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Abstract: For any integer k > 3 , we define sunlet graph of order 2k, denoted by Loy, as the graph consisting
of a cycle of length k together with k pendant vertices, each adjacent to exactly one vertex of the
cycle. In this paper, we give necessary and sufficient conditions for the existence of Ls-decomposition
of tensor product and wreath product of complete graphs.
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1. Introduction

All graphs considered here are finite, simple and undirected. For the standard graph-theoretic termi-
nology the readers are referred to [7]. A cycle of length k is called k-cycle and it is denoted by Cj. Let K,
denotes the complete graph on m vertices and K, ,, denotes the complete bipartite graph with m and n
vertices in the parts. We denote the complete m-partite graph with ny,no, ..., n,, vertices in the parts by
Ky, ns,....n- For any integer A > 0, AG denotes the graph consisting of A edge-disjoint copies of G. The
complement of the graph G is denoted by G. The subgraph of G induced by S C V(G) is denoted as (S).
For any two graphs G and H of orders m and n, respectively, the corona product G ® H is the graph ob-
tained by taking one copy of G, m copies of H and then joining the ith vertex of G to every vertex in the ith
copy of H. We define the sunlet graph Loy with V(Log) = {21, 29, ..., Tk, Tht1, Thta, - - -, Tok  and E(Lay)
= {@;xi1, TiTrys | 1 =1,2, ...,k and subscripts of the first term is taken addition modulo k}. We de-

. Iy i) N ~
note it by Loy = Thst Thio ... w%). Clearly, C, ® K1 = Log.

For two graphs G and H, their tensor product G x H and lexicographic or wreath product G ® H have
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the same vertex set V(G) x V(H) = {(g,h) : g € V(G) and h € V(H)} and their edge sets are defined as
follows:
E(G x H) = {(g,)(¢/, ') - g9’ € E(G) and hl € E(H)},
E(G® H) = {(9,h)(¢',1) : 9¢' € E(G) or g=¢' and hh' € E(H)}. It is well known that the above
products are associative and distributive over edge-disjoint unions of graphs and the tensor product is
commutative. It is easy to observe that K, ® K, & K,, ,,._,(m times).

We shall use the following notation throughout the paper. Let G and H be simple graphs with
vertex sets V(G) = {z1,22,...,z,} and V(H) = {y1,92,--.,Ym}- Then for our convenience, we write
V(G) x V(H) = U, Xi, where X; stands for z; x V(H). Further, in the sequel, we shall denote the

vertices of X; as {xf|1 <ji< m}, where :rf stands for the vertex (z;,y;) € V(G) x V(H).

A labeling of a graph G with n edges is an injection p from V(G), the vertex set of G, into a subset
S C Zan41, the additive group Zs, 1. The length of an edge e = xy with end vertices « and y is defined
as l(zy) = min{p(x) — p(y), p(y) — p(x)}. Note that the subtraction is performed in Zs,; and hence
1 < i(e) < n. If the length of the n edges are distinct and is equal to {1,2,...,n}, then p is a rosy
labeling; moreover, if S C {1,2,...,n}, then p is a graceful labeling. A graceful labeling is said to be an
a-labeling if there exists a number «y with the property that for every edge e = zy in G with a(x) < a(y)
it holds that a(z) < ap < a(y).

By a decomposition of a graph G, we mean a list of edge-disjoint subgraphs of G whose union is G.
For a graph G, if E(G) can be partitioned into E1, Es, ..., Fy, such that the subgraph induced by F; is H;,
for all 4, 1 <1i < k, then we say that Hy, Hs, ..., H; decompose G and we write G = H, & Hy & ... & Hy,
since Hy, Ho, ..., Hy are edge-disjoint subgraphs of G. For 1 <1i <k, if H; = H, we say that G has a H-
decomposition.

Study of H-decomposition of graphs is not new. Many authors around the world are working in the
field of cycle decomposition [4, 8, 9, 21, 22|, path decomposition [24, 25], star decompositon [19, 23, 26, 27]
and Hamilton cycle decomposition [2, 3, 15, 16] problems in graphs. Here we consider the sunlet decompo-
sition of product graphs. Anitha and Lekshmi [5, 6] proved that n-sun decomposition of complete graph,
complete bipartite graph and the Harary graphs. Liang and Guo [17, 18| gave the existence spectrum of
a k-sun system of order v as k = 2,4,5,6,8. Fu et. al. [12, 13] obtained that 3-sun decompositions of
Ky pr, Kpand embed a cyclic steiner triple system of order n into a 3-sun system of order 2n — 1, for
n = 1(mod 6). Further they obtained k-sun system when k = 6,10,14,2¢, for ¢ > 1. Fu et. al. [11]
obtained the existence of a 5-sun system of order v. Gionfriddo et.al. [14] obtained the spectrum for
uniformly resolvable decompositions of K, into 1-factor and h-suns. Akwu and Ajayi [1] obtained the
necessary and sufficient conditions for the existence of decomposition of K,, ® K,, and (K,, —I) ® K,,,
where I denote the 1-factor of a complete graph into sunlet graph of order twice the prime.

In this paper, we obtain the decomposition of some product graphs into sunlet graphs of order eight
which is the least even order not proved so far for product graphs, which motivate us to consider this prob-
lem. In Section 2, we obtain the necessary and sufficient conditions for the existence of Lg-decomposition
of complete bipartite graphs with part size m and n. In Section 3, we obtain the necessary and sufficient
conditions for the existence of Lg-decomposition of tensor product of complete graphs. In Section 4, we
obtain the necessary and sufficient conditions for the existence of Lg-decomposition of complete multi-
partite graphs with uniform part size.

To prove our results, we state the following:

Theorem 1.1. [20] For alln > 3, C,, ® K1 is an a-labeling.

Theorem 1.2. [10] Let G be a graph with n edges. If G admits a rosy labeling, then it decomposes
Koni1; if G admits an a-labeling, then it decomposes Kopnpi1 for every p > 0.

Theorem 1.3. [15] Let t > 2 be an integer. An Lo ot-decomposition of K, exists if and only if n =
0 (or) 1 (mod 2t+2).

Remark 1.4. Ifn= 0 (mod 4), then Ka,, can be decomposed as copies of K44 and Lg- decomposition
of K44 is shown in below figure. Therefore Lg-decomposition exists in K, for n is a multiple of 4.
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Figure 1. Ls- decomposition of Ky 4.

2. Lg- decomposition of K,

Now we obtain the necessary and sufficient conditions for the existence of an Lg-decomposition of
K, n as follows. Let the vertices of K, , be {x1,22, ..., Tm, Y1, Y2, s Yn }-

Lemma 2.1. There ezists an Lg- decomposition of Kgg.

Proof. We exhibit the Lg- decomposition of Kg¢ as follows:
T1 Y1 T2 Y2 T3 Y3 T4 Y4 Ts Ys Te Yo T7 Ys T8 Yo
Ys Ts Ya Te) \Ys T2 Y6 1) \Ys X1 ya x2)  \Y1 T2 Y2 1)’

T7 Y3z T8 Y4 T3 Y1 T4 Y2 O
Y2 Te Y1 T5)’ \Y6 Te Y5 Ts)’

Lemma 2.2. There exists an Lg- decomposition of Kg 7.

Proof. We exhibit the Lg- decomposition of Kg 7 as follows:

T1 Y1 T2 Y2 T3 Y3 Ta Ya s Ys Te Ye 7 Y1 g Yr
Ys Ta Y7 Tr) \Y2 T1 Ys T2)  \Ysa T3 Y7 1)’ \Y3s Te Y6 T5)’
T7 Y4 Tg Ys T3 Ys T4 Y1 Ts Y2 Te Y3 0
Yo T1 Y3 T2) \Yy1 T2 Y2 T1)  \Y1 Tg Y4 T2)’
Lemma 2.3. There exists an Lg- decomposition of Kgg.

Proof. We exhibit the Lg- decomposition of Ky g as follows:

T1 Y1 T2 Y2 T3 Y3 Ta Ya Ts Ys Te Ye 7 Yr T8 Ys
Y3 Te Y4 Tr) \Ys Ts Ys Te) \Y1 T3 Y7 Ta)’ \Ys Ta Y6 T5)’
T3 Y1 T4 Yo Ts5 Y2 Te Yo T7 Y3 T8 Y4 T1 Ys T2 Ys
Yo Tg Y2 Tr) \Yr T3 Ys Tg) \Y1 Te Y2 Ts5) \Y4 Tg Yo T7)’

T1 Yr T2 Ys
Yg T3 Y3 T4

Lemma 2.4. There exists an Lg- decomposition of Ki2.

Proof. We exhibit the Lg- decomposition of K36 as follows:

<$1 Y1 T2 Z/2> <$3 Ys T4 y4> (335 Ys Te y6> <$7 Y1 T8 y2)

Y3 Tz Y4 T11) \Ys T2 Y6 1)’ \Y1 T1 Y2 T2)’ \Y3 To9 Ys T10)’

<I9 Ys ZT1o y4> (In Ys T12 yﬁ) <SC3 Y1 X4 y2> (fvs Ys Zg y4>

Yo T11 Y5 Ti2) \y1 T2 Y2 1) \Ys Tio Ys To) \Y2 Ti2 y1 T11)’

($7 Ys Ig yG)_ 0
Y4 Tg Y3 Ti0

Lemma 2.5. There is no Lg- decomposition of Kgs.
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Proof. Let A and B be the partite set of Kg 5 such that |[A] = 8 and |B| = 5. In Lg, four vertices are
of degree 3 and four vertices are of degree 1. Since Ky is a bipartite graph, then Lg has two vertices
of degree 3 and two vertices of degree 1 in one partite set A and similarly in B. Total number of edges
in Kg5 is 40, then we have 5Lg in Kg 5. First we pull out 4Lg from Kjs5(as shown in Fig.2). Since
each vertices in A has degree 5, the remaining degree of each vertices of Kg 5\4Lgin the set A is 1. Here
we can’t find a Lg in Kg5\4Lg, since we need atleast two vertices of degree 3. Hence we conclude that
Lg-decomposition does not exists in Kg 5. O

Figure 2. 4Lg in Ky

Lemma 2.6. There is no Lg- decomposition of Ky, for n =2 (mod 4).

Proof. Let n = 4s + 2 for some s > 0. Suppose that K4, has an Lg-decomposition, then it has
(28 + 1)L8. Let A = {.731,232,563,]}4} and B = {yl,yz,...,y4s+1,y4s+2} be the partite sets of K47n.
Consider the (2s)Ls = {L§,L3,...,L3*} which exists in Ky ,_2. Now we have to find the last Ls i.e.,
L3t

Let (21yas+1T2Yas+2) be a cycle in Ky ,,. Then join yasi1 to 23 and yasyo to 4. Now we have to
find pendant edges to the vertices x7 and x5. Suppose there are vertices y, and gy, which are joined to
x1 and 3, resp, as the pendant edges in Lgl for some ¢; € {1,2,...,2s}. Then we can join these edges to
the vertices 1 and x5 in L§s+1. Suppose Y, = Yas+1 and Yy, = Yas42 Or Viceversa, then we can join the
remaining edges T3Yas+2, Ta¥as+1 i Ky 5 to y, and yp, resp. Therefore deng1 (Yas+1) = alegL;1 (Yas+2) = 3
and deng.e+1(y4s+1) = dengs+1(y45+2) = 3. This implies deg(yss41) = degyss+2) = 6,which is a
contradiction. Therefore y, # Y4511 and yp # Yas12 Or viceversa.

Then we find the pendant edges to y, and y,. There exist vertices z; and x;, i,j € {1,2,3,4} which
are joined to y, and yp,resp, as the pendant edges in Lg“ for some t; # ty € {1,2,...,2s}. Then we
can join these edges to the vertices y, and y; in Lgl. Now z; # w3 and x; # x4 or viceversa, since
T3Ya, T3Yb, TaYe and x4y, are the edges of the cycle in Lgl. Then z;, x; must be x1, 2. Again we have to
find the pendant edges to x1,x2. Repeat the above procedure cyclically we get to find the pendant edges
of x1,z9. Therefore we can’t find the pendant edges to x1, x2. Hence the proof. O

Theorem 2.7. For any m,n >4, K,, ,, has an Ls- decomposition if and only if mn =0 (mod 8) except
(m,n) = (4,2 (mod 4)) & (8,5).

Proof. Necessity. We first observe that K,, , has m + n vertices and mn edges. Assume that K, ,
admits an Lg- decomposition. Then the number of edges in the graph must be divisible by 8 i.e., 8|mn
and hence mn = 0 (mod 8). Further, (m,n) # (4,2 (mod 4)) & (8,5) follows from Lemmas 2.6 and 2.5.
Sufficiency. We construct the required decomposition in two cases.

Case(1) m (or) n= 0 (mod 8).

Suppose we take m = 0 (mod 8). Further we divide the proof into four subcases.

Subcase(i) m = 0 (mod 8)and n = 0 (mod 4).

Let m = 8s and n = 4t for some s,t > 0. Then we can write K, , = 25stKy4 4. We know that K, 4 has
an Lg-decomposition(see Fig.2).
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Subcase(ii) m = 0 (mod 8)and n = 1 (mod 4).

Let m = 8s and n = 4t + 1 for some s, > 1, since for s =t = 1, K, ,, has no Lg- decomposition by
Lemma 2.5. Then we can write K, ,, = 2s(t — 2)K44 ® sKgg. Then by Lemma 2.3, we get an Lg-
decomposition of K, ;.

Subcase(iii) m = 0 (mod 8)and n = 2 (mod 4).

Let m = 8s and n = 4t + 2 for some s,t > 0. Then we can write K, , = 25(t — 1)Ky 4 @ sKg . Then by
Lemma 2.1, we get an Lg- decomposition of K, .

Subcase(iv) m = 0 (mod 8)and n = 3 (mod 4).

Let m = 8s and n = 4¢ + 3 for some s,¢ > 0. Then we can write K, , = 2s(t — 1)Ky 4 ® sKs 7. Then by
Lemma 2.2, we get an Lg- decomposition of K, .

Case(2) m= 0 (mod 4)and n = 0 (mod 2).

Subcase(i) m = 0 (mod 4)and n = 0 (mod 4).

Let m = 4s and n = 4t for some s, > 0. Then we can write K,, , = stK4 4. We know that K, 4 has an
Lg-decomposition.

Subcase(ii) m = 0 (mod 4)and n = 2 (mod 4).

Let m = 4s and n = 4t + 2 for some s,t > 0. For s = 1, K4, has no Lg- decomposition by Lemma
2.6. Consider s > 2. For even s, m must be the multiple of 8. Then by case(1), result is proved for
even s. It is sufficient to prove the case for odd s. Consider s is odd and s > 3. Then we can write
K = s(t = 1)Ky 4 ® Ky(s—3),6 ® K12,6. Since s is odd, s — 3 is even. Hence the results follows by the
above cases and by the Lemma 2.4. O

3. Lg- decomposition of K,, x K,

In this section we investigate the existence of Lg- decomposition of the tensor product of complete
graphs.

Lemma 3.1. For an even integer k > 2 and any graph G, there exists an Loy~ decomposition of Loy X G.

Proof. Let Loy be ! 2 *) and Yj1Yj, be any edge in G, then the induced subgraph
Tk4+1 Tk4+2 --- T2k
(Lok X {y5,Yj.}) of Lo x G gives two Loy’s as follows:
J1 J2 J1 J2 J2 J1 J2 J1
( P k ), ( a2 s A ) So, for each edge in G there are two Loy’s
k+1 Thy2 T3 2k k+1 Vky2 T3 2k
in Lo, X G, and hence we have 2|E(G)| Lag’s in Loy X G. O

Lemma 3.2. There exists an Lg- decomposition of K4 X K.

Proof. The Lg- decomposition of K4 x K is given below.

Ij 1 ]C’j 2 ]Cj 1 ]gj 2 ]Cj +2 ]Cj ]7]' +2 rj 1;4 T 1 r: 1

1 2 3 ; for jl < j2 S {]. 2,3 4} 1 1 ‘21 3 1 i1 for ] =1,2 % % 2

) Ly 9y ) + + + + ) 4y .
.’I/"g)f .'L'le I‘{Q .’L"%l I"g Zle .'E; .’I}% Ty T3 Ty I7

[EYCCIVLr

Lemma 3.3. There exists an Lg- decomposition of K4 X Ks.

Proof. The Lg- decomposition of K4 x Kj is given as follows:

le l.jz le sz ) ) o
< }2 ?1 5’-2 ;1-1) for j1 < jo € {1,2,3,4,5} except (j1,72) = (2,4),(3,4),
P a2 )

3 xy 23 a2} 2?3 x5 23 x} 3 xd 23z iz 23 x

xd 2y ot 23 ) \ad 2} 27 2}) \23 22 2 23)7 \a3 2% 2} %)’

af a3 xy a3\ (af a3 x} a3\ (2} a5 2} o 0
xy af @y @) \ah af xyp @3) \aj af x5 w3)

Lemma 3.4. There ezists an Lg- decomposition of K4 X Ky 5.
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PT‘OOf. We can write K475 = K4’4 D K471. Now K4 X K4’5 = (K4 X K4’4) D (K4 X K471>. By Theorem
2.7 and Lemma 3.1, it is sufficient to prove the existence of Lg- decomposition of K4 x Ky ;. The
Lg-decomposition of K4 x K41 shown in Fig.3 gives the required decomposition. O

Figure 3. Ls decomposition of K4 X Ky 1.

Lemma 3.5. There exists an Lg- decomposition of Kg X K.

Proof. We can write Kg = 3Lg®Cy (see Fig.4). Now Kgx K7 = 3 (Lg x K7)®(Cy x K7). To complete
the proof, by Lemma 3.1, it is sufficient to prove the existence of Lg- decomposition of Cy x K7, which

is given as follows:

8 8
=
8 8
STt
8 8

8
BN O W N ——O N~
8

/‘\/\@/\

Ty T T x)’wxx
3
)
T) 2] x5 T Ty Xy

8
IV o
8
] w
8
CONOA NI LO DO U1 GO~ Lo Lo =R O

&
—

8
~

8

/\/\/\R/—\/—\
DO DN U i =3 00 N U= = i == O R OY
8
o w
8
NG, (JU =y
8

Figure 4. Kg=3Ls® Cy.

Lemma 3.6. There exists an Lg-decomposition of Kg x Ky 7.

5
4. (2]
)
T Lo
7 7
o
b
T3 L2
4 4
Ty Ty
e ) \ah
6 6
Ly Ty
x% ’ xi

8

8 8 8 8
R WO RO

8
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P’I"OOf. We can write Kg X K4,7 = 2(K4 X K474) D 2(K4 X K4’3> D (K4’4 X K4’4) (&) (K4)4 X K4,3). By
Theorem 2.7 and Lemma 3.1, it is sufficient to prove the existence of Lg- decomposition of Ky x Ky 3.
The Lg- decomposition of K4 x Ky 3 is given below.

@?ﬁxéﬁ>0?ﬁ¢?ﬁﬁm:3ewm}

.’L'gf xiﬁrl wjlz .’E%l+1 ’ xéﬁrl xiz lelJrl l‘%Q W ) J2 »
G?ﬁxgﬁ)ﬁ?ﬁx?ﬁﬁmgfwm}

ng 1.?31+2 lez x{1+2 ’ xiﬁr? :Kff xj21+2 (E%Z Yl )y J2 »
¢?ﬁf§ﬁ)(ﬁx?ﬁxﬂm-—lfwm} 0
ng $j11+3 lez xé1+3 ) x%1+3 ng ZL’ZIIJFS x%z Ju =15 J2 sy LS

Lemma 3.7. There exists an Lg-decomposition of K5 X K.

Proof. We exhibit the Lg- decomposition of K5 x K5 as follows:

1.2 .1 .2 2 1 .2 .1 2 ,3 .2 .3 3,2 .3 .2
x% x% x% xg x% x% xﬁ xg x% xg m% x§ x% x5 x% xi
) ) ? )
Ty Ty T Th Ty X5 Ty TH T5 X5 Th Ty Ty Th Th T
3 .4 .3 .4 4 .3 3 4 .5 .4 .5 5 .4 .5 .4
xg x% T3 xg ’ x% Ty xg xg ’ mg Ty x5 Ty )’ \xy xg T3 x% ’
GladmGodmGadn. ads
b b ) )
Loy Ty Ty Ty Ly T Ty Tp Ty Ty Ty T3 Ty Ty Ty Ty
x% xg x% xg x? x§ 3 z% mi z% xﬁ xé x% x§ xﬁ x%
xi z% x] x% ’ xg xg x% zg T\ x5 x% x? xg ’ x% T5 z? xg ’
1,4 .1 .4 4 .1 1 2,5 .2 .5 5 .2 .5 .2
] x% xﬁ mg x% mi x% x5 7 xg mi xg x% x5 xé xi
5 ) 5/ 5 ’ 5 9
Ty Ty T T3 Ty Tog X1 T Ty Ty T T3 Ty Ty Ty T3
1 .2 .3 .4 1 .2 .3 .4 1,2 .3 .4 1 .2 .3 .4
Ty Ty Ty Ty Ty Ty Ty Ty T3 Ty T3 Tg Ty T3 Ty T3
x% x% x% x? ’ x% $g x? xi ’ xg xg mg x% ’ wg xé x% xg ’
SRR -
3 .5 ,2 3]
Ty Ty Ty Ty

Theorem 3.8. K,, x K,, has an Lg- decomposition if and only if mn(m — 1)(n — 1) =0 (mod 16).

Proof. Necessity. Assume that K, x K, admits an Lg- decomposition. Then the number of edges
in the graph K,, x K, is mn(m=1m=1) which should be divisible by 8, the number of edges in Lg i.e.,
16|mn(m — 1)(n — 1) and hence mn(m — 1)(n — 1) = 0 (mod 16).

Sufficiency. We construct the required decomposition in the following cases.

Case(1) m,n= 0 (mod 4).

Let m = 4s and n = 4t for some s,t > 0. Then we can write K,, x K, = st (K4 x K;) @
2st(s — 1)(t — 1)K416 @ 2st(s + ¢ — 2)Ky12. By Lemma 3.2 and Theorem 2.7 the graph K, x K,
has the desired decomposition.

Case(2) m= 0 (mod 4), n= 1 (mod 4).

Let m = 4s and n = 4t + 1 for some s,t > 0. Then we can write K,, x K,, = (K45 X Ky4_1)) @
s(Ky x K5) @ (%) Ky ® s(t— 1) (K4 x Ky 5) @ 4s(s — 1)(t — 1)K4,20. By the Case (1) above,
Lemmas 3.3, 3.4 and Theorem 2.7 the graph K,, x K, has the desired decomposition.

Case(3) m= 0 (mod 8), n= 3 (mod 4).

Subcase(i) m =8 and n = 3 (mod 4)

Let n = 4t + 3 for some ¢t > 0. Then we can write Kg x K, = (Kg X K4(t,1)) @ (Ks x K7) @
(t —1)(Kg x K47). The Lg- decomposition of all the three terms follows from Case (1) and the Lemmas
3.5, 3.6.

Subcase(ii) m = 0 (mod 8), m > 8 and n = 3 (mod 4)

Now, let m = 8s for some s > 1. Then we can write K,, x K,, = s (Kg X K,,) ® (@) (Kgs x Kp).

K,, x K, has the desired decomposition, by the Theorem 2.7, Lemma 3.1 and Subcase 3(i) above.
Case(4) m = 0 (mod 16).
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Let m = 16s, for some s > 0. We can write K,,, X K,, = s (K1 X K;,) ® (@) (Ki6,16 X Ky). The
Lg- decomposition of the terms in RHS follows from Lemma 3.1 and Theorems 1.3, 2.7.

Case(5) m = 1 (mod 16).

Let m = 16s + 1, for some s > 0. Then by Theorem 1.3, we have Lg- decomposition of Kigsy1, for any
s > 0. Then by Lemma 3.1, K,,, x K,, has an Lg- decomposition.

Case(6) m= 1 (mod 4), n= 1 (mod 4).

Let m =4s+ 1 and n = 4t + 1 for some s,t > 0. Then we can write K,, X K, = (K4(5_1) X K4(t_1))
&) (K4(371) X K5) D (K5 X K4(t71)> ©® 2(5 — 1)(t — 1) (K4 X K475) D 4(8 - 1)(t - 1)(8 +t— 4)K4720 (S5
Ky x K5 ®&5(s+t—2) K20 ® 2(s—1)(t —1)K16.25. Then by the Cases (1), (2) above and by Lemmas
3.4, 3.7 and Theorem 2.7, the graph K,, x K, has the desired decomposition. O

4. Lg- decomposition of K,, ® K,

In this section we investigate the existence of Lg- decomposition of wreath product of complete
graphs.

Lemma 4.1. If the graph G has an Loj-decomposition, then G ® K,, has an Loy -decomposition for any
n >0 and even k > 2.

Proof. Let G has an Lok~ decomposition. For each Log, 1 T2 eer Tk , in G, we exhibit
Tk41 Th42 --- T2k
. x]l l,]z o sz
the Loy- decomposition of Loy @ K, as follows: < i 2 ]’“1> for j1 < jo € {1,2,...,n},
4 T Trys oo o
J2 J1 J1
(ml 332 "'x>f0r]1<126{12 n}. O
xk+1 xk+2 <oe oy

Lemma 4.2. There ezists an Lg- decomposition of K5 ® Kg.

Proof. The Lg- decomposition of K45 ® K is given as follows:
- ) .
(xl x5 $2 x6’ ) for jl SJ? € {1a273747576} except (j17j2) = (454)7(2a3)7

J2 J1 J2 J1
Ty T3 Ty Ty

(2,4),(3,4),

1,12 x]l J}
<x]i $22 ?1 for j1 < jo € {1,2,3,4,5,6} except (j1,72) = (3,4),

(3,5), (3, 6), ( (4 6),

J1 J2 J1
T3t T T
3 X7 Xy Xy
< P ) for j1 < jo € {1,2,3,4,5,6} except (j1,72) = (2,4),(2,5),
Te Tn T
6 T2 Ty 17
J2 J1 J2 J1
Tyt x5 T o
3 X7 Xy Xy
S0 T TS, ) for i < g2 €{1,2,3,4,5,6} except (j1,J2) = (3,5),(4,5),
Te T3 Ty I
2 .1 .4 .3 12 3 4 4 .2 .5 .6
( %1 éQ 21 Zl2> ( % 62 )’ ( %1 122 él 22) for Zl c {1 2} & 22 c {9}
Tip Tip Tip Ty Tiy gy 12 xll Tiy, Tip Ty xll
22zl 26 P
o T e ) for gy € {1,2,3,4} & iz € {9},
X, Xy T, T
lei x% a:%‘ xé x% x§ .Z‘% mg x}l m% x% xé xz xé x% x?
L7 X3 Ty 333?, ’ 33% ) xg xy)’ \a7 x5 xg 952 T \@7 xg rg 1)’
4 .3 .4 .3 5 .3 .5 .3 6 .3 ,.6 .3 5 .4 5 4
r] x5 x5 Ty xy xE Ty TP Ty x5 X9 T x5 X zi g
23t xd at ) \a2 23 2d b )\ 2f 2f 2§ ) \at 23 2d 23 )
x? x‘g xg xé x% x‘% xﬁ x‘é x§ :c‘;’ xﬁ mg xg x? x5 xg
1.6 4 .3)>\..3 .2 .4 . 2),\.5 .2 4. .2/,\.3 .5 . 4 ,5])
T7 X3 Ty Th T3 x5 x5 T rg x5 x5 T T3 Ty Tg T
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a3 @7 @} g a3 @y Ty g v @y g g xy @y @} T
23 xy xp 2f )\ a3 22 2l ) \ad af af 2l ) \af 2§ 23 2§ )
1 .2 .3 .4 2 .5 .6 4 .2 .5 .6 2 .4 .6 .6
2 2§ 23 25 )\ 2% 2d 23 ) \ad 25 2f 23 ) \ag xd 22 2l )
2 .4 .6 .6
Ty Ty Ty g
¥3 ¥ T )
O
Lemma 4.3. There exists an Lg-decomposition of K45 ® K.
Proof. We exhibit the Lg- decomposition of K45 ® Kig as follows:
1,1 2 2 1,3
S-Sl PN W S 5 71 52 , for iy € {1,2,3,4} & iz € {5,6,7,8,9},
xiQ xil xi2 xi1 QT,L-2 xh 12
3 1 4 2 i .5
o 7 b g )0 8 %b % for iy € {1,2,3,4} & iy € {5,6,7,8,9},
T, T T, T T, X T, T
3 .5 .4 .6
(él gy ?)forzle{l234}&%26{56789}
T, wpo T T
) ozl xl0 22
S for i1 € {1,2,3,4} & i2 € {5,6,7,8,9} except (i1,42) = (1,9)
12 11 12 11
23 2P xt ad
P for i; € {1,2,3,4} & iz € {5,6,7,8,9} except (i1,i2) = (3,7), (4,8)
12 1 12 11
22 2 2% 2l
o oy TR ) for i € {1,2,3,4} & i2 € {5,6,7,8,9} except (i1,i2) = (3,5), (4, 6)
T, Ty Ty, T
vl @l xf oy
UL S for i; € {1,2,3,4} & i € {5,6,7,8,9} except (i1,i2) = (3,7), (4,8)
i i1 Vig iy
)z 20 210
PR for i; € {1,2,3,4} & iz € {5,6,7,8,9} except (i1,i2) = (1,5), (1,6)
i2 7;1 i2 11
22 xl 2% 28
S LU [ S for i; € {1,2,3,4} & i2 € {5,6,7,8,9} except (i1,i2) = (3,7), (4,8)
12 11 12 11
ol x) af 2l0
N for i; € {1,2,3,4} & iz € {5,6,7,8,9} except (i1,42) = (1,9),(3,7),
12 11 12 11
(4,8)
) oh 210 23\ (ad af ad ob\ (od o ot af) (2 22 af af
o ab ot ab) (ol of of o ) (ol o of of ) \ad ot ol o)
o af ag af) (o] af a3 a3\ (ol ol af af) (a] af al® 2
g 10 20 2y ) \22 23 2 23 ) \ad 2} 2l 27) \at 22 22 a2l )
2] 2 210 2{0 3 af af§ 28 x5 xf 2§ 2§ 2] xd 2% 2d°
vg 23 xg ab )0 \ad 210 2t 23 )0 \ad 2l0 af 2% ) \ad 2l 22 23 )0
x5 22 2§ 210 xp x) 2§ xi° 2§ a3 20 xh xd 2) ad
2 xS wd 23 ) \ad 2 2f 2 ) \ag 25 28 210 \ad 28 2l 29 )
8 3 .10 .3 7 4 9 4 8 .3 10 .3 7 9 4
x5 T3 T3 TR s T3 Ii xg xy T2 T T xi Tr Ty Ty
28 2 23 20) \ad 2l x5 2d ) \ad 2% 28 25 ) \ad 2) 2l 2T )
8 .3 10 .3 7 .4 .9 4 8 3 10 .4 7 3 9 4
xy TH xh° T3 Ty T7 x) Tg ] Ty x° T xy Ty X3 T ]
2§ 230 2f 25 ) \ad 2 2§ 2l ) \ad 2§ 2f 2 )0 \ap 210 2f )

Theorem 4.4. K,, ® K,, has an Lg- decomposition if and only if mn?(m — 1) =0 (mod 16).

Proof. Necessity. Assume that K,, ® K,, admits an Lg- decomposition. Then the number of edges
in the graph K,, ® K, is % which should be divisible by 8, the number of edges in Lg i.e.,
16|mn?(m — 1) and hence mn?(m — 1) = 0 (mod 16).

Sufficiency. We construct the required decomposition in five cases.

Case(1) n= 0 (mod 4).
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Let n = 4s, for some s > 0. Then we can write K, ® K,, = (m(";_l)> Kas4s. Now, we get the desired
decomposition by Theorem 2.7.

Case(2) m = 0 (mod 4), n= 0 (mod 2).

Subcase(i) m= 0 (mod 4), n= 0 (mod 4). Proof follows from Case (1).

Subcase(ii) m = 0 (mod 4), n= 2 (mod 4).

Let m = 4s and n = 6, 10 for some s > 0. Now we can write K,, ® K,, = s(K4® K,,) ® @(K;M ®K,)
and the graphs Ky ® Kg, K4 ® K1 can be viewed as 3Kg 12, 3K10.20, respectively. Therefore we get the

desired decomposition, by Lemma 4.1 and the Theorem 2.7. Let m = 4s and n = 4t + 2 for some s >
0,t > 2. Now we can write K,, ® K,, = (K4s ® K4(t_1)) &) (@) (K4,4 ®F6) © 4s(4s — 1) Ky—1) 6
@ 3sKg,12. We get the desired decomposition, by the Case (1), Lemma 4.1 and Theorem 2.7.

Case(3) m= 1 (mod 4), n= 0 (mod 2).

Subcase(i) m = 1 (mod 4), n= 0 (mod 4). Proof follows from Case (1).

Subcase(ii) m = 1 (mod 4), n= 2 (mod 4). o o o
Let m = 4s+1 and n = 6,10 for some s > 0. Now we can write K, ® K,, = (K4(5-1) @ Ky,) @ K5 ® K,,
® (s —1)(K45 ® Kp)and the graphs K5 ® Kg, K5 @ K19 can be viewed as 5Kg 12, 5K10 20, respectively.
Therefore we get the desired decomposition, by the Case(2), Lemmas 4.2, 4.3 and Theorem 2.7. Further,
let m = 4s+ 1 and n = 4t + 2 for some s > 0, > 2. Now we can write K, ® K,, = Ky(s_1) ® Kap42
d Ky ® K4(t_1) (&) (S — 1) (K4’5 ® K4(t_1)) D (8 — ].) (K475 X K(;) (&) 208K4(t—1),6 D 5K6’12. The Lg-
decomposition of 1°¢ term of the above sum follows from Case (2), 2"? and 3" term follows from Case
(1) and the remaining terms of the above sum follows from the Lemma 4.2 and Theorem 2.7. Hence we

get the desired decomposition.
Case(4) m = 0 (mod 16).

Let m = 16s, for some s > 0. We can write K, ® K,, = 5 (K16 ® K,,) & (%—1)) (Ki16,16 ® K;,). The

desired decomposition follows from Lemmma 4.1 and Theorems 1.3, 2.7.
Case(5) m = 1 (mod 16).
Desired decomposition follows from Theorem 1.3 and Lemma 4.1. O

5. Conclusion

In this paper, we established necessary and sufficient conditions for the decomposition of ten-
sor/wreath product of graphs into sunlet graphs of order 8. Further, research on the existence of such
decomposition of product graphs into sunlet graphs of higher order r > 8 is under progress.
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