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Abstract. In this paper we investigate the existence, the boundedness and
the asymptotic behavior of the positive solutions of the fuzzy difference equa-

tion

zn+1 =
Azn−1

1 + zpn−2

, n ∈ N0

where (zn) is a sequence of positive fuzzy numbers, A and the initial conditions
z−j (j = 0, 1, 2) are positive fuzzy numbers and p is a positive integer.

1. Introduction

Over the last two decades, a lot of study has been published on difference equa-
tions and systems. One reason for this is that such equations and systems have
high applicability both in mathematics and other sciences such as population biol-
ogy, economics, probability theory, genetics, psychology etc., (see, e.g., [2, 6, 14,15]
and the references therein). In this way, many real life problems are modeled by
means of difference equations and systems. In some cases, however, measurements
or data on a problem may reveal uncertainty or the problem considered may require
subjective interpretations. In such cases, a fuzzy difference equation model can be
established using notion of fuzzy set. In this way, the uncertainty is modeled.

Fuzzy set theory has recently become a popular subject due to the increasing
number of applications in technology, mathematics and other sciences. The part
that we are interested in is, of course, that the notion of fuzzy set can be easily
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applied to difference equations. With this application, a powerful method for de-
termining the behavior of solutions of difference equations emerges. Some studies
using the method will be summarized below.

In [3], Deeba et al. studied the fuzzy analog of a difference equation which
arises in population genetics. More precisely they studied the first order difference
equation

xn+1 = wxn + q, n ∈ N0 (1)

where (xn) is a sequence of fuzzy numbers and w, q, x0 are fuzzy numbers. Also,
they discussed the fuzzy nonlinear difference equation

xn+1 = f(xn, w, q), n ∈ N0 (2)

where (xn) is a sequence of fuzzy numbers, w, q, x0 are fuzzy numbers and f :
R+

a × R+
a × R+

a → R+
a , R+

a is the set of all real numbers greater or equal to a, is a
continuous and nondecreasing function in its arguments.

In [4], Deeba and Korvin studied the second order difference equation

xn+1 = xn − abxn−1 + c, n ∈ N0 (3)

where (xn) is a sequence of fuzzy numbers and a, b, c, x0, x−1 are fuzzy numbers.
This equation is a linearized model of a nonlinear model which determines the
carbondioxide (CO2) level in the blood.

In [12], Papaschinopoulos and Papadopoulos studied the existence, the bound-
edness and the asymptotic behavior of the positive solutions of the fuzzy difference
equation

xn+1 = A+
xn

xn−m
, n ∈ N0 (4)

where (xn) is a sequence of fuzzy numbers and A and the initial conditions x−j

(j = 0, 1, . . . ,m) are fuzzy numbers for m ∈ N1.
For more works on fuzzy difference equations, see the references [9, 11, 13] and

the references cited therein.
In [5], El-Owaidy et al. investigated the global behavior of the difference equation

xn+1 =
αxn−1

β + γxp
n−2

, n ∈ N0 (5)

where the nonnegative parameters and nonnegative initial conditions.
Moreover, in [7], Gümüş and Soykan investigated the behavior of solutions of

the system of difference equations

un+1 =
αun−1

β + γvpn−2

, vn+1 =
α1vn−1

β1 + γ1u
p
n−2

, n ∈ N0 (6)

where the positive parameters α, β, γ, α1, β1, γ1, p and the initial conditions u−i, v−i

for i = 0, 1, 2 are positive real numbers. Note that system (6) can be reduced to
the following system of difference equations
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xn+1 =
rxn−1

1 + ypn−2

, yn+1 =
syn−1

1 + xp
n−2

, n ∈ N0 (7)

by the change of variables un = (β1/γ1)
1/pxn and vn = (β/γ)1/pyn with r = α/β

and s = α1/β1. So, in order to study system (6), they investigated system (7).
In this paper we investigate the existence, the boundedness and the asymptotic

behavior of the positive solutions of the fuzzy difference equation

zn+1 =
Azn−1

1 + zpn−2

, n ∈ N0 (8)

where (zn) is a sequence of positive fuzzy numbers, A and the initial conditions z−j

(j = 0, 1, 2) are positive fuzzy numbers and p is a positive integer.

2. Preliminaries

In this section, we give some definitions which will be used in this paper. For
more details see [1, 8, 10,16].

Definition 1. Consider a fuzzy subset of the real line A : R →[0, 1]. Then we say
A is a fuzzy number if it is satisfies the following properties

(a) A is normal, i.e., ∃ x0 ∈ R with A(x0) = 1,
(b) A is fuzzy convex, i.e., A(tx1+(1− t)x2) ≥ min {A(x1), A(x2)} , ∀t ∈ [0, 1]

and x1, x2 ∈ R,
(c) A is upper semicontinuous on R,
(d) A is compactly supported, i.e., {x ∈ R : A(x) > 0} is compact.

Let us denote by RF the space of all fuzzy numbers. For 0 < α ≤ 1 and
A ∈ RF , we denote α-cuts of fuzzy number A by [A]α = {x ∈ R, A(x) ≥ α} and

[A]0 = {x ∈ R, A(x) ≥ 0}. We call [A]0, the support of fuzzy number A and denote
it by supp (A).

The fuzzy number A is called positive if supp(A) ⊂ (0,∞). We denote by R+
F ,

the space of all positive fuzzy numbers.

Definition 2. (a) Let A, B be any fuzzy numbers with [A]α = [Al,α, Ar,α] and
[B]α = [Bl,α, Br,α] for α ∈ (0, 1]. We define ||A|| on the fuzzy numbers space as
follow;

||A|| = supmax {|Al,α| , |Ar,α|} ,
where sup is taken for all α ∈ (0, 1]. Then from the above we take the following
metric

D(A,B) = sup {max {|Al,α −Bl,α| , |Ar,α −Br,α|}} ,
where sup is taken for all α ∈ (0, 1].

(b) Let (xn) be a sequence of positive fuzzy numbers and x is a fuzzy number.
Then we say that

lim
n→∞

xn = x iff lim
n→∞

D(xn, x) = 0.
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The following lemma and definition are given in [8]:

Lemma 1. Let X,Y be fuzzy numbers and [X]α = [Xl,α, Xr,α], [Y ]α = [Yl,α, Yr,α]
for α ∈ (0, 1] be the α-cuts of X,Y , respectively. Let Z be a fuzzy number such that
[Z]α = [Zl,α, Zr,α] for α ∈ (0, 1]. Then, MIN {X,Y } = Z (resp. MAX {X,Y } =
Z) if and only if min {Xl,α, Yl,α} = Zl,α and min {Xr,α, Yr,α} = Zr,α (resp.
max {Xl,α, Yl,α} = Zl,α and max {Xr,α, Yr,α} = Zr,α).

Definition 3. (a) We say that a sequence of positive fuzzy numbers (xn) is bounded
and persistent if there exist n0 ∈ N and positive fuzzy numbers C, D such that
MIN {xn, C} = C and MIN {xn, D} = D for n ≥ n0.

(b) We say that (xn) for n ∈ N0 is an unbounded sequence if the ||xn|| for n ∈ N0

is an unbounded sequence.

We need the following lemma which has been proved in [12].

Lemma 2. Let f : R+ × R+ × R+ → R+ be a continuous function and A,B,C be
fuzzy numbers. Then, [f (A,B,C)]α = f ([A]α, [B]α, [C]α) for α ∈ (0, 1].

3. Main Results

In this section, we prove our main results. Firstly, we will study the existence of
the positive solutions of equation (8). We say (zn) is a positive solution of equation
(8) if (zn) is a sequence of positive fuzzy numbers which satisfies equation (8).

Theorem 1. Consider equation (8) where A is a positive fuzzy number. Then for
any positive fuzzy numbers z−j (j = 0, 1, 2) there exists a unique positive solution
(zn) of (8) with the initial conditions z−j (j = 0, 1, 2) .

Proof. Suppose that there exists a sequence of fuzzy numbers (zn) satisfying (8)
with the initial conditions z−j (j = 0, 1, 2) . Consider the α-cuts

[zn]α = [Ln,α, Rn,α],
[A]α = [Al,α, Ar,α],

(9)

for n = −2,−1, 0, ... and α ∈ (0, 1]. Then from (8)-(9) and Lemma 2 it follows that

[zn+1]α = [Ln+1,α, Rn+1,α]

=

[
Azn−1

1 + zpn−2

]
α

=
[A]α [zn−1]α[
1 + zpn−2

]
α

=
[Al,αLn−1,α, Ar,αRn−1,α]

[1 + Lp
n−2,α, 1 +Rp

n−2,α]
=

[
Al,αLn−1,α

1 +Rp
n−2,α

,
Ar,αRn−1,α

1 + Lp
n−2,α

]
,

from which we get

Ln+1,α =
Al,αLn−1,α

1 +Rp
n−2,α

, Rn+1,α =
Ar,αRn−1,α

1 + Lp
n−2,α

, α ∈ (0, 1]. (10)
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for n ∈ N0. Then it is clear that for any (Lj,α, Rj,α), j = −2,−1, 0 there exists a
unique solution (Ln,α, Rn,α) with the initial conditions (Lj,α, Rj,α), j = −2,−1, 0
for α ∈ (0, 1].

Now, we prove that [Ln,α, Rn,α] for α ∈ (0, 1] where (Ln,α, Rn,α) is the solution
of the system (10) with the initial conditions (Lj,α, Rj,α), j = −2,−1, 0 determines
the solution (zn) of (8) with the initial conditions z−j (j = 0, 1, 2) such that

[zn]α = [Ln,α, Rn,α], α ∈ (0, 1], n = −2,−1, 0, .... (11)

Since A and z−j (j = 0, 1, 2) are positive fuzzy numbers for any α1, α2 ∈ (0, 1],
α1 ≤ α2 we get,

0 < Al,α1
≤ Al,α2

≤ Ar,α2
≤ Ar,α1

,
0 < L−2,α1 ≤ L−2,α2 ≤ R−2,α2 ≤ R−2,α1 ,
0 < L−1,α1 ≤ L−1,α2 ≤ R−1,α2 ≤ R−1,α1 ,

0 < L0,α1
≤ L0,α2

≤ R0,α2
≤ R0,α1

.

(12)

We prove by the induction that

Ln,α1
≤ Ln,α2

≤ Rn,α2
≤ Rn,α1

, n ∈ N. (13)

From (12) we have that (13) hold for n = −2,−1, 0. Suppose that (13) is valid
for n ≤ k, k ∈ {1, 2, ...} . Then from (10), (12) and (13) for n ≤ k it follows that

Lk+1,α1
=

Al,α1
Lk−1,α1

1 +Rp
k−2,α1

≤ Al,α2
Lk−1,α2

1 +Rp
k−2,α2

= Lk+1,α2
,

Lk+1,α2 =
Al,α2

Lk−1,α2

1 +Rp
k−2,α2

≤ Ar,α2
Rk−1,α2

1 + Lp
k−2,α2

= Rk+1,α2

and

Rk+1,α2
=

Ar,α2Rk−1,α2

1 + Lp
k−2,α2

≤ Ar,α1Rk−1,α1

1 + Lp
k−2,α1

= Rk+1,α1
.

Therefore (13) is satisfied. Moreover from (10) we get

L1,α =
Al,αL−1,α

1 +Rp
−2,α

, R1,α =
Ar,αR−1,α

1 + Lp
−2,α

, α ∈ (0, 1]. (14)

Then since A and z−j (j = 0, 1, 2) are positive fuzzy numbers, we have that Al,α,
Ar,α, L−1,α, R−1,α, L−2,α and R−2,α are left continuous. So, from (14) we see that
L1,α and R1,α are also left continuous. Working inductively we can easily prove
that Ln,α and Rn,α are left continuous for n ∈ N.

Now, we prove that ∪α∈(0,1][Ln,α, Rn,α] is compact. It is sufficient to prove that
∪α∈(0,1][Ln,α, Rn,α] is bounded. Let n = 1, since A and z−j (j = 0, 1, 2) are posi-
tive fuzzy numbers there exist constants MA, NA,M−2, N−2,M−1, N−1,M0, N0 > 0
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such that
[Al,α, Ar,α] ⊂ [MA, NA],

[L−2,α, R−2,α] ⊂ [M−2, N−2],
[L−1,α, R−1,α] ⊂ [M−1, N−1],

[L0,α, R0,α] ⊂ [M0, N0].

(15)

Therefore, from (14)-(15) we can easily prove that

[L1,α, R1,α] ⊂
[
MAM−1

1 +Np
−2

,
NAN−1

1 +Mp
−2

]
,

for α ∈ (0, 1] from which it is clear that

∪α∈(0,1] [L1,α, R1,α] ⊂
[
MAM−1

1 +Np
−2

,
NAN−1

1 +Mp
−2

]
, (16)

for α ∈ (0, 1]. Also, (16) implies that ∪α∈(0,1][L1,α, R1,α] is compact and

∪α∈(0,1][L1,α, R1,α] ⊂ (0,∞).

Working inductively we can easily see that

∪α∈(0,1][Ln,α, Rn,α] is compact, ∪α∈(0,1][Ln,α, Rn,α] ⊂ (0,∞) for n ∈ N1. (17)

Therefore, using (13), (17) and since Ln,α, Rn,α are left continuous we see that
[Ln,α, Rn,α] determines a sequence of positive fuzzy numbers (zn) such that (11)
holds.

We prove now that (zn) is the solution of equation (8) with the initial conditions
z−j (j = 0, 1, 2) . Since

[zn+1]α = [Ln+1,α, Rn+1,α] =

[
Al,αLn−1,α

1 +Rp
n−2,α

,
Ar,αRn−1,α

1 + Lp
n−2,α

]
=

[
Azn−1

1 + zpn−2

]
α

,

for all α ∈ (0, 1], we have that (zn) is the solution of equation (8) with the initial
conditions z−j (j = 0, 1, 2) .

Suppose that there exists another solution (z̃n) of equation (8) with the initial
conditions z−j (j = 0, 1, 2) . Then arguing as above we can easily show that

[z̃n]α = [Ln,α, Rn,α] for α ∈ (0, 1] and n ∈ N0. (18)

Then from (11) and (18) we have that [zn]α = [z̃n]α for α ∈ (0, 1] and n =
−2,−1, 0, ... from which it holds zn = z̃n for n = −2,−1, 0, .... Thus, the proof
is completed. □

To study the boundedness of the positive solutions of equation (8), we need the
following theorem which has been proved in [7]:

Theorem 2. Assume that r, s ∈ (1,∞), then there exist unbounded solutions of
system (7).

In the following lemma, we will study the boundedness and persistence of the
positive solutions of system (7):



74 İ. YALÇINKAYA, V. ÇALIŞKAN, D. T. TOLLU

Lemma 3. Assume that r, s ∈ (0, 1), then every positive solution of system (7) is
bounded and persists.

Proof. Assume that r, s ∈ (0, 1). From system (7), we have that

0 < xn+1 =
rxn−1

1 + ypn−2

< rxn−1 < xn−1, (19)

and

0 < yn+1 =
syn−1

1 + xp
n−2

< syn−1 < yn−1, (20)

for n ∈ N0. From (19) and (20), we have by induction

0 < x2n−i < x−i and 0 < y2n−i < y−i, (21)

for n ∈ N1 where x−i, y−i (i = 0, 1) are the initial conditions. This completes the
proof. □

Theorem 3. Consider equation (8). Then the following statements are true:
(i) If Ar,α < 1 for all α ∈ (0, 1], then every positive solution of equation (8) is

bounded and persists.
(ii) If there exists an α ∈ (0, 1] such that Al,α > 1, then the equation (8) has

unbounded solutions.

Proof. (i) Let (zn) be a positive solution of equation (8) such that (11) holds. From
(10) and Lemma 3, we get

[Ln,α, Rn,α] ⊂ [0, Tα], (22)

for n ∈ N1 where Tα = max {R−1,α, R0,α} . Since (zn) are positive fuzzy numbers,
there exists a constant T > 0 such that Tα ≤ T for all α ∈ (0, 1]. Therefore,
[Ln,α, Rn,α] ⊂ [0, T ] for n ∈ N1 from which we get ∪α∈(0,1][Ln,α, Rn,α] ⊂ [0, T ] for

n ∈ N1 so ∪α∈(0,1][Ln,α, Rn,α] ⊆ [0, T ]. This completes the proof of (i).
(ii) Suppose that there exists an α ∈ (0, 1] such that Al,α > 1. If Al,α = r,

Ar,α = s, Ln,α = xn and Rn,α = yn for n = −2,−1, ..., then we can apply Theorem
2 to system (10). If there exists an α ∈ (0, 1] such that r = Al,α > 1, then there
exist solutions (xn, yn) of system (10) where α = α with initial conditions (x−j , y−j)
for j = 0, 1, 2 such that

lim
n→∞

xn = 0 and lim
n→∞

yn = ∞. (23)

Moreover, if x−j < y−j ( j = 0, 1, 2), we can find positive fuzzy numbers z−j

(j = 0, 1, 2) such that

[zj ]α = [Lj,α, Rj,α], (24)

for α ∈ (0, 1] and

[zj ]α = [Lj,α, Rj,α] = [xj , yj ], (25)
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for j = −2,−1, 0. Let (zn) be a positive solution of equation (8) with the initial
conditions z−j (j = 0, 1, 2) and [zn]α = [Ln,α, Rn,α] for α ∈ (0, 1]. Since (24) and
(25) hold and (Ln,α, Rn,α) satisfies system (10) we have

[zn]α = [Ln,α, Rn,α] = [xn, yn]. (26)

Thefore, from (23), (26) and since

||zn|| = supmax {|Ln,α| , |Rn,α|} ≥ max {|Ln,α| , |Rn,α|} = Rn,α,

where sup is taken for all α ∈ (0, 1], it is clear that solution (zn) is unbounded.
This completes the proof of (ii). □

In the last theorem, we will study the convergence of the positive solutions
of equation (8). We need the following theorem which has been obtained from
Theorem 10 in [7]:

Theorem 4. If r, s ∈ (0, 1), then every positive solution (xn, yn) of system (7)
converges to (0, 0) as n → ∞.

Theorem 5. If Ar,α < 1 for all α ∈ (0, 1], then every positive solution (zn) of
equation (8) converges to 0 as n → ∞.

Proof. Let (zn) be a positive solution of equation (8) such that (9) holds with
Ar,α < 1 for all α ∈ (0, 1]. Then, we can apply Theorem 4 to system (10). So, we
get

lim
n→∞

Ln,α = lim
n→∞

Rn,α = 0. (27)

Therefore, from (27) we get

lim
n→∞

D(zn, 0) = lim
n→∞

sup {max {|Ln,α − 0| , |Rn,α − 0|}} = 0.

□

4. Numerical Examples

In this section, we give two numerical examples for the solutions of equation
(8) regard to the different values of A for p = 1 with the inital conditions z−j

(j = 0, 1, 2) are satisfied

z−2(x) =

{
20x− 8, 0.40 ≤ x ≤ 0.45,
10− 20x, 0.45 ≤ x ≤ 0.50,

z−1(x) =

{
5x−0.50

2 , 0.10 ≤ x ≤ 0.50,
4.50−5x

2 , 0.50 ≤ x ≤ 0.90,

z0(x) =

{
20x− 6, 0.30 ≤ x ≤ 0.35,
8− 20x, 0.35 ≤ x ≤ 0.40.

(28)
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From (28), we get [z−2]α =
[
α+8
20 , 10−α

20

]
, [z−1]α =

[
2α+0.50

5 , 4.50−2α
5

]
, [z0]α =[

α+6
20 , 8−α

20

]
for all α ∈ (0, 1].

Example 1. Consider equation (8) for p = 1 where zn is a sequence of positive
fuzzy numbers, the initial conditions z−j (j = 0, 1, 2) are satisfied (28) and A is
satisfied

A =

{
4x− 1, 1

4 ≤ x ≤ 1
2 ,

3− 4x, 1
2 ≤ x ≤ 3

4 .
(29)

From (29), we get [A]α =
[
α+1
4 , 3−α

4

]
for all α ∈ (0, 1]. There exists a unique

solution of equation (8) by Theorem 1. Since Ar,α < 1 for all α ∈ [0, 1], then by
Theorem 5, the positive solution (zn) of equation (8) converges to 0 as n → ∞,
see Figures 1-3.

Figure
1. α = 0.1

Figure
2. α = 0.5

Figure
3. α = 0.9

Example 2. Consider equation (8) for p = 1 where zn is a sequence of positive
fuzzy numbers, the initial conditions z−j (j = 0, 1, 2) are satisfied (28) and A is
satisfied

A =

{
x− 2, 2 ≤ x ≤ 3,
4− x, 3 ≤ x ≤ 4.

(30)

From (30), we get [A]α = [α+ 2, 4− α] for all α ∈ (0, 1]. There exists a unique
positive solution of equation (8) by Theorem 1. It is easy to see that for all α ∈ (0, 1],
we have Al,α > 1. So, by case (ii) in Theorem 3, equation (8) has unbounded
solutions, see Figures 4-6.
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Figure
4. α = 0.1

Figure
5. α = 0.5

Figure
6. α = 0.9

5. Conclusion

In this study, we investigated behavior of the fuzzy difference equation zn+1 =
Azn−1/(1 + zpn−2), where (zn) is a sequence of positive fuzzy numbers, A and the
initial conditions z−j (j = 0, 1, 2) are positive fuzzy numbers and p is a positive in-
teger. We have shown that, under certain conditions, the positive solutions of this
equation converge to zero. Also, we have considered the case where the solutions
are unbounded. Finally, we have supported our theoretical results.
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