Arastrma Makalesi BAUN Fen Bil. Enst. Dergisi, 23(2), 673-684, (2021)
DOI1:10.25092/baunfbed.853756 J. BAUN Inst. Sci. Technol., 23(2), 673-684, (2021)

The modified trial equation method to the (2+1)-
dimensional Broer-Kaup-Kupershmidt equation and
Kolmogorov-Petrovskii-Piskunov equation

Seyma TULUCE DEMIRAY?, Serife DUMAN

Department of Mathematics, Osmaniye Korkut Ata University, Osmaniye, Turkey

Gelis Tarihi (Received Date): 04.01.2021
Kabul Tarihi (Accepted Date): 09.03.2021

Abstract

Many methods have been developed by scientists to find solutions for nonlinear problems.
In this paper, the general structure of the modified trial equation method (MTEM) is
introduced, and MTEM is used to find some exact solutions of (2+1)-dimensional Broer-
Kaup-Kupershmidt (BKK), Kolmogorov-Petrovskii-Piskunov (KPP) equations. Firstly,
an algebraic equation system is obtained by reducing the nonlinear partial differential
equation (NLPDE) to the ordinary differential equation under the travelling wave
transformation. Travelling wave solutions are found by solving the obtained algebraic
equation systems. By using Mathematica 9 program, three and two dimensional graphs
for suitable parameters were plotted to analyze the physical behavior of wave solutions.
MTEM is of great importance in finding exact solutions of some partial differential
equations.
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(2+1)-boyutlu Broer-Kaup-Kupershmidt denklemi ve
Kolmogorov-Petrovskii-Piskunov denklemine modifiye edilmis
deneme denklem metodu

Oz

Lineer olmayan problemlerin ¢oziimiinii bulmak igin bilim insanlari tarafindan bir¢ok
yontem gelistirilmistir.  Bu yazida, modifiye edilmis deneme denklem metodunun
(MEDDM) genel yapisi tanitilmis ve (2+1)-boyutlu Broer-Kaup-Kupershmidt (BKK),
Kolmogorov-Petrovskii-Piskunov (KPP) denklemlerinin bazi tam ¢oziimlerini bulmak

* Seyma TULUCE DEMIRAY, seymatuluce@gmail.com, https://orcid.org/0000-0002-8027-7290
Serife DUMAN, serifecalik1993@gmail.com, https://orcid.org/0000-0002-9156-9387

673


https://orcid.org/0000-0002-8027-7290
https://orcid.org/0000-0002-9156-9387

TULUCE DEMIRAY S., DUMAN S.

icin MEDDM kullamimistir. Ik olarak, hareketli dalga doniisiimii altinda lineer olmayan
kismi diferansiyel denklemin (NLPDE) adi diferansiyel denkleme indirgenmesiyle bir
cebirsel denklem sistemi elde edilmistir. Elde edilen cebirsel denklem sistemleri
coziilerek hareketli dalga ¢oziimleri bulunur. Mathematica 9 programi kullanilarak,
dalga ¢oziimlerinin fiziksel davranisini analiz etmek icin uygun parametreler igin ii¢ ve
iki boyutlu grafikler cizilmistir. MEDDM, bazi kismi diferansiyel denklemlerin tam
¢oziimlerini bulmada biiyiik onem tasimaktadur.

Anahtar Kelimeler: (2+1)-boyutlu BKK denklemi, KPP denklemi, hareketli dalga
coztimii.

1.Introduction

Partial differential equations are mathematical models of physical events. Finding
algebraic calculations of complex nonlinear equations has an important place in soliton
theory. Many effective methods have been developed to solve these physical problems
[1-5]. Studies on (2+1)-dimensional BKK equation have been carried out in many
application areas of nonlinear optics, mathematics and physics. In recent years, the many
scientists have obtained the solutions of the Broer-Kaup-Kupershmidt equation by
applying different methods. Some of those, Song et al. obtained several new solutions to
the (2+1)-dimensional BKK Equation by using the bifurcation method and the qualitative
theory of dynamic systems [6]. Gurefe etal. obtained new solutions by using an irrational
trial equation method method to solve the (2+1)-dimensional BKK Equations [7]. They
have obtained the solutions by applying the nonlinear (2+1)-dimensional BKK Equation
to different methods.

Recently, many scientists have used various methods to obtain new solutions of
Kolmogorov-Petrovskii-Piskunov (KPP) equation. Rouhparvar has obtained new exact
solutions by using the integral method to the (KPP) equation [8]. Feng has found
hyperbolic, trigonometric and rational wave solutions using the (G'/G)-expansion method
[9]. Since finding the solution of nonlinear problems and obtaining algebraic calculations
is complex, many methods have been developed not only with a few methods.

Some of those are Hirota's Bilinear method [11, 12], the Jacobi elliptic function method
[13], the Tanh Method [14-16], Simple Equation Method [17], Generalized Kudryashov
method [18-21], Exp-Function method [22-23], Homogenous Balance Method [24-26],
Modified Trial Equation Method [27]. They are effective methods for finding wave
solutions of nonlinear problems. In this study, we have applied MTEM to obtain the exact
solution of (2+1)-dimensional BKK Equation and KPP Equation. By reducing NLPDE
to nonlinear ordinary differential equation (NLODE), an algebraic equation system was
obtained by Mathematica 9. By solving these system, travelling wave solutions have
been found. The purpose of this method is to find the traveling wave solutions of
NLPDEs. In the light of these data, it is a suitable method to find the solutions of
NLPDEs.
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We consider the following (2+1)-dimensional BKK equation [6-7];

m, —m,, +2(mm,), +2s, =0,

1)
S, +5S,, +2(ms), =0.

and the following KPP equation [8-10];
U, — U, + U+’ +5u’ =0, )

Here, in «,v and ¢ are real valued constants.

2.The Modified Trial Equation Method

Step 1: Consider the NLPDE,

P (U, U, Uy, Uy,...) =0, ©)
wave transform as,

u(x,t)=u(&)=u(kx—wt), (4)

where w is a constant. Applying Eq.(4) to Eq.(3), we can observe the following nonlinear
ordinary differential equation (NLODE).

O(t,x,u,u’,u",---)=0, (5)

where u':d—u.
d

Step 2. The first order trial equation,

n
|
, M(u) Zaiu Ca tau+au’+..+au’

" N(u) I'zob_u,- b, +bu+bu®+...+hu'’ ©)
and A
MM )N )M N ()]

NS(U) ! (7)
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where M (u) and N (u) are polynomial of u . Substituting Eq.(6) and Eq.(7) into Eq.(5),
we get

o(u)= g+ pu+...+xu" =0. (8)
Step 3. Equating the coefficients of o (u) to zero, we can obtain
2,=0, p=0,...,r. (9)

Solving the system (9), we can find the values of &,,...,a, and by,...,D0.

Step 4. Consider Eqg. (6), the following integral form can be written

N
£-4=| W g, (10)

Using the complete discrimination system with the roots of M (u) we obtain exact
solutions of Eq. (3).

3.Application to (2+1)-dimensional BKK equation

Getting transformation as

m=p(n), s=¢@), n=Kkx+qy+wt, (11)

Eqg.(1) converts to

quD”— k2q¢m+ 2kq (Qw,)’ + 2k2¢” -0 ’

(12)
we' + k2" + 2k (pgp) =0.
Then, it becomes the following NLODE,
ak‘e" - 2qk’p’ - 2qwke® —qw'p+Z, =0, (13)

where Z, is constant.

The from the balancing principle in Eq. (13), n and | are determined by as n=1+2.
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Case 1:
For | =0 and n=2 then

a, +a,u+au’
bO

u' =

, (14)

) (a0 +a1u+a2u2)(a1+2a2u)
u =
b02

, (15)

where a, #0and b, #0. Then, an algebraic equation system is obtained. By solving
these system, the following solutions have been found:

Case 1.1:

f 5k2 252 5k
= 33— a, __& (16)

When we substitute Eq.(16) into Eq.(10), we get the following trigonometric function
solution,

az [z a7
tan| +5 LI x+=y—33—t3103k‘e’n, || . 17
V5k \ 200'q [ 200" [ N q’h]} ()

For I =1 and n=3 then

Case 2:

. tau+au’+au’
- b, +bu ! (18)
and
(2, +au+au’ +agu3)((b0 +bu)(a,+2a,u+3a° ) -b (8 +au+a,u’ +a3u3))
u"= ) (19)

(b, +bu)

Where a, # 0. Then, an algebraic equation system is obtained. By solving these system,
the following solutions have been found:
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Case 2.1:

(-159-82i6)az;  (18-1lib)ajz,  (-394+13iVB)alZ]

= , a, = , =
% 2000°%h; ’ 200’ % 800q°h

1

(20)

_2(14+3iJ€)qbg kzz(—14—3iJ6)qbg 3i(2i+/6 )b,

25827, 25822, 5a,

Substituting Eq.(20) into Eq.(10), we get the following trigonometric function solution,

~ 28+6i/6 )qh? _a
\/ 7923+ 2046\/682Z, {( ) 6-3iv/6 1252, +800,CI1]

X, t X
b3 20002 %z, gy (21)

2

where & =;30—qu12(2—4i\/§+«/—6(23+4«/€)).
0

4.Application to KPP Equation

Getting transformation as
u(x,t)=u(&)=u(kx—wt) , (22)
Eq.(2) converts to

2 2 3
—WU, —K"U,, + pu+wu” +6u” =0. (23)
The from the balancing principle in Eg.(23), n and | are determined by as n=1+2.

Case 1:

For | =0 and n=2 then

2
0
+au+au’ +2a.u
u,,:(aO al zbz)(a1 2 )’ (25)
0

where a, #0 and b, #0. Then, an algebraic equation system is obtained. By solving
these system, the following solutions have been found:

678



BAUN Fen Bil. Enst. Dergisi, 23(2), 673-684, (2021)

Case 1.1:
ua, kv Sa, ka,\/25
=—, =——, =—21 b = .
a, y w NS a, y y (26)

when we substitute Eq. (26) into Eq. (10), we the following trigonometric function
solution,

v V(408 +a) Jai(—“fsao*aﬂ)( v ]
)= t kx — t+vb.C[1] | |.
u(x,t) 25 25\/5 an{ 2b0\/v X \/5 +V,C[1] (27)
Case 1.2:
i [T [ 2ale
=0 = 2y ia, B o’ @

when we substitute Eq. (28) into Eq. (10), we get the following exp-function solution,

u(xt)= 24

, (29)
0
G ot || o
exp| 2u+ ok kx—— 7 ﬂ3 t | [+V+V2—45uC[l]
\/kz(v2—2§y+v\/v2—45y)af 4 oay

where 6= (k2 (v2 —6§y)af +\/k“v2 (v2 —4§y)af )
Case 2:
For | =1 and n=3 then

e a, +au+au’+au’
b, +bu

, (30)

and

(2, +au+au’ +a3u?’)((b0 +bu)(a +2a,u+3a,u°)-b (3, +au+a,u’ +a3u3))
(b, +bu)

, (31)

where a, = 0. Then, an algebraic equation system is obtained. By solving these system,
the following solutions have been found:
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Case 2.1:
v b a0(5b0+Vb1) ub, Vb,
=a,a=a,| —+—|,a,=———% k=- ,W=—
d =8, & ao[y-l_b()] 2 b, J25a, 258, - (32)

Substituting Eq. (32) into Eq. (10), we get the following trigonometric function solution,

_ _ 2 _ 2
u(x,t) = VA 4 tan[‘/ v+ Aou {- by .|.V'Ub°t—2\/§j] | (33)

26 J25a, " 264,

45

“1(Xs)‘st)
0.03
0.004

0.002 +

=20 20 40

-0.p02

-0.004*+

Figure 1. The 3D and 2D surfaces of real values of Eq.(21) for a,=0.2,0=1.3,h, =6,
Z,=1,-15<x<15,-10<t<10 and y=0.01, t=0.03 for 2D.

ug (X,y,t)
0.03
0.004

0.002

-40 -20 3 20 40 60

—0.002|

—0.004L

Figure 2. The 3D and 2D surfaces of imaginary values of Eq.(21) for a,=3,h,=1,9=7,
Z,=1, 60<x<60, -30<t<30,and y=0.05,t=0.03 for 2D.
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u(x,t)
0.08
0.004

—0.004 -

Figure 3. The 3D and 2D surfaces of real values of Eq.(29) for v=3, §=-10, u=5,
a,=-7,b,=10, k=1,-90<x<90, -50<t<50, and t =0.08 for 2D.

u(x,t)
0.0
0.004

-—0.004*

Figure 4. The 3D and 2D surfaces of imaginary values of Eq.(29) for a, =-3,b, =7,
v=2,0=-5u=2,k=1,-80<x<80,-20<t<20, and t=0.08 for 2D.

ux,t)
0.0
0,004

olooz F

Tsd | [ T 50

Loloos!l

Figure 5. The 3D and 2D surfaces of real values of Eq.(33) for a, =-10,h, =-5,v=3,
0=8,u=2 k=1, -80<x<80,-40<t<40, and t =0.02 for 2D.
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ux,t)
0.0
0.004

0.002+

20 10 10 20 30

-0.002 t

-0.004t

Figure 6. The 3D and 2D surfaces of imaginary values of Eq.(33) for a,=7,b,=-2,
v=-5,6=-3,4=9,k=3,-30<x<30 ,-45<t<45, and t =0.06 for 2D.

In Figs. 1-2, we plot 3D and 2D surfaces of real and imaginary values of u,(x,y,t) in

Eq.(21), which explain the vitality of solutions with appropriate parameters. Also, in
Figs. 3-4, we draw 3D and 2D surfaces of real and imaginary values of u(x,t) in Eq.(29),

which demonstrate the dynamics of solutions with proper parameters. Finally, in Figs. 5-
6, we plot 3D and 2D surfaces of real and imaginary values of u(x,t) in Eq.(33), which

show the vitality of solutions with appropriate parameters.

Remark

In this study, travelling wave solutions of Eq. (1) and Eq. (2) are obtained by using
MTEM. Also, these solutions were checked in Mathematica 9. The solutions of Eq. (1)
are new. Our (33) solution of Eq. (2) is similar to the u., ug, solutions given by

Rouhparvar. According to our research, other solutions of Eq. (2) are not given before
and are new.

5. Conclusions

In this article, travelling wave solutions of (2+1)-dimensional BKK equation and KPP
equation are obtained by using MTEM. Exp-function, trigonometric wave solutions were
found by applying this method to the submitted problems. Three and two-dimensional
graphs were drawn for appropriate parameters by using Mathematica 9. Physical
behaviors were examined by demonstrating three and two dimensional graphics for some
values of the parameters. It can be said that MTEM is an effective for finding exact
solutions of NLPDEs and it is an important method for obtaining travelling wave
solutions. Also, this is a very significiant method for solving nonlinear problems.
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