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ABSTRACT. In this work, we describe a Frenet frame in 4-dimensional Euclidean space and call this frame as
parallel transport frame (PTF). PTF is an alternative approach to defining a moving frame. This frame is obtained
by rotating the tangent vector and the first binormal vector of a unit speed curve by an euler angle and then we give
curvature functions according to PTF of the curve. Also, we introduce (k, m)-type slant helices according to PTF in
Euclidean 4-Space. Additionally, we obtain the characterization of slant helices according to this frame in E* and
give an example of our main result.
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1. INTRODUCTION

Some special curves and surfaces are of great importance in differential geometry. Frenet equations and curvatures

of the curve play a key role in studies on curves. Frenet equations are used in the construction of many curve theories,
and offer interesting results. One of the most important of these curves is the helix curve and the characterizations
on the curvature and torsion play an important role to define special curve types such as so-called helices. Helices
are defined as curves whose tangent vector makes a constant angle with a fixed direction. The curve is a (k, m)-type
slant helix, then there exists a non-zero constant vector field, and with this constant vector field, the vector fields which
have the same index of a parallel transport frame make a constant angle (as in the Euclidean space E* ). Recently,
many research papers related to this concept. The slant helix concept in Euclidean 3-space is defined by Izumiya and
Takeuchi [7]. M.A. Soliman, N. H.Abdel-All, R. A. Hussien and T. Youssef studied [8] evolution of space curves using
type-3 Bishop frame. S. Yilmaz and M. Turgut [10, 11] introduced a new version of Bishop frame and an application to
spherical images. M.Y. Yilmaz and M. Bektas defined (k, m)-type slant helices in 4-dimensional Euclidean space and
null curves in Minkowski 4-space [1,9]. In addition, F. Bulut and M. Bektas [3] obtained special helices on Equiform
differential geometry of spacelike curves in Minkowski space-time. On the other hand, the Bishop frame was intro-
duced by R. L. Bishop in 1975 utilizing parallel vector fields [2].
In the working, the parallel transport frame (PTF) are studied. The aim of this paper is to introduce slant helix in
Euclidean 4-Space according to PTF. In particular, the definition of PTF created with a r parameter is granted. Subse-
quently, important characterizations are given for PTF to be (k, m)-type slant helix in 4-dimensional Euclidean space.
Also, it is given an example for the curve in E*.
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2. GEOMETRIC PRELIMINARIES

In this section we present basic tools for the space curves in E*. A detailed information can be found in [5]. Let
v : I ¢ R — E* be an arbitrary curve in Euclidean space E*. Let E* = {(a1,a),a3,a4)la1,a2,a3,a5s € R} be a
4-dimensional vector space. The standard scalar product in E* given by
4
(@b) = ab.
k=1
Then the curve 7 is said to be of unit speed (or parametrized by arclength) if it satisfies (y(¢), y(¢)) = 1 for any r € I.
The norm of a vector a € E* is defined by ||a|| = V[{a, a).
Let {T,N, By, B;} be the moving frame along the unit speed curve y; where T(¢), N(¢), B1(¢) and B,(¢#) denote, the
tangent, the principal normal, first and second binormal vector fields of the curve 7, respectively. Then the following
Frenet formulas is given in [11]
T | 0 « O O[T

N _ —K1 0 K> 0 N
Bi| | 0 —x» 0 «3 B, |’ 2D
B2 0 0 —K3 0 B2

where k1, k» and 3 denote the first, the second and the third curvature functions according to of vy, respectively. Here,
since {T, N, By, B,} is an orthonormal frame, then we can write

(T,T) = (N,N) = (B1,By) = (B2, B;) = 1,
(T,N) =(T,By) = (T.B2) = (N, By) = (N, B3) = (B1,B2) = 0.

Now, we rotate this frame in E* arbitrarily. So, when we rotate {T, N, By, B} vectors, we get {T*,N*,B;", B,"} vec-
tors. If we sort the {T,N,Bq, B} vectors as {V;, V,, V3, V4} vectors in order, then {T*,N*,B;*,B,"} vectors will be
{V;‘ V3. V3, V:}. The Euler angles are introduced by Leonhard Euler to describe the orientation of a rigid body with
respect to a fixed coordinate system [6]. Alternative forms can represent the orientation of a mobile frame of reference
in physics or the orientation of a general basis in 3-dimensional linear algebra. If 8 is an Euler angle, using we using 6;;
Euler angles between the vector V; and the vector Vi.l<ij<4, then the rotational transform is given by an arbitrary
rotation matrix below:

Vi cosfy; cosOy cosBz  cosOy Vi
Vi | _| cosba cosby cosfy cosbyp V,
Vi costi3 cosOys cosbszs cosOys Vs
Vi cosO14  cosbhy cosO34 coSOyy Vy

Here, if we leave the N and B, vectors motionless, we rotate only the vectors T and By in the {T, B;} plane by an angle
6. Then, we can find

cos cos|=| cos|= - cos| =
v* 2 2 2 v
L cos (f) cos (0) cos(z) cos T !
ng = b8 2 T 2 721' n
& cos(— + 9) cos (—) cosh cos(— V3
1% 2 2 2 V4
| cos > cos > cos 5 cos ]

PTF of a curve and the relations between the frame and Frenet frame of the curve in 4-dimensional Euclidean space by
using the Euler angles is given in [4]. In this section, we proved with this similar thinking the following theorem.

Theorem 2.1. Let {T(r), N(t), B1(r), B2(f)} be a Frenet frame along a unit speed curvey : I ¢ R — E* and
{T(t), N(1), B1(2), Bz(t)} denotes the PTF of the curve y. The relation can be expressed as

T(H) = T@)cosd() + By(t)sind(r)

N» = N@

N\ , (2.2)
Bi(t) = -=-T()sin0(t) + B1(t)cosb(t)

B,() = By®.
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The alternative parallel transport frame equations are

T 0 1 0 tanbxs T
N| | -« 0 & 0 N
Bi| | 0 - 0 & By |’
B, —tanfk; 0 —k3 0 B,

where k1, k2, k3 are curvature functions according to PTF of the curve vy and their expression as follows

k1 () = k1(H)cosO(t) — k(1) sind(t)
K2 (1) = k2(H)cos(t) + k(1) sind(t)
k3(1) = k3(t)cos6(1),

where 6(t) = constant, 0(t) € [-5,5|.

Proof. Let {T(¢),N(?), B1(¢), B2()} be a Frenet frame and {T(t),ﬁ(t),B_l(t),B_z(t)} denotes the PTF along a unit speed
curve y in E*. The relation between Frenet frame and PTF as follows

T cosb(t) 0 sinf@) O T
N | 0 1 0 Ol N
B, | | —sinf(r) 0 cos8) 0O B,
B, o o o 1llB

Since the matrix in the middle is an orthogonal matrix, the inverse exists and from inverse matrix, we find

T = TcosH(r) — Bysind(t)

No=N 23)
By = Tsinb(tr) + Bicoso(t)

B, = B,.

Differentiating (2.2) with respect to ¢, we get
= T cosO(t) — Tsind(1)8' (t) + By’ sind(t) + B1cosd(1)& (1)

= N
_1’ = =T'sinf(t) — TcosO(®)' (t) + By coso(t) — Bysind(1)6' (1)
B, = By,

where substituting the equation (2.1) instead of T’ (¢), N'(z), B{'(¢), B2’ (¢), we get

T/(t) = k1Ncos6 — T(t)sin86" + (—koN + k3B3)sind + B1(t)cos00’
N =N =T + B,
B_1/(t) = —k1Nsind — T(t)cos00" + (—kxN + k3B3)cos0 — B1(t)sin6§’
B, (1) =By = -3B;

and (2.3) results are written instead of T, N, By, B,, we have

T = (k1c050(F) — Ky 5in8()) N + & (1)By + k35in6(1)B,

N = (ko sin6(t) — chosé’(t))T + (kpcosO(t) + ki sin9(t))B_1

B_ll = —TO' (1) — (k1 5in6(f) + k2c050(t)) N + k3c050(1)B,

B, = —k3sinf(O)T — k3c050(£)By,
where 0(t) = constant, 6'(t) = 0 and 6(¢) € [—% ’%] Then, we define this frame as PTF [10]. So, the PTF formulas are
given by

T 0 ki 0 tanbxz T
N | —K1 0 0 N
Bl 0 w0 & |[B]|
B_z —tanfks 0 —k3 0 B_2
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where 0(t) = constant, 6(t) € [—%, g] and curvatures are defined by

K1 = K1c086 — ko sind
Ky = Kpcos8 + k1 sind
K3 = K3c0Ss0.

The proof is completed.

3. (k,m)-TYPE SLANT HELICES
In this section, we define (k, m)-type slant helices for PTF in E* such as [9].

Definition 3.1 ([9]). Lety: /I cR - E*bea regular unit speed curve in E* with PTF {V;, V», V3, V). Wecall yis a
(k, m)-type slant helix if there exists a non-zero constant vector field U € E* satisfies (Vi, U) = a and (V,,, U) = b (a, b
are constants) for 1 < k,m < 4, k # m. The constant vector U is on axis of (k, m)-type slant helix [1,9]. We decompose
U with respect to PTF {T(t),ﬁ(t),B_l(t),B_z(t)}. Here we denote V; = T, Vy, = N, V3 = B_l, V4= B_z

Theorem 3.2. Let y be a regular curve in B* with PTF {T(t),ﬁ(t),B_l(t),B_z(t)}. If the curve 7y is a (1,2)-type slant

helix in B*, then we have

(B1,U) = ¢,
K2

and _
K

(B, U) €2,

tanbk3
where c| are ¢, are constants.

Proof. If the curve vy is a (1, 2)-type slant helix in E*, then for a constant field U, we can write

(T,U) = ¢, (3.1
and _

(N,U) = (3.2)
are constants. Differentiating (3.1) and (3.2) with respect to 7, we get

(T',Uy=0
and .

(N ,U)=0.

Using PTF, we find the following equations:
(KN + tanbi; By, U) = 0
and it follows that _ .
(k1T + k2B, U) = 0.

In that case, we have o .

k1{N, U) + tanbk3{B,,U) = 0 (3.3)

- k(T U) + k2(By,U) = 0. (3.4)

By setting (3.1) in (3.4), we find

—kic1 +k3(B;, U) = 0.
Substituting (3.4) to (3.3), we obtain as below:
Kics + tanbkz(B,, U) = 0.
Finally, we obtain

(B,U) = =¢,
K2
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and for 6(7) = constant, 0(t) € [-%,3

- =l
B,,U) = — ).
(B2, U) tandks e

The proof is completed. O

Theorem 3.3. Let y be a regular curve in E* with PTF {T(l),ﬁ(t),B_l(t),B_z(t)}. Then, there are no (1,3)-type slant
helix in B*.

Proof. If the curve v is a (1, 3)-type slant helix in E*, then for a constant field U, we can write as below:

(T,U) = ¢ (3.5
and .
(B1,U) = c3 (3.6)
are constants. Differentiating (3.5) and (3.6) with respect to ¢, we get
(T',Uy=0
and o
(B1,U) =0.
Using PTF, we obtain the following equations:
Ki(N, U) + tanfi3(B,, U) = 0, (3.7
and we have that . .
—k2(N,U) + k3(B,, U) = 0. (3.8)

( We know that U is constant). By setting equation (3.8) in equation (3.7), we get

(ranekz_“3 + 73) (B, Uy = 0,
K1
it is clear that o
tan@Kz_K3 + k3 # 0.
K1
Then (B,, U) = 0, this means that U is orthogonal to B,. Then, there are no (1, 3)-type slant helices in E*. O

Theorem 3.4. Let y be a regular curve in E* with PTF {T(t),ﬁ(t),B_l(t),B_z(t)}. If the curve y is a (1,4)-type slant
helix in B?, then there exists a constant such that

(N, U) = —tané’K:364
K1

and .
(B1,U) = —tanfbc,

where C1 are c4 are constants.

Proof. Assume thaty is a (1,4)-type slant helix in E*, then for a constant field U, we can write the following equations:

(T,U) = ¢ (3.9
and .

(B2,U) = ¢4 (3.10)
are constants. Differentiating (3.9) and (3.10) with respect to ¢, we get

T, 0=0
and o

(B,,U) =0.

Using PTF, we get
k1N, U) + tanbk3{B,,U) = 0 3.11)
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and
%3(B1, U) + tandi(T, U) = 0. (3.12)
By setting (3.10) in (3.11), we have

(N, U) = —tanHKZ3C4.
K1
Substituting (3.9) to (3.12), we obtain

(By,U) = —tanbe,.

The proof is completed. O

Theorem 3.5. Let y be a regular curve in E* with PTF {T(t),ﬁ(t),B_l(t),B_z(t)}. If the curve vy is a (2,3)-type slant
helix in B, then there exists a constant such as

(T, Uy = 2,
K1
and
(B, Uy = 2¢,
K3

where Cy are c3 are constants.

Proof. 1f the curve v is a (2, 3)-type slant helix in E*, then for a constant field U, we can write

(N,U) = ¢, (3.13)
is a constant and
(B,Uy=c3 (3.14)
is a constant. Differentiating (3.13) and (3.14) with respect to ¢, we find
(N.Uy=0
and
(B/'.U)=0.
Using PTF, the following equations can be obtained:
— (T, U) +1a(B;,U) = 0 (3.15)
and
— (N, U) +&3(B,,U) = 0. (3.16)
By setting (3.14) in (3.15), we get
(T.U) = Zes
K
and substituting (3.13) to (3.16), we have
— K
(B2, U) = =ca.
K3
The proof is completed. O

Theorem 3.6. Let y be a regular curve in B* with PTF {T(t),N(t), By(t), Bo(t)}. Then, there are no (2,4)-type slant
helix in B*.
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Proof. If the curve y is a (2, 4)-type slant helix in E*, then for a constant field U. We can write the following equations:

(N,U) = ¢
and .
(B2,U) =c4
are constants. By differentiating (3.17) and (3.18) with respect to ¢, we get the following equations:
(N, Uy=0
and .
(B, ,U) =0.

Using PTF, we find
- k(T U) + k2(By,U) = 0,
tandic(T, Uy + 3(B;, U) = 0.
Substituting (3.19) to (3.20), we obtain as follows:

(mneg + 1)K—3<B_1, U) =0,
K1

it is clear that

Ky
tanfks — + k3 # 0.
K1

Then (B, U) = 0, this means that U is orthogonal to By. Then, there are no (2, 4)-type slant helices in E*.

(3.17)

(3.18)

(3.19)
(3.20)

O

Theorem 3.7. Let y be a regular curve in E* with PTF {T(t),ﬁ(t),B_l(t),B_z(t)}. If the curve y is a (3,4)-type slant

helix in B*, then there exists a constant such that

— Cc3
T,U) = ———
( ) tand

and .
N0y = Z¢,

K2

where c3, ¢4 are constants.

Proof. If the curve vy is a (3, 4)-type slant helix in E*, then for a constant field U, we can write as follows:

(B1,U) = c3
is a constant and .
(B2,U) = ¢4
is a constant. By differentiating (3.21) and (3.22) with respect to ¢, we have the following equations:
(B, Uy=0
and o
(B, ,U)=0.

Using PTF, we find as below:
— tantk5(T,U) — k3(B;,U) = 0
and
- &N, U) + &5(B,, Uy = 0.

Substituting (3.21) to (3.23) and for 6(r) € [-%, %] we can write

— c3
7,0) = ———,
( ) tan

and by setting (3.22) in (3.24), we obtain
(N.Uy = 2.

K2

(3.21)

(3.22)

(3.23)

(3.24)
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The proof is completed. O

2t 2t t t
Example 3.8. Let y(r) = [cosi, Sin——- V2 J be a regular unit speed curve in E* with Frenet frame
V3N «/bj «/’

{T(r), N(?), B1(¢), B2(?)}. Frenet frame formulas can be expressed as:

T - (L2 L N2 N2 N2 N2 N
VUVE VR VR Ve B
N(t):_i ﬁ 2 \/511 \/§t1 i
OB TN BN NN B
B(t)z_iﬁl \/Etﬁﬁﬁi
1 Y R Y - S - S SV SV
By(1) = 1, ﬁ 1 \/Ez 2 \/5, 2 ﬁf
2 5 \/§’ \/5 \/§’ \/§ \/g’ \/5 3
where

=

1—\5,

o2

2 = 3\/5,

o2

3—\/3.

Equation (2.3) results are written instead of {T(t), N(t), B1 (1), B2 (1)} for 6() = %, we find {T(r),ﬁ(r),B_l(t),B_z(r)} and
their curvature functions expression as follows

2
+

1=

a\

k(1) =

_m%
S

(M) = —.
RNT
4. CONCLUSION

In this study, we construct (k, m)-type slant helices using a PTF equations in E*. (1, k)-type for 2 < k < 4 slant
helices do not exist according to Frenet frame in E* obtained in [9]. On the contrary, in our paper, we have investigated
a PTF in E* and furthermore, we have showed that according to PTF in 4-dimensional Euclidean space E*, (k, m)-type
(m is constant) for 1 < k < 4, k # m (m is constant) slant helices exist and but (1, 3)-type, (2, 4)-type slant helices do
not exist.
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