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Abstract: 

             In this paper, first we give a characterization of spacelike inclined curves according to 

the type-2 Bishop frame in Minkowski 3-space, and then define rectifying curves of  spacelike 

curves according to the type-2 Bishop frame in Minkowski 3-space as their position vectors 

always lie in the orthogonal complement 2
⊥Ω  of their vector field 2Ω . Moreover we 

characterize Bertrand curves in the same space via the new frame. In particular, we study 

Mannheim partner curves according to type-2 Bishop frame in 3
1E  and express such curves in 

terms of their curvature functions. 
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inclined curve, Minkowski 3-space. 

 
Mathematics Subject Classification: 53A05, 53B25, 53B30 
 
Özet:  

Biz, bu makalede, öncelikle 3-boyutlu Minkowski uzayında 2. Tip Bishop çatısına 

göre spacelike inclined eğrilerinin karakterizasyonunu verip, ayrıca konum vektörleri daima, 

2Ω vektör alanının dik tümleyeni olan 2
⊥Ω de yatan rektifyan eğrilerini tanımlıyoruz. Buna ek 

olarak, aynı uzay ve çatı kullanılarak Bertrand eğrileri karakterize edilir. Özellikle, Mannheim 

eğrileri araştırılır ve eğrilik fonksiyonları cinsinden bu tip eğriler ifade edilir. 
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1 INTRODUCTION 
 

   One of the fundamental structures of differential geometry is curves. It is safe to 

report that the many important results in the theory of the curves in 3E  were initiated by G. 

Monge; and G. Darboux pionnered the moving frame idea. 

 

At the beginning of the twentieth century, A.Einstein’s theory opened a door of use of 

new geometries. One of them, Minkowski space-time, which is simultaneously the geometry 

of special relativity and the geometry induced on each fixed tangent space of an arbitrary 

Lorentzian manifold, see [19], [20]. 

 

One of the interesting problems is the problem of characterization of a regular curve in 

the theory of curves in the Euclidean and Minkowski spaces, see, [1], [3], [4]. In the solution 

of the problem, the curvature functions of a regular curve have an effective role. It is known 

that we can determine the shape and size of a regular curve by using its curvatures  and . 

Another approach to the solution of the problem is to consider the relationship between the 

corresponding Frenet vectors of two curves, see, [8], [10], [11], [12]. For instance, Bertrand 

curves and Mannheim curves arise from this relationship, see, [5], [14], [17]. They adapted 

the geometrical models to relativistic motion of charged particles, see, [6]. 

 

Bishop Frame which is also called alternative or parallel frame of the curves was 

introduced by L.R. Bishop in 1975 by means of parallel vector fields. Recently many 

researches related to this subject have been made in Euclidean space, see [13],[16], 

Minkowski spaces see [2], and in dual space, see [15]. 

  

Bishop and Serret-Frenet frames have a common vector field, i.e., the tangent vector 

field of Serret-Frenet frame. The construction of the Bishop frame has some advantages when 

comparing with the Frenet frame in Euclidean 3-space, see, [13]. That is why he defined this 

frame that curvature may vanish at some points on the curve. That is, second derivative of the 

curve may be zero. In this situation, an alternative frame is needed for non continously 

differentiable curves on which Bishop (parallel transport frame) frame is well defined and 

constructed in the Euclidean and its ambient spaces. 
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In this work, using common vector field  as the binormal vector of Serret-Frenet 

frame, we define a rectifying curve of a spacelike curve according to type-2 Bishop frame in 

Minkowski 3-space as its position vector always lies in the orthogonal complement 2
⊥Ω  of its 

principal vector field 2Ω . Moreover we characterize Bertrand curves in the same space. In 

particular, we study Mannheim partner curves according to type-2 Bishop frame in 3
1E  and 

express such curves in temrs of their curvature functions. Finally we give a characterization 

regarding to inclined curves according to type-2 Bishop frame in 3
1E ⋅  

 

2 PRELIMINARIES 

 

To meet the requirements in the next sections, here, the basic elements of the theory of 

curves in the Minkowski 3--space 3
1E  are briefly presented. 

The three dimensional Minkowski space 3
1E  is a real vector space 3E  endowed with 

the standard flat Lorentzian metric given by 
2
3

2
2

2
1=, dxdxdx

L
++− , 

where ),,( 321 xxx  is a rectangular coordinate system of .3
1E  This metric is an indefinite one 

[19]. Let ),,(= 321 uuuu  and ),,(= 321 vvvv  be arbitrary vectors in ,3
1E  then, [20], the 

Lorentzian cross product of u  and v  is defined as 
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Recall that a vector 3
1Ev∈  has one of three Lorentzian characters such as: it is a 

spacelike vector if 0>,vv  or 0=v ; timelike 0<,vv  and null (lightlike) 0=,vv  for 

0.≠v  Similarly, an arbitrary curve = ( )sα α  in 3
1E  can locally be spacelike, timelike or null 

(lightlike) if its velocity vector 'α  are ,respectively, spacelike, timelike or null (lightlike), for 

every RIs ⊂∈  [20]. 

The pseudo-norm of an arbitrary vector 3
1Ea∈  is given by .,= aaa  The curve 

= ( )sα α  is called a unit speed curve if its velocity vector 'α  is the unit one, i.e., = 1.'α  For 



    Unluturk/ Kirklareli University Journal of Engineering and Science 1 (2015) 78-93 
 

On Characterizations of Some Special Curves of Spacelike Curves According to the Type-2 Bishop Frame in Minkowski 3-space 
 

81 

the vectors ,, 3
1Ewv ∈  they are said to be orthogonal eachother if and only if 0.=, wv  

Denote by },,{ BNT  the moving Serret-Frenet frame along the curve = ( )sα α  in the space 
3
1E  [20]. 

  For an arbitrary spacelike curve = ( )sα α  in ,3
1E  the Serret-Frenet formulae are given as 

follows 
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where 1,= γ  and the functions κ  and τ  are, respectively, the first and second (torsion) 

curvature and also 
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• If 1,= −γ  then )(sα  is a spacelike curve with spacelike principal normal N  

and timelike binormal ,B and its Serret-Frenet invariants are given as  

 

 .)(),(=)(and)(),(=)( sBsNssTsTs ''' −τκ  

• If 1,=γ  then )(sα  is a spacelike curve with timelike principal normal N  and 

spacelike binormal ,B  also we obtain its Serret-Frenet invariants as  

 

 .)(),(=)(and)(),(=)( sBsNssTsTs ''' τκ −  

 

The Lorentzian sphere 2
1S  of radius 0>r  and with the center in the origin of the 

space 3
1E  is defined, [19], by  

 }.=,:),,(={=)( 23
1321

2
1 rppEpppprS ∈  
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Theorem 2.1, [2], Let )(= sαα  be a spacelike unit speed curve with a spacelike principal 

normal. If },,{ 21 BΩΩ  is an adapted frame, then we have 
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Theorem 2.2 Let },,{ BNT  and },,{ 21 BΩΩ  be Frenet and Bishop frames, respectively. There 

exists a relation between them as  
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where θ  is the angle between the vectors N  and 1Ω  [2]. 

Using (2), we have 

 

 ,== 2211 Ω−Ω− ξξτNB'   

 

and taking the norm of both sides, we find 

 

 ,= 2
1

2
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and 
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   By (5), we express 

 

 ).(sinh)(=),(cosh)(= 21 ssss θτξθτξ                (4) 

   The frame },,{ 21 BΩΩ  is properly oriented, and τ  and dsss
s

)(=)(
0

κθ ∫  are polar 
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coordinates for the curve )(= sαα . We shall call the set },,,,{ 2121 ξξBΩΩ  as type-2 Bishop 

invariants of the curve )(= sαα  in .3
1E   

Definition 2.1. Let )(= sαα  be a spacelike curve in 3
1E and 1V  be the first Frenet vector field 

of α . If 

 1, coshV X θ= , (constant), (5) 

 

for a constant unit vector field 3
1(E )X χ∈ , then α  is called a general helix (inclined curve) in 

3
1E  [18].  

 

Definition 2.2.  Let {α , ∗α  } be Bertrand curves in 3
1E , these curves are said to be Bertrand 

curves such that they satisfy the following relation: 

 

 ,= ** Nλαα +      

where *N  is the principal normal vector of the curve ∗α  and .Rλ∈  

 

Definition 2.3. Let {α , ∗α  } be Mannheim curves in 3
1E , these curves are said to be 

Mannheim curves such that they satisfy the following relation: 

 

 ,= ** Bλαα +      

where *N  is the principal normal vector of the curve ∗α  and .Rλ∈  

 

3   ON CHARACTERİZATİONS OF SOME SPECIAL CURVES OF SPACELIKE 

CURVES ACCORDING TO THE TYPE-2 BISHOP FRAME IN 3
1E  

 

In this section, we study characterizations of some special curves such as inclined, rectifying, 

Bertrand curves. 

 

3.1   A characterization for inclined curves according to the type-2 Bishop frame in 3
1E  

Definition 3.1. Let 3
1E⊂α  be a curve in ,3

1E  the function  

                                                               )(
)(=)(

1

2

s
ssH

ξ
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(6) 
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is called harmonic curvature function of the curve α  provided that 0 and 0 21 ≠≠ ξξ  

according to the type-2 Bishop frame in .3
1E  

Theorem 3.1. If the curve 3
1E⊂α  is an inclined curve, then the harmonic curvature H  is 

constant. 

Proof. From (5), we write that  

 ,)(tanh=
)(
)(

1

2 s
s
s

ϕ
ξ
ξ  (7) 

 and differentiating (7) with respect to s , we find 

 ,
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)(
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ds
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 and using 
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s
ssH

ξ
ξ  in (6), we get 
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1
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−
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 and integrating (9), we reach out 

 .
1

= 2 ds
H

H '

−∫ϕ  

The solution of this integral is found as follows: 
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+
+
−ϕ  

where .Rc∈  If the curve α  is an inclined curve which satisfies (7), then ϕ  is a constant. As 

a result, we obtain that 

 .tan=
1
1= 2

2

tcons
e
eH ϕ

ϕ

−
+  

Hence, the proof is completed. 

 

3.2   Rectifying curves according to the type-2 Bishop frame in 3
1E  

 

In the Euclidean space, rectifying curves were introduced by B.Y. Chen in [3] as space curves 

whose position vectors always lie in its rectifying plane spanned by the tangent and the 

binormal vector fields of the curve, i.e., T  and B , respectively. Accordingly, the position 
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vector with respect to a chosen origin of a rectifying curve α  in 3E  satisfies the equation 

 

 ),()()()(=)( sBssTss µλα +  

 

where )(sλ  and )(sµ  are arbitrary differentiable functions in arc-length parameter s EI ⊂∈

[1]. In this section, we define rectifying curves according to the type-2 Bishop frame in 

Minkowski 3-space in analogy to its Euclidean case. Position vector of the rectifying curves 

always lies in the orthogonal complement ⊥Ω2  of its principal normal vector field .2Ω  

Consequently, the complement ⊥Ω2  is given by 

 )()()()(=)( 1 sBssss µλα +Ω  (10) 

 

 for the differentiable functions )(sλ and )(sµ  in arc-length parameter s . 

Next, we characterize rectifying curves according to their curvature functions 1ξ , 2ξ  and then 

give the necessary and sufficient conditions for an arbitrary curve to be a rectifying curve in 
3
1E . Moreover, we obtain an explicit equation of rectifying curve in 3

1E . 

 

Theorem 3.2. There is a rectifying curve of a spacelike curve according to the type-2 Bishop 

frame in E 3
1  if and only if its position vector is as: 

 

 ).())()(()())()(()(=)( 111 sBdssssdsssssX λξµξα ∫∫ −Ω+  

 

Proof. Assume that there is a rectifying curve of a spacelike curve according to the type-2 

Bishop frame in E ,3
1  so the equation (10) is satisfied. Differentiating (10) with respect to s , 

and using Bishop equations (2) in it, we reach 
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 so we easily get 
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 where .Rc∈  Thus, the functions )(sλ and )(sµ  are expressed in terms of the curvature 

functions )(1 sξ  and ).(2 sξ  Moreover, using the last equation in (11), and the relation (12),  

we easily find that the curvatures )(1 sξ  and )(2 sξ  satisfy the equation 

 

 .)(=)())()(()())()(( 2
2111

'csdssssdsss λξλξξµξ −+− ∫∫   (13) 

 

Conversely, assume that the curvatures )(1 sξ  and )(2 sξ  satisfy (13), then the position vector 

X   of rectifying curve is given by 

 

 ).())()(()())()(()(=)( 111 sBdssssdsssssX λξµξα ∫∫ −Ω+  (14) 

 

 

3.3   Bertrand curves of the spacelike curves according to the type-2 Bishop frame in 3
1E  

 

Definition 3.2. Let α and ∗α  be regular curves according to the type-2 Bishop frame in E₁³, 

these curves are said to be Bertrand curves such that they satisfy the following relation: 

 

 ,= 2Ω+∗ lαα     (15) 

where 2Ω  is the vector and l R∈  

 

Theorem 3.3. A spacelike curve according to the type-2 Bishop frame in 3
1E  does not admit a 

Bertrand mate curve. 

Proof. Taking the norm of (15), and then differentiating it, we have 

 ).)(2(=)(=)( 2 ''

ds
dl

ds
d αααααα −−− ∗∗∗  (16) 
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Using the following expressions  

  
,coshsinh==

,coshsinh==

21

21

Ω−Ω
Ω−Ω ∗∗∗∗

θθα
θθα

T
T

'

''

 (17) 

which are obtained from in (16) through using (2), we get 

 ),coshsinhcoshsinh)(2(=)( 2121
2 Ω+Ω−Ω−Ω− ∗∗∗ θθθθααl

ds
d  (18) 

 

 and rearranging (18), we find  

 ).coshcosh(=)( 2 θθλ −−l
ds
d  (19) 

 If we take θθ =  in (19), then θ  is constant, and also .= κκ ∗  

 

Let's continue to study by differentiating TT .∗  with respect to the parameter ,s  then we have 

 ,..=).( '' TTTTTT
ds
d ∗∗∗ +  

and using Frenet derivative formulae we get 

 
].sinhcoshcoshsinh
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θθθθκ

θθθθκ

−ΩΩ+

−ΩΩ
∗

∗∗∗ TT
ds
d

 (20) 

 

 Using trigonometric transformation formulae, and rearranging (20), we find 

 

 1),cosh(2sinh=).( −∗ ϕθκTT
ds
d  (21) 

 since  

 ,sinhcosh= 11 Bϕϕ +ΩΩ∗  

 

where ϕ  is the angle between the vectors 1Ω  and .B  In (21), if 0,=κ  we get 

,
2

=or  0= πϕθ or if ,0≠κ  we obtain .
2

=or  0= πϕθ  In this case, we can write that  

 .=1 B∗Ω  

Conversely, let's take  

 0=.TT ∗  (22) 
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 and (15) into consideration, then differentiating (15) gives  

 

 0,=)(= 2 TBlTT
ds
ds

ds
d ξα

−+
∗

∗

∗

 (23) 

or 
*

*
2 2

dsT T l l B
ds

ξ′= + Ω −  

 

 and inner product of this expression with T  using (23) in (22), we end up with 

 0.=∗ds
ds  

This is a contradiction. Also, if 0,= and  0=,
2

κθπϕ ≠ then 

 .= and = 1221 ΩΩΩ−Ω ∗∗  (24) 

 

Finally, the result (24) contradicts with the following relation  

 22 = ΩΩ∗  

which is a defintion of Bertrand curve. 

 
4   MANNHEIM CURVES OF THE SPACELIKE CURVES ACCORDING TO THE 

TYPE-2 BISHOP FRAME IN 3
1E  

 

   It is well known in differential geometry that If there exists a corresponding relationship 

between the space curves α  and ∗α  such that the principal normal lines of α  coincide with 

the binormal lines of ∗α  at the corresponding points of the curves, then α  is called as a 

Mannheim curve, and ∗α  is called as a Mannheim partner curve of α . The pair of α{ , }∗α  is 

said to be a Mannheim pair [17]. 

Definition 4.1. Let α  and ∗α  be regular curves according to the type-2 Bishop frame in 3
1E , 

these curves are said to be Mannheim curves such that they satisfy the following relation: 

 ,= ∗∗ + Bλαα  (25) 

 where ∗B  is the binormal vector and .R∈λ  
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Theorem 4.1. Let α  and ∗α  be spacelike curves according to the type-2 Bishop frame in .3
1E  

The curve ∗α  is a Mannheim curve such that ,{α  }∗α  is a Mannheim pair. 

Proof. For  curves to be Mannheim pair according to the type-2 Bishop frame in 3
1E , the 

vectors 2Ω  and ∗B  have to be linearly dependent. Thus, from (25), we easily find that  

 

 .= 2Ω−∗ λαα  (26) 

 

Theorem 4.2. The distance between the corresponding points of Mannheim partner curves 

according to the type-2 Bishop frame in 3
1E  is constant. 

Proof. Let ,{α  }∗α  be a Mannheim pair, then differentiating (25) and using (2), we obtain 

 

 .)(1= 22111
∗∗∗∗∗

∗ +Ω−Ω−Ω B
ds
ds 'λλξλξ  (27) 

 Since 2Ω  and ∗B  are linearly dependent, using  

 

 0,=,2
∗Ω B  

we get 

 

 0.='λ  

 

Thus, λ  is a non-zero constant. On the other hand, the distance function between these points 

is 

 .==)()(=))(),(( λλαααα ∗∗∗∗∗ − Bssssd  

 

Theorem 4.3. Let ,{α  }∗α  be a Mannheim pair according to the type-2 Bishop frame in ,3
1E  

then there is a relation between the Bishop curvatures of the curvatures of the curves α  and 
∗α  as follows: 

 .
)(1)(

= 2
1

2
2

2
2

2
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−−
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Proof. Let ,{α  }∗α  be a Mannheim pair according to the type-2 Bishop frame in ,3
1E  then 

considering non-zero constant λ  in (27), we have 

 

 ,)(1= 22111
∗∗∗∗

∗ Ω−Ω−Ω λξλξ
ds
ds  (29) 

 

 and also we know that the following relation holds 

 

 ,sincos= 211
∗∗ Ω+ΩΩ ϕϕ  (30) 

 

 where ϕ  is the angle between the vectors 1Ω  and ∗Ω1  at the corresponding points of the 

curves α  and .∗α  Using (30) in (29), we get 

 

 .=sin,)(1=cos 21 ds
ds

ds
ds ∗

∗
∗

∗ −− λξϕλξϕ  (31) 

 

Differentiating (26) gives 

 ,= 211 ∗∗
∗ +ΩΩ

ds
dsB

ds
ds λξ  (32) 

 

 and also we know that there is the following relation 

 

 ,sinhcosh= 21
∗∗ Ω+Ω ϕϕB  (33) 

 

 using (30), (32), and (33), we find 

 

 .)
sinhcoscoshsin

sin()
sinhcoscoshsin

sinh(= 11 B
ϕϕϕϕ

ϕ
ϕϕϕϕ

ϕ
−

+Ω
−

−
Ω∗  (34) 

 

 Also considering (34) together with (32), we get 
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 ,
coshsinsinhcos

sinh=
ϕϕϕϕ

ϕ
−∗ds

ds  (35) 

 ,
sinh
sin=2 ϕ

ϕλξ −  (36) 

 and 

 .
sinhcoscoshsin

sin=2 ϕϕϕϕ
ϕλξ
−∗ds

ds  (37) 

 

 Using (31) and (36) in (37), we reach 

 ,=cosh,=sinh
2

1

2

2

ds
ds

ds
ds ∗∗∗∗

ξ
ξϕ

ξ
ξϕ  (38) 

 

 

 and 

 .
)(1
1= 2

2
22

1
∗∗

∗

+− ξλλξds
ds  (39) 

 

From (38) and (39),  we have the equation (28). 

 

Corollary 4.1. There is the relation as 

 
µξ

ξ 1=
2

1
∗

∗

 (40) 

 and also the curvatures of the curve ∗α  are obtained 

 

 ,
)(

=,
)(

= 21 µσλ
σµξ

µσλ
σξ

−−
∗∗  (41) 

 

 where ,tanh=,tan= ϕµϕσ  and .R∈λ  

 

Proof. From (31), we have 

 0.=tanh 21
∗∗ −ξϕξ  (42) 

 Putting ,tanh µϕ =  (42) turns into 
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 0.=21
∗∗ −ξµξ  (43) 

 From (31), we find  

 ,1=cot
2

1

2
∗

∗

∗ +−
ξ
ξ

λξ
ϕ  (44) 

substituting ,1cot
σ

ϕ =  we have 

 .
)(

=2 µσλ
σµξ
−

∗  

The curvature ∗
1ξ  is also found in the same way. 

 

Corollary 4.2. Let ,{α  }∗α  be a Mannheim pair according to the type-2 Bishop frame in ,3
1E  

then the curvature 1ξ  of the curve α  as follows: 

 .
cosh
sin=1 ∗−

ds
dϕ

ϕ
ϕξ  (45) 

 

Proof. From (30), we find that 

 .cos=, 11 ϕ∗ΩΩ  (46) 

 

Differentiating (46) with respect to ∗s , we find 

 .sin=,, 1111 ∗
∗∗∗ −Ω+Ω

ds
dBB ϕϕξξ  (47) 

 

Using (33) in (47), we reach the result (45).  
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