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Abstract: The ground state properties of the nuclei are generally calculated using two different 

methods, namely Skyrme and Gogny force methods. We have calculated nucleon densities of 

Copper isotopes by using Hartree-Fock-Skyrme (using Woods-Saxon Potential) (SHF-WS), 

Hartree-Fock-Skyrme (using Harmonic Oscillator Potential) (SHF-HO), Hartree-Fock-

Bogolyubov-Skyrme (HFB-S) and the Hartree-Fock-Bogolyubov-Gogny (HFB-G) methods. In 

the first two methods, the densities and rms (root mean square) radii for both proton and neutron 

of copper isotopes were calculated by different Skyrme parameters set. Theoretical calculated 

charge density was compared with experimental data of Angeli and Marinova to determine the 

best parameter set for each copper isotope. Then all evaluated nucleon densities via four 

different methods were compared each other. All methods gave similar results for all copper 

isotopes. 
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Skyrme ve Gogny Modelleriyle Bakır İzotoplarının Yoğunluk Hesabı 

 

Özet: Çekirdeklerin taban durum özellikleri genellikle Skyrme ve Gogny kuvvet yöntemleri 

olmak üzere iki farklı yöntem kullanılarak hesaplanır. Hartree-Fock-Skyrme (Woods-Saxon 

Potansiyelini kullanarak) (SHF-WS), Hartree-Fock-Skyrme (Harmonik Osilatör Potansiyelini 

kullanarak) (SHF-HO), Hartree-Fock-Bogolyubov-Skyrme (HFB-S) ve Hartree-Fock-

Bogolyubov-Gogny (HFB-G) yöntemlerini kullanarak bakır izotoplarının nükleon 

yoğunluklarını hesapladık. İlk iki yöntemde, bakır izotoplarının hem proton hem de nötron 

yoğunlukları ve rms (karekök ortalama) yarıçapları, farklı Skyrme parametre seti ile hesaplandı. 

En iyi parametre setlerini belirlemek için her bir bakır izotopunun teorik olarak hesaplanan yük 

yoğunluğu Angeli ve Marinova deneysel verileriyle karşılaştırıldı. Sonra dört farklı yöntem ile 

elde edilen nükleon yoğunlukları birbiriyle karşılaştırılmıştır. Tüm yöntemler, tüm bakır 

izotopları için benzer sonuçlar verdi.  

 

Anahtar kelimeler: Hartree-Fock, Skyrme, Gogny, Nükleon Yoğunluğu  
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1. Introduction 

The Hartree-Fock (HF) codes [1-3] are useful tools to describe the ground states 

properties of the spherical nucleus. Spherical HF codes have been used for 12 years and 

are developed by deriving gradient iterations [4-7]. In HF approach, equations are 

solved using an iteration, namely, harmonic oscillator or Wood-Saxon [8] wave 

functions which are recommended as wave function. The density ρ(0) is generated 

based on these wave functions. Then, the iterations are made between the intensity and 

U(ρ)  energy potential for φ wave function. 

 

The Skyrme force [9-10] is the effective force for HF calculations. In this way, 

quantities, such as core radii, density distributions and surface thickness, which are very 

important and can be measured experimentally, can be calculated. HF codes are applied 

to the specified Skyrme force by fitting the least squares method. It is also fitted to 

ground states correlations [11] and nucleus excitation studies.  

 

The properties of a nucleus which comprises neutrons and protons are determined by 

the forces which acting between the nucleons. The two-body and three-body 

interactions potentials can be written as; 

 

𝑉⃗ (𝑖, 𝑗) = 𝑡0(1 + 𝑥0𝑃𝑥)𝛿(𝑟 𝑖 − 𝑟 𝑗) +
1

2
𝑡1(1 + 𝑥1𝑃𝑥) [𝑃⃗ 12

′
2
 𝛿(𝑟 𝑖 − 𝑟 𝑗) + 𝛿(𝑟 𝑖 − 𝑟 𝑗)𝑃⃗ 12

2
]

+ 𝑡2(1 + 𝑥2𝑃𝑥)𝑃⃗ 12
′ 𝛿(𝑟 𝑖 − 𝑟 𝑗)𝑃⃗ 12 + 𝑖 𝑡4𝑃⃗ 12

′ . 𝛿(𝑟 𝑖 − 𝑟 𝑗)(𝜎𝑖 + 𝜎𝑗) × 𝑃⃗ 12 
(1) 

𝑉⃗ (𝑖, 𝑗, 𝑘) =  
1

6
𝑡3(1 + 𝑥3𝑃𝑥)𝜌 (

𝑟 𝑖 + 𝑟 𝑗

2
)𝛿(𝑟 𝑖 − 𝑟 𝑗) (2) 

 

to calculate Skyrme interaction potential; 

 

𝑉𝑆𝑘𝑦𝑟𝑚𝑒 = ∑𝑉⃗ 𝑖𝑗
𝑖<𝑗

+ ∑ 𝑉⃗ 𝑖𝑗𝑘
𝑖<𝑗<𝑘

 (3) 

 

In these equations, δ is delta function, p⃗ 12 = ∓i(∇⃗⃗ 1 − ∇⃗⃗ 2) is relative momentum 

operator acting on the wave functions moving to the right or left, Px is spin exchange 

operator and σ is Pauli spin matrices. The interaction of two objects depends on seven 

parameters (t0, t1,t2, x0, x1, x2 and t4), while nine parameters (also, x3 and t3) are 

involved in for three-body.  

 

The zero-range three-body force in the original Skyrme force is assumed to be 

equivalent to two-body dependent interaction. 

 

𝑉⃗ (𝑖, 𝑗) ≅ 𝑉⃗ (𝑖, 𝑗, 𝑘) (4) 
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For effective interactive HF calculations, the Skyrme interactive HF(SHF) method is the 

best suited for ground state calculations of all nuclei. The SHF method is essentially 

based on the shell model, which assumes that one nucleon moves independently within 

an average central potential of other nucleons. 

 

Depending on single particle states three local density functions are: 

 

𝜌𝑞(𝑟 ) = ∑𝑤𝑖

𝑖,𝜎

|𝜑𝑖(𝑟 , 𝜎, 𝑞)|2 (5) 

𝜏𝑞(𝑟 ) = ∑𝑤𝑖

𝑖,𝜎

|∇⃗⃗ 𝜑𝑖(𝑟 , 𝜎, 𝑞)|
2
 (6) 

𝐽 𝑞(𝑟 ) = (−𝑖) ∑ 𝑤𝑖𝜑𝑖
∗(𝑟 , 𝜎, 𝑞)[∇⃗⃗ 𝜑𝑖(𝑟 , 𝜎

′, 𝑞) × 〈𝜎|𝜎 |𝜎′〉]

𝑖,𝜎,𝜎′

 (7) 

 

Here, ρq is proton density, τq is kinetic energy, J q is spin - orbital density (wherein q =

n and p, represent protons and neutrons). Also, wi denotes the occupation probability of 

the states i and σ is Pauli spin matrice. The SHF method is a self-compatible field 

method. 

 

The most important advantage of Skyrme interaction is that HF energy is expressed by 

three density functions: 

 

𝐸𝐻𝐹 = ∫𝐻(𝜌𝑞 , 𝜏𝑞 , 𝐽 𝑞)𝑑
3𝑟 (8) 

𝐸𝐻𝐹 = 𝐸𝑆𝑘𝑦𝑟𝑚𝑒 + 𝐸𝐶𝑜𝑢𝑙𝑜𝑚𝑏 + 𝐸𝑝𝑎𝑖𝑟 − 𝐸𝑐𝑚  (9) 

 

where ESkyrme is energy function of Skyrme force, ECoulomb is Coulomb interaction 

energy, Epair is the coupling interaction energy of nucleons and Ecm is the correction 

term for the center of mass of the mean field [5]. 

 

Skyrme type forces are widely used phenomenological forces. With the development of 

the Skyrme force and the identification of new parameter sets, it is also applied to cores 

far from the spherical structure. Skyrme force parameters can be adjusted by 

comparison of experimental data with theoretical results or only by theoretical 

approaches.  

 

Another phenomenological force is the Gogny force which is a finite-range two-body 

interaction [12-13]. The use of the Gogny interaction with the HF method yields a non-

relativistic approach like the SHF method. 

 

Another type of HF method is the Hartree-Fock-Bogolyubov (HFB) method [14-15]. 

Independent particles moving within an average potential are depicted as single 
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particles [16] Correlations between these particles and incomplete shells give the HFB 

theory. HFB-S and HFB-G methods [17] were developed by using Skyrme and Gogny 

forces. 

 

2. Material and Method 

The nucleon densities of 63,65Cu isotopes were calculated by using HAFOMN [18] 

computer program for HO potential and HARTREE-FOCK [19] code for WS potential 

by HF method with Skyrme interaction. TALYS 1.95 nuclear reaction code [20] was 

used to calculate Skyrme and Gogny interactions by HFB method in the same manner.  

 

HAFOMN code (HP) [18] uses the harmonic oscillator wave function (HODF) as a 

single particle wave function, while the HARTREE-FOCK program (H-FP) [20] uses 

the Woods Saxon wave function (WSDF). In this study, using a large number of 

parameter sets in HARTREE-FOCK and HAFOMN codes, the ground state properties 

of the nucleus are calculated. 

 

TALYS 1.95 nuclear reaction code was used in the theoretical calculations of cross 

sections as well as in evaluation of nucleus structure parameters. Input file of the 

calculations basically should have projectile particle or nuclei, target element, target 

mass and incident energy parameters. The other parameters should added to input file 

according to the purpose of study [20].  

 

Using SkA [21], GS6 [22], SKM* [23], SGII [24], Sly4, Sly5, SLy6, SLy7 [25], SLy8, 

SLy9 and SLy10 [26] parameter sets, proton and neutron densities were obtained for 

each. Theoretical calculated charge density was compared with experimental data of 

Angeli and Marinova [27] works to determine which is the best parameter set in the 

calculations for Skyrme and Gogny interactions. These are the parameters sets of 

Skyrme force which we used in the calculations are given in “Table 1”. 

 

Table 1. Used Skyrme parameter sets and coefficients. t0, t1, t2, t3 are in (MeV.fm3), others have no unit [28]. 

Parameters 𝐭𝟎 𝐭𝟏 𝐭𝟐 𝐭𝟑 𝐱𝟎 𝐱𝟏 𝐱𝟐 𝐱𝟑 𝐖𝟎 Alpha 

SkA -1602.78 570.88 -67.7 8000 -0.02 0 0 -0.28 125 1/3 

GS6 -1012 209 -76.3 10619 0.139 0 0 1 105 1 

SkM* -2645 410 -135 15595 0.09 0 0 0 130 1/6 

SGII -2645 340 -41.9 15595 0.09 -0.0588 1.425 0.06044 105 1/6 

SLy4 -2488.913 486.818 -546.395 13777 0.834 -0.3438 -1 1.354 123 1/6 

SLy5 -2483.45 484.23 -556.69 13757 0.776 -0.317 -1 1.263 125 1/6 

SLy6 -2479.5 462.18 -448.61 13673 0.825 -0.465 -1 1.355 122 1/6 

SLy7 -2480.8 461.29 -433.93 13669 0.848 -0.492 -1 1.393 126 1/6 

SLy8 -2481.41 480.78 -538.34 13731 0.8024 -0.3424 -1 1.3061 122.425 1/6 

SLy9 -2511.13 510.6 -429.8 13716 0.7998 -0.6213 -1 1.3727 119 1/6 

SLy10 -2506.77 430.98 -304.95 13826.41 1.0398 -0.6745 -1 1.6833 90.685 1/6 

 

3. Conclusion and Comment 

The calculated charge radius of nucleus was compared with experimental data of Angeli 

and Marinova [27], then best compatible set of Skyrme parameters were determined for 
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Skyrme interaction using WS with HO. These are SLy4 for 63Cu and SLy8 for 65Cu 

using WS potential, SGII for 63Cu and 65Cu using HO given in “Table 2”. 

 

Table 2. Charge radius of 63,65Cu  isotopes were calculated by different parameter sets using WS and HO 

methods. Comparison of calculated charge radii with experimental values of [27]. 

𝐑𝐜𝐡𝐚𝐫𝐠𝐞 Z=29 N=34 
63Cu 

Z=29 N=36 
65Cu 

Z=29 N=34 
63Cu 

Z=29 N=36 
65Cu 

 Woods-Saxon Harmonic Oscillator 

Experim. [27] 3.8823 3.9022 3.8823 3.9022 

SkA 3.8867 3.9102 4.0081 4.0696 

GS6 3.4505 3.5745 3.5477 3.5750 

SkM* 3.8678 3.8975 3.9013 3.9193 

SGII 3.8527 3.8806 3.8921 3.9101 

SLy4 3.8813 3.9088 3.9075 3.9270 

SLy5 3.8725 3.9004 3.8975 3.9173 

SLy6 3.8650 3.8928 3.8947 3.9144 

SLy7 3.8673 3.8926 3.8938 3.9140 

SLy8 3.8740 3.9014 3.8999 3.9194 

SLy9 3.9307 3.9569 3.9685 3.9855 

SLy10 3.8842 3.9083 3.9240 3.9397 

 

Then neutron and proton density graphs versus nucleus radii were plotted according to 

the best Skyrme parameter set for SHF-WS and SHF-HO calculations. The theoretically 

calculated proton and neutron densities of 63,65Cu isotopes by HAFOMN code were 

given in “Figs. 1 and 2”, respectively. Neutron and proton densities have been evaluated 

theoretically using Gogny and Skyrme interactions in HFB model by TALYS nuclear 

reaction code and are given in “Figs. 1 and 2”. 
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Figure 1. Neutron and Proton densities of 63Cu 

 

 

 

 

Figure 2. Neutron and Proton densities of 65Cu  
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