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Keywords Abstract: In [1], Sulaiman has proved a theorem dealing with |A| summability of the
Summability factors, k
Absolute matrix summability series anﬂan . In the present paper, generalized absolute matrix summability has
Infinite S(.eries, ) been studied. The known theorem on |A| summability has been generalized to the
Hoélder’s inequality, k
Minkowski’s inequality Q- |A;é‘|k summability method under some suitable conditions.

Genellestirilmis Matris Toplanabilme i¢in Carpanlar
Anahtar Kelimelel‘ 0z: Sulaiman [1], Za A X serisinin |A| toplanabilmesi ile ilgili bir teorem ispatlamistir.
Toplanabilme ¢arpanlari, aoan k
Mutlak matris toplanabilme, Bu makalede genellestirilmis mutlak matris toplanabilme ¢alisilmistir. |A| toplanabilme
Sonsuz seriler, k
Holder esitsizligi, tizerine bilinen teorem uygun baz sartlar altinda (p—|A;§|k toplanabilme metoduna

MinkowskKi esitsizligi genellestirilmistir.

*[lgili Yazar, e-mail: bagdagulkartal@erciyes.edu.tr

1. Introduction

Let Za” be an infinite series with its partial sums (S"). Let A= (a ) be a normal matrix, i.e., a lower triangular

matrix of non-zero diagonal entries. Then A defines the sequence-to-sequence transformation, mapping the
sequence s =(s,) to As =(4 (s)), where

A”(S)= a s, n=01,.

nv v
v=0

Let (gz)”) be any sequence of positive real numbers. The series za" is said to be summable ¢—|A;5|k , k21 and
86>0, if
> o4 ()= 4, ()| <o (see[2)).

n=1

If we take 6=0 and ¢, =1, then (p—|A;5|k summability reduces to |A|k summability [3].

Given any normal matrix 4 = (a}w ), two lower semimatrices 4 = (Em) and A= (éw) are defined as follows:

n

a :Zam, n,v=0,1,.. (1

nv
i=v
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A= A= = _ 2
Ay =y =dyy, 4,,=a,,—a, n=1,2,.. (2)

n

An(s): anysyziimav and ZA”(S):ZHAW,QV. (3)
v=0

v=0

2. Material and Method

Absolute summability of an infinite series is an attractive topic in the field of summability. Many different studies
on this topic have been done by researchers, see ([1, 4-29]). In 2013, Sulaiman [1] proved the following lemmas
and theorem.

Lemma 1: If Zn‘lln is convergent, then (1) is non-negative and decreasing, 4 log =0(1), and
nAA = 0(1 /(logn)z) .

Lemma 2: If ZH’l/lﬂX” is convergent, and the conditions

nAL =0(A) as n—>oo,

(4)
zn:/ly =0(nl) as N1—®
v=1
(5)
are satisfied, then
nAAX =0(1), (6)
i/‘t”AXn =0(1) as M—®, (7)
n=1
inlﬂAzXn =0(1) as M—>®, (8)

n=1

Theorem 1: Let (1), (X,) be two sequences such that ZII'IAHX” is convergent, and the conditions (4)

nv

and (5) are satisfied. Let 4= (a ) be a normal matrix with non-negative entries satisfying

a,=1, n=0,1,., 9)
a_, za, forn>v+1, (10)
na, =0(1), 1=0(na,,), (11)
n-1
a,é, =0(a,). (12)
v=1
If t£=0(1) (C,1), where ¢, :%Zrar,then the series ZanlnX” is summable |A|k, k>1.
v+ r=1

3. Results

The aim of this paper is to generalize Theorem 1 for ¢—|A;5|k summability method under some suitable
conditions.

Theorem 2: Let (1), (X,) be two sequences such that Y n™'2, X, is convergent, and the conditions (4), (5), (9)-
(12) are satisfied. Let ((pu) be any sequence such that

pa =01, 1=0(p,a,), (13)

n nn
m+1
Sk
2.
1

n=v+

A, @3,)|=0(¢") as m—>o, (14)
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2 0)'4,,,=0(¢)) as m>, (15)
n=v+1
jz_z:awa’\n,wrl = 0(3”” ) (16)

If 92t =0(1) (C,1) ,ie. Y @t} =0(m), where (¢, ) as in Theorem 1, then the series > aA X, is summable

v=1

o-|4:5| . k21 and 0<6<1/k.

3.1. Proof of Theorem 2

Let & =4 X and (M) bethe A -transform of the series Za 0 . By (3), we get AM z ”"6"

v VvV

Here, by Abel's transformation, we get

AM, ZA [ 2 "]Zra 2 ”Zva

:n24 [AV (EIHV>9V N én’MA@V + ényev )J(V+ 1)[’V + nzlanng,,tn

v+1 v+1 V(V+1

=H+1a 6t +”_1Ay(a“w)¢9yty+HZ_1:§"V+1A9VtV+§% M, +M ,+M +M,,
0 )

v=1 v=1 v=1 14

First, by using the facts that ¢ a

nnn
m
z Sk+k-1
P,
n=1

z Sk+k-1

OV

n=1

UOWACER RN

=0(1) and na, =0(1),we have

1 k
at —a o0t

nn n n

- 0(1)Z¢§kannel[: n
k
= 0(1)2
Here 6" =0(1), then we get

Sk+k-1
Z (011 Mn 1

n=1

k-1

t,

k

Sk
< ¢H n_n
L) e
n=1
Applying Abel’s transformation, we have

z (Domkq | M

S ) k L Sk 4 k 9” S Sk o k em
nl = Zwr tr A + 0(1) Z(pn tn
n=1 n=1\_r=1 n n=1 m

n

o 6 6. nAo +60 A6 0
Al 22 (=2 a1 n n n 40
n n+1 n(n+1) n+1 7
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Then, we have

z Q(F[Hk -1

n=1

n1

= 0(1)217[ 9; j+0(1)9m
n

= 0(1)”2A9 +0(1)Z 40X, +0(DA, X, =0(1) as m—>x,
n

n=1 n=1

by using the hypotheses of Theorem 2 and Lemma 2.

: 1 1
Now, using Holder’s inequality with indices & and X, where k >1 and P + k_ =1, we have

k

Sa(a,)as

v=1
k-1
<SS . Jeres S )]
v=1

By using (2), (1), (10) and (9), it follows that

m+l
Sk+k-1 Sk+k-1
2.7 Zw

n=2

n-1 n-1 n-1 n
n-1v - anv) = zan—l,v - an—l,O - aﬂV +an0 + 3”" = an—l,O _an—l,O - anO + anO + ann < ann'
v=1 v=1 v=0 v=0
Thus,
& ki Sk k1 S k k
Sk+k— A
n MnZ <z¢ ( n nn) ZAV(anV)gvtV
n=2 v=1
k Sk
- 0(1)29 S ol
n=v+l
Sk k k —
= 0(1)Z¢ a 0t =0(1) as m—»,
asin M ..
nl

Again using Holder’s inequality, and using the conditions (16), (13), (15) and (11), it follows that

m+1

Sk+k-1 Sk+k-1
pI Z(ﬂ
n=2

k

a Adt,

ny+1

m+1 n-1

k-1
SZQ?MI( ' anV+1 (A@ ) k 1 {Zl nv+1}
1

n=2 v=1

n-1

—om¥ o (p,a,)" Z e (A0,) fal"
n=2

v=1

SUONIATERD WIS

n—v+1

_0(1)z¢>k(A‘9) k kl

v=l

Since (vAg, )’('1 —0(1), we obtain
Zi Sk+k-1 |M | _ 0(1)Z¢ék( )tf
n=2

= 0(1)z¢fktf (AAVXV +ﬂv+1AXV)

v=1

= 0D PXtiar X, +0()Y pfth 2, AKX, .

v v+l
v=1 v=1
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For the first part, using the condition (4), and using Abel’s transformation, it follows that

ZMt A X, 0(1)2{2 ]A[“(

v=1\_r=1

]+0(1)(Z k]%

=1

Then, by using the hypotheses of Theorem 2 and Lemma 2, we obtain

z(p‘”‘t AL X, 0(1)2

= (AX A/1X l AX
14 v

] +O()A X,

m-1 m-1

_0(1)2 VXV +0(1)ZA/1 X, +0(1)Z,1 AX, +O(DA X

=0(1) as m—> o,

Also, for the second part, again using Abel’s transformation, and the conditions (4), (7), (8), (6), we
get

iwfktV’%VAXV = mj{i(pfktf j A(AVAXV ) + [i(pjktyk jxlmAXm
v=1 v=1 \_r=1 v=1
m-1
=0()Y v(ALAX, +4,,A°X, )+0(1)mA, AX,,
v=1

_0(1)2/1 AX, +ZV,1 A’X +0(1)mA_AX,

v=1

=0(1) as m—>»,

Therefore, we get Z(p‘;’”k 1|M , “=0(1) as mow,

n,
n=2

Finally, using (12), (11), (13) and (15), we have

N k
m+1 m+1 n-1
k a ot
Sk+k—-1 _ Sk+k-1 nv v v
20 M, = 2
n=2 n=2 =1 14
1 k i k-1
<z bk+k12_ kklk A
am/ev v VV awanv
v=1\V v=1

= 0(1),,,2 0¥ (0,a,)" ni%ﬂf tya,
n=2 v=1

m+l

—0(1)29" S 29

n=v+1

= 0(1)Z¢"kawaf e

Then, asin M

nl’

Z Sk+k-1
/1 4

Thus, we obtain Z(/}j’”k‘l |M

nr

we obtain

=0(1) as m— .

’ <o for r=1,2,3 and r=4, which complete the proof of Theorem 2.

n=1
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4. Discussion and Conclusion
In this paper, a general theorem on ¢ — |A;5|k summability factors of an infinite series has been obtained and it

reduces to Theorem 1 in case of =0 and ¢, = n. Therefore, the conditions (13)-(16) are automatically

satisfied.
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