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Graphical Abstract

We construct surfaces with constant mean curvature through a given timelike curve.

Figure. A surface with constant mean curvature along a given timelike curve (red in colour)
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The aim of this paper is to construct surfaces with constant mean curvature through a given timelike curve
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We construct surfaces using the Frenet frame of the given timelike curve and obtain conditions.
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The study is original.
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We find constraints on surfaces to have a constant mean curvature along a given timelike curve.
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It is possible to obtain surfaces with constant mean curvature along a given timelike curve.
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ABSTRACT

We construct surfaces with constant mean curvature through a given timelike curve. We show that, it is possible to obtain such
surfaces for any given timelike curve. The validity of the method supported with illustrative examples.

Keywords: Timelike curve, constant mean curvature surfaces, Minkowski 3-spac

1. INTRODUCTION

The mathematical model of the relativity theory is
the Lorentz-Minkowski space time and it is an
attractive area for researchers. The trajectory of a
moving particle can be represented by a null curve
if it travels at the speed of light and by a spacelike
or timelike curve if it moves faster or slower than
light, respectively.

Another important notion in Lorentz-Minkowski space
time is surfaces. We see surfaces almost in every
differential geometry book [1-3]. A constant mean
curvature surface is a surface whose mean curvature is
constant everywhere. It can be physically modeled by a
soap bubble. There are several techniques to characterize
surfaces. However, the construction of a surface is also
an important issue. Current studies on surfaces have
focused on finding surfaces with a common special curve
[4 - 14]. Recently, Cosanoglu and Bayram [15] obtained
sufficient conditions for surfaces with constant mean
curvature through a given curve in Euclidean 3-space. In
the present paper, analogous to Cosanoglu and Bayram
[15], we obtain parametric surfaces with constant mean
curvature through a given timelike curve. We present
conditions for these types of surfaces. The method is
validated with several examples.

2. MATERIAL and METHOD

The real vector space R® equipped with the metric
tensor

(X, Y) ==Xy, +X,Y, + X5V,
is called the Minkowski 3-space and denoted by R?,
where X=(X,,%,,%;),  Y=(Y.¥,.¥;)eR® [1] .
The Lorentzian vectorial product is defined by
XxY = (Xzys —X3Y5: X1Ys — XY, XY _lez)-
A vector XeR? is called timelike, spacelike or
lightlike (null) if

*Corresponding Author
e-mail : erginbayram@yahoo.com

(X,X) <0,
(X,X)>0or X =0,
(X,X) =0,

respectively. Similarly, a curve in R} is called a

timelike, spacelike or lightlike curve if its tangent
vector field is always timelike, spacelike or
lightlike, respectively.

The Frenet frame of a curve o is denoted by
{T(s),N(s),B(s)}, where T, N and B are the
tangent vector field, the principal normal vector
field and the binormal vector field, respectively.

Assume that o is a unit speed timelike curve with
curvature k and torsion t. Hence, tangent vector
field is a timelike vector field, principal and
binormal vector fields are spacelike. For these
vectors, we have

TxN=-B, NxB=T, BxT=-N.
The binormal vector field B(s) is the unique
spacelike unit vector field perpendicular to the
timelike plane {T(s),N(s)} atevery point o(s) of a
, such that {T,N,B} has the same orientation as R}
. Then, Frenet formulas are given by [16]
T =«N, N'=«T+1B, B'=—1N.

The mean curvature of the surface P(s,t) is given
as

g1 CEL(PLPLP.)G =20t (P, P Py )F Gt (P, PP, )E
(&)= 2(EG-F) ’

where E, F, G
fundamental form of the surface P(s,t) [17].

are the coefficients of the first
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3. CONSTRUCTION OF SURFACES WITH
CONSTANT MEAN CURVATURE ALONG A
TIMELIKE CURVE

Let of(s), L,<s<L, be a timelike unit speed
regular curve with curvature K(S) and torsion
t(s). Also, assume that o"(s) =0, Vs. Parametric
surfaces possessing o(s) can be written as
P(s,t)=oa(s)+u(s,t)T(s)
+V(s,t)N(s)+w(s,t)B(s),

L, <s<L,, T,<t<T, where {T(s),N(s),B(s)} is

(1)

the Frenet frame of a(s). C>  functions
u(s,t), v(s,t), w(s,t) are called marching-scale
functions. Observe that, choosing different

marching-scale functions yields different surfaces
along the curve o(s).

To simplify the calculations, we suppose that the
curve a(s) is a parameter curve on the surface

P(s,t) in Egn. (1). So, we have

u(sity)= v(sity)=

for some t, [T, T,].

0,

w(sity)

The mean curvature of the surface P(s,t) is given
as

H(s,t)=

t? ss

det(P,,P,,P,)G —2det(P,,P, Pst)F+det(Ps,Pt,Pn)E

2(EG—F2)
where E,F,G are the coefficients of the first
fundamental form of the surface P(s,t) [17] .

We make the following calculations required for the
mean curvature.

P.(s,t)=(L1+u (s, t)+x(s)v(s, t))T(S)
+(re(s)u(s,t)+v, (s,t)—(
+(t(s)v(s,t)+w, (s,t))B(s

P(st)=u,(s,1)T(s)+V, (S t)N(s)+w, (st

det(P,,P, Py )(5,to ) =~k (5)W, (s,,),
det(Ps,Pt,Pst)(S,to)=[V‘(VtT(S)JFW )
W, (u () + Wt)] .%o,
det(P,(s,ty).P,(s,t5).Py (s,15))=V (st ) (s:to)
—W, (S’to)vn (S'to)’

where subscript denotes the partial derivative with
respect to the parameter in question. Hence, we have

the mean curvature of the surface P(s,t) in Eqn. (1)
along the curve a(s) as

1 2 2 2
S| KW, (—UZ +VE+ WP )+ VW, — WLV,

H(S,to)zm
t t

—2u, [ W, (KU, +V, =W, )=V, (V, T+ W )]](s,t0 ).

Theorem : The surface P(s,t) in Eqn. (1) has

constant mean curvature along the timelike curve
a(s) if one of the following conditions is satisfied:

i)

u (s,ty)= v(sity) =0

u(s,ty)=Vv(sty)=w(s,t,)=w

7(s) = constant,

i)

u (s,ty)=w,(s,t,)#0
(St ):V(S’to)zw(s’to):
K(s)—1(s) = constant,

(8t) =

n(St )EO

Ve (s,ty) =V,

(S'to)EO

U (s,ty) =V (s,t;) =w,(s,t,) # 0
i) qu(s,t;)=v(s,t))=w(s,t,)=0
41(s)—«(s) = constant,
Vv (s,ty) =0
) qu(s,ty)=Vv(s,t;)=w(s,t;)=u,(s,t,)=0
W, (Stg)=w,(s,t,)=0,
Vi (s,t)=w,(s,t,) =0
V) qu(sity)=v(s,t;)=w(s ty)=u,(s,t,)=0.

k(s) = constant.

Example : In this example, we construct surfaces
with constant mean curvature along a given timelike
curve. The unit speed timelike curve

o(s)=(Es,2cos(3s),4sin(3s)) has the following
Frenet apparatus
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5 4. 4
T(s)= 5,—§sm(3s),§cos(35)j,
N(s)=(0,—cos(3s),—sin(3s)),
B(s):(—%,gsin(35),——005(35)],
K(S)=4, ’C(S)=5.

Choosing marching-scale functions as
u(s,t)= v(s,it)=t, w(st)=0 and t;=0,
Theorem (i) is satisfied and we obtain the surface

Pl(s,t)={g(s+t)%cos(:ﬁs)—%tsin(33),[g—t]sin(3s)+%tcos(3s)j, Figure 2. P, (s,t)with constant mean curvature along the

timelike curve a(s).

-1<s<1 0<t<1 with constant mean curvature

H(s,0) =5 along the timelike curve a(s) (Figure 1) Choosing marching-scale functions as

u(s,t)=v(s,t)=w(s,t)=t and t;=0, Theorem
(iii) is satisfied and we obtain the surface

Pa(s,t):[SSBH,(g—tjcos(?»s)+%sin(35),(%—tjsin(ss)—%cos(ss)],
-1<s<1, 0<t<1 with constant mean curvature

H(s,0)=2v2 along the timelike curve a(s)
(Figure 3).

Figure 1. P, (S,t)with constant mean curvature along

the timelike curve a(s).

For the same curve, if we choose marching-scale
functions as u(s,t)= w(s,t)=t, v(s,t)=0

and t, =0, Theorem (ii) is satisfied and we obtain
the surface Figure 3. P, (s,t)with constant mean curvature along

the timelike curve o(S).
P, (s,t):[SSH,gcos(3s)+%sin(as),gsin(?;s)—%cos(Ss)j, (%)

-1<s<1, 0<t<1 with constant mean curvature |f we choose u(s,t)zw(s,t)EO, v(s,t):t and

H(s,0)=1 along the timelike curve a(s) (Figure2)  t =0, Theorem (iv) is satisfied and we obtain the
surface
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P, (s.t)= (%,(g—tjcos(%),(g—tjsm (35))'

-1<s<1 0<t<1 with constant mean curvature
H(s,0)=0 along the timelike curve a.(s) (Figure
4).

Figure 4. P, (S,t) with constant mean curvature along

the timelike curve a(s).

Letting u(s,t)=0, v(s,t)=w(s,t)=t and t,=0,
Theorem (v) is satisfied and we obtain the surface

Ps(s,t)=(55_4t,(4

-1<s<1 0<t<1 with constant mean curvature
H(s,0)=«/§ along the timelike curve o(s) (Figure
5) .

Figure 5. P;(s,t)with constant mean curvature

along the timelike curve o(s).

6. CONCLUSION

In this study, we showed that it is possible to construct
surfaces with constant mean curvature along a given
timelike curve.
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