagag+ - +arae_1+ Y aia;+ b2) ;
1,J,47#]
(21 b
2
(akal +agas + -+ arar—1 + Z a;a; +bz) R
1,5,17]
ot (55 -
&) h (o w5 ane)
(akal +agaz + -+ agag—1 + Z a;a; + bk) , (2 + b + Z bi> ke =1
i i i=1

= (((11 o) (1B + 1 —bl)bi>k ,(2+z’1)'E“'>

Also, we have

i=1

0'(71'*) = a1(11 —al) +-~-+ar(l1 —(Lr) +b1(l/1 + |EL| —bl)

kO
to b (G B = be) + > (24 20))
i,j=1,i#j
=241 —m+201+1)|EyL|
This completes the proof. O

Let G7 and G2 be any two graphs. Let S; = G; V G2 and let Sy« = (Bmhnl) Vv (Bmzmz) be the
induced subgraph of S; and let 7* be the graphic sequence of S7.

Theorem 3.9. If m; and my respectively be potentially By, n, and By, n,, then
(a) the graphic sequence 7 of induced subgraph (Bml,nl) \% (BmQ,nQ) of Sy is

my ma | E(Kmy )l
W*:<(A+|E(Km2)|_1) 7(A+|E(Km1)‘_1) 7(A+‘E(Km2)|+2_(m1 —1—77,1)) y

(A | B(Kom,)| +2 — (ma + ng)) )l (A FE(Km,)| — nl))"l, <A FE(Km,)| — nz))"z)
and
() o(r) = A(A+ ; [B(Kn)l) + H# (mi i) |E(Eo, )
+ 2B () + Z B ) - ; (1t G ) B ) - gn
where A = i (mi + 1) and |E(K,p,,)| = ™=l

Proof. The graphic sequence of By, ,,, and By, n, respectively are

miy my(my—1)
= ((ml g — 1) D ,m;“) (4)

M2 mo(mo—1)
= ((m2+n2—1) P gy 7mg2> (5)
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Clearly from (4) and (5), the graphic sequence of S% is

ma(me — 1)>m1

ml(ml — 1))m2
2 )

ﬁ*z((m1+mg+n1+n2—1+ 2

,<m1+m2+n1+n2—1+

my(my—1)

ma(me — 1) my(my — 1)y 282
(2+m2+n2+f) ,(2+m1+n1+f)

mo(mg — 1)\™ my(m; — 1)\"
(m1+m2+n2+¥> ,(m1+m2+nl+%) 2)

)IE(Kml)\

)

- ((A+|E<Km2>|—1)m1,(A+|E<Km1>|—1) (A B )| +2 = (m1 -+ )

(A 1B+ 2 o)) (A 1) =)™ (A B )] - n2>)”2>

This proves (a).
Further

o(n7) = M1 (A+ |E(Kpn)| — 1)+ ma(A+ |E(Kp,| — 1)

+ |E(Km)|(A+ |[E(Km,)| +2 —mq —ny)
+ | B(Km )I(A+|E< K, +2 = ma —na)
—|—n1(A+|E( m2|—n1)—|—n2(A+|E( ml)\—ng)

= mA+m|E(Kn,)| —mi1+ |E(Km,)|A+ me|E(Kp, )| —ma
+ [E(Km) A + | E(Kp, ) [[E(Km, )| 4 2| E(Kp, )| = [E(Km,)Im1 — ni| E(Kn, )|
+ A[E(Km, )| + | E(Kpo)[|E(Km, )| 4 2| E(Kp, )| — m2|E( o) = n2|E(Km,)|
+ 1A+ |E(Kp,)| —n3 4+ n9A +no| BE(Kp, )| —

= (m1+n1+ma+n2)A+ (|[E(Km)| + |E(Kn )I)A+m1\E(Km2)I
+ ma|E(Km, )| + n2|E(Km, )| + n|[E(Km, )| — mi|E(Kp, )| = ni|E(Kp, )|
= M| E(Km, )| — n2| E(Km, )| — (m1 + ma)
+ 2(|E(Km)||E(Km,)[) + 2 (|E( K|+ |E(Kn,)]) — (07 +n3)

s A EE ) [ mlEEa [ mlEE)

i=1 ij*l i#j i,j=1,i#j
9 2
=3 mi + 0| E(Kon Zmzm B (Eo)|[E(E o, \+Z|E mdl) =D}
i=1 i=1
2 2
- A(A+Z|E(Kmi))+ T (mi+n) B,
i=1 i,j=1,i#j

" 2<|E<Km1>||E<Km2>| S |E<Kmi>) 5 (m T (i + ) [ B(K,)
7 =1

which proves (b). O

Let G; and G be two graphs. Let S; = G1 V G2 and let S¥* = (B, 0y ) V (Big,n,) be the induced
subgraph of S; and let 7** be the graphic sequence of S%*.
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Theorem 3.10. If m; and mse respectively are potentially (Bml,nl) and (Bmwm) , then the graphic
sequence of induced subgraph (B,ﬁhnl) Y, (B,ﬁhnl) of Sy is

)

= ((A B, = (n+ 1)) (A B, | +2 - ml)'E(K’”l‘

(A+Z\E = Oma ) (A4 B | — (02 +) ™

(A 180w 42— m) ™ (4432 B - +n2>)"2>.

i=1
and
2
( A+Z|E ml + H mz+nz |E( m; |+ H ml) |E(Km3)|

1,j=1,1#] 3,j=1 1753
2 2

Z(2—|—nl |E(K, Z 2n; + 1+ |E(K, Zn
i=1 i=1

Proof. The graphic sequence of By, ,,, and By, n, respectively are

o )

T = <(m2—1)m2,(W)”’27(2+n2)”2("3”>, )

Then by (6), (7) and by Definition 2.2, we have

mg — 1)\™ mq(mqg — 1)\ m2
(m1—1+m2+n2+¥) ,(m2—1+m1+n1+¥) )
mm—l mo(mo — 1)\t /ma(mg — 1 mi(mq — 1)\ "2
( 1(m +m2+n2+M) ,(M—l—ml—&-nl—i—y) ,
2 2 2
e — 1 my(my—1) ma(ms — 1 mg(mg—1)
<2+n1+m2+n2+¥) ’ ,(2+n2+m1+n1+¥) ’

) |E(K m, |

)

:((A + |E(Km,)| — (n1 + 1)>m1, (A + |E(Kp,| +2—my)

(A+22:E
(

(m1 + nl))m, (A 4 E(Kpm, | — (na + 1))””

i=1

2
At E(Ky, +2fm2)"1“”2‘, (A+ S IB()| — (ma 4 n2)) )
=1

Further

[E(Km,y |

o(7**) = ((A 4 |E(Kpm,)| — (1 + 1))”“ + (At B, 2= mi )

+(a+ Z B )| = (m1+m1)) "+ (A+ B, | = (12 + 1))
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<A FE(Kp, | +2— mz) (el (A + f: \E(Km,)
=1

— (me + ng))n2>.

= mi(A+ |E(Kp,)| —n1— 1) + |E(Km,)[(A+ |E(Kp,)| +2—mi1)+
n1(A+ |E(Km,)| + |E(Km,)| —m1 —n1) + mo(A+ [E(Kp,)| —n2 — 1)+

|E(K o) |(A+ |E(Kpn,)| +2 = m2) +n2(A+ [E(Kn, )| + |[E(Kp, )| —ma —n2)

= miA+mi|E(Kp,)| —nmmi —ma + |E(Kp, )|A + [E(Kp)||E(Km,)| + 2| E(Km,)|
— |E(K )| mi + ni A+ ny|[E(Kp,)| + 1| E(Kp,)| — nimy —n2 +maoA +ma|E(K,y,)|
— many — My + [E(Km, )| A + [E(Kp,) ) |[|E(Km, )| 4 2|E(Kp, )| — [E(Kmn,)|m2
+n2A + 1| E(K )| — nomg — n2 + no| E(K,y, )|

= (my+ny+mg+ng)A+ (|E(Km1)‘ + |E(Km2)|)A +mi|E(Kp,)|
+ma| E(Kom, )| + na | E(Kom, )| + n2| E(Kon,)| + [E(Km ) |[[E(Km, )|
+ | E(Emo) || E(Kp, )| + 2(E(EKm, )| + [ E(Kmy)|) + na| E(Km, )|
+ ng|E(Km, )| — 2nimi — 2nams — (mq + mo)
— (|B(Km, )|lm1 + |E(Kp,)m2)

2 2 2
:A2+AZ‘E(K7M)|+ H mi|E(Kp, )| + H 1| E(Km,)|

i=1 ij=1,i#j ij=1,i#j

2 2 2
+ I IBEINEE )] + 23 B )+ Y nil B,
ij=1,ij i=1 i=1

2 2 2 2
- QZnimi - Zmi - Z |E (Ko, )|mi — Z"f
i=1 i=1 i=1 i=1

2 2 2
= AA+YIBE)) + T i+ n) B(En) |+ D2 +n) |[B(Kp,)
i=1 i,j=1,i#j i=1
2 2
=3 @2+ 1+ [E(Km,))mi =Y _n?.
=1 =1
This completes the proof. O
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