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Abstract

A recent study on solving nonlinear differential equations by a Laplace transform method combined with the
Adomian polynomial representation, is extended to the more general class of dynamic equations on arbitrary
time scales. The derivation of the method on time scales is presented and applied to particular examples of
initial value problems associated with nonlinear dynamic equations of first order.
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1. Introduction

In a recent paper, a series solution method based on combining the Laplace transform and Adomian
polynomial expansion was proposed to find an approximate solution of nonlinear differential equations [§].
It uses the expansion in Adomian polynomials defined in [I, 2]. An important drawback of the Laplace
transform method is the fact that it cannot be applied in the case of nonlinear differential equation in
general. In order to cope with this problem, the authors of [§] suggested the use of Adomian polynomial
expansion of the nonlinear function of the dependent variable involved in the differential equation.

In this work, we propose a counterpart of this method on an arbitrary time scale and derive its general
formulation for a dynamic equation of any order. We confirm that when the time scale is the set of real
numbers, our method reduces to that in [g].
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Our presentation is organized as follows. First, we recollect some preliminary information on time scales
in Secton 2. In Section 3, we derive the method for an n-th order nonlinear dynamic equation. The next
section contains the application of the method to specific examples of first order nonlinear dynamic equations.
The last section is devoted to conclusion and some further directions for study.

2. Preliminaries

We start this section with a review of some basic concepts on time scales which are used throughout the
paper. A detailed information on basic calculus on time scales can be found in [3] 4 [5].

Definition 2.1. A time scale, usually denoted by T, is an arbitrary nonempty closed subset of the real
numbers. On a time scale T,

1. the forward jump operator o : T —— T is defined as
o(t)=inf{s e T:s>t},
2. the backward jump operator p : T —— T is defined as
p(t) =sup{s € T:s < t},
3. the set T" is defined as

T\(p(sup T),supT| if supT < oo
T =
T otherwise,

4. the graininess function p: T — [0,00) is defined as
u(t) =o(t) —t.
Clearly, o(t) >t for any t € T and p(t) < t for any t € T. We set
inf) =supT, sup® = infT.

Definition 2.2. A point t € T is called

1. right (respectively left) dense if o(t) =t < supT (respectively p(t) =t > inf T),
2. right (respectively left) scattered if o(t) >t (respectively p(t) < t),
3. isolated if it both right and left scattered.

Definition 2.3. Let f: T —— R be a function and let t € T®. If for any ¢ > 0 there is a neighborhood B of
t, B=(t—0,t+06)NT with § >0, such that

[f(@(t) = f(s) = f2W)(0(t) = s)| < elo(t) —s| for all seB, s#oa(t),

then f2(t) is called the delta derivative (Hilger derivative or derivative) of f at t.
If fA(t) exists for all t € T®, then f is delta differentiable (Hilger differentiable or differentiable) in T".

Clearly, the delta derivative is well-defined and reduces to the classical derivative when T is the set of
the real numbers. We refer the reader to [3], [4] and [5] for more information on the delta derivative.
Next, we recall the definite integral on time scales.

Definition 2.4. 1. A function f:T —— R having finite right limits at all right dense points and finite
left limits at all left dense points of T is called requlated.
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2. A function f:T —— R which is requlated and continuous at right dense points of T is called rd-
continuous. The set of rd-continuous functions is denoted by Cyq(T).
3. A continuous function f: T — R is called pre-differentiable with region of differentiation D, if
(a) D CT",
(b) T®\D is countable and contains no right-scattered elements of T,
(c) f is differentiable at each t € D.

Theorem 2.1 ([3],[4],[5]). Letto € T, 2o € R, f: T — R be a given requlated function. Then there exists
exactly one pre-differentiable function F satisfying

FA()=f(t) for all teD, F(ty)=uxo.

Definition 2.5. If f: T —— R is a regulated function, any function F defined in Theorem [2.1] is a pre-
antiderivative of f. For a requlated function f the indefinite integral is given as

/f(t)At =F(t)+c,
with an integration constant c. The Cauchy integral of f s
/ f(t)At = F(s) — F(r) for all 7,s€T.

A function F : T —— R is called an antiderivative of f : T —— R whenever we have

for all t € T".

More details on delta integral can be found in [3], [4] and [5].
In the following discussion we need the definition of the generalized exponential function on time scales.
Its definition is based on the regressive functions, that is, functions f : T — R satisfying

1+ pu(t)f(t) #0 forall teT".

The set of all regressive and rd-continuous functions f : T — R is usually denoted by R(T) or R. The set R
endowed with the operation @ defined as

(f ®g)(t) = f(t) + g(t) + u(t) f(t)g(t),
is a group called regressive group (R, ®). For any f € R, we define

f(t)

—— 2 forall teT",
L+ p(t)f(?)

(©Nt) =
and the operation © in R as

(fegt)=(f®(eg)(t) foral teT".
Clearly, for f,g € R, we have
f—yg
1+ pg

We also need the Hilger complex numbers which are defined by

feg=

1
(Ch:{ze(C: z#—h},
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for h > 0 and Cy = C. We also define
Zh:{ZGC: —%<Im(z)§%},
for h > 0, and Zg = C. Finally, the cylindrical transformation &, : C;, — Zj, is defined as

En(z) = %Log(l + zh),

where Log is the principal logarithm function. If h = 0, we take £y(z) = z for all z € C.

Definition 2.6. For f € R, the generalized exponential function is defined as

es(t,s) = et G (FNAT oJe T Loe(Huf AT gy e

More infomation on the generalized exponential function can be found in [3] 5].
Below we give the definition of Laplace transform on time scales.

Definition 2.7. [3, [6]] Denote by Ty, a time scale such that 0 € Ty and supTy = oco. For a function
f:To— C, define the set

D(f) = {z€C: 1+zu(t)#0 forallt €Ty
and the improper integral / f(x)el, (x,0)Az exists } ,
0

where eZ,(x,0) = (eq: 0 0)(2,0) = egz(o(x),0).
For all z € D(f), the Laplace transform of the function f is defined as

£(f)(z) = /0 " f(@)ed (x.0)Ax. 1)

Definition 2.8. The monomials hi(t,s), k € Nog on a time scale T are defined as follows [5].

ho(t, S) = 1,
t
hk’—‘rl(ta S) = hk(Ta S)ATv

S

fort,s € T and k € Ny.

Note that hkA(t, s) = hg-1(t,s), t,seT, keN.
It is shown in [6] that the Laplace transform of a monomial hg(t,tg) is

L(hs(t,10))(2) = gy &)

The Taylor formula on a general time scale is given as follows.

Theorem 2.2 ([B,5]). Let n € N. Suppose f is n times A-differentiable on T . Let also, s € ']I"'“nfl, teT.
Then

n—l(t)

n—1
) = 3 bt ) £ (5) + / B (£,0(r) £ () AT,
k=0 S
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3. Adomian polynomials method on time scales

In this section we derive the method and present its application to a dynamic equation of arbitray order

with a nonlinear term.

Let T be a time scale with forward jump operator o, delta differentiation operator A and graininess
function p. In the rest of the paper we assume that p is delta differentiable on T. Denote the set consisting

of all possible strings A,, 5, of length n, containing exactly k times o and n — k times A operators by S,in .

The following theorem is needed in the derivation of the method.

Theorem 3.1. [J] For every m,n € Ny we have

m+n

halt, )bt ) = S | S0 '™ (s,8) | e, s),

l=m Aim€ Sﬁrli)

for every t,s € T.

For s € T, I,m,n € Ny, set

Al m
Al,m,n,s = Z In

Ay eSSy
By Theorem [3.1] for any m,n € Ny, we have

m-+n

hi(t, $)hm(t,8) = Y Ay shu(t, s).
l=m

For n € Ny, t,s € T, define the polynomials
H(t,s) = (hi(t,s))", t,seT.

Note that on any time scale hq(t,s) =t — s and we have

H(t, s)HL (t,s) = (t— s)"(t — )™ = (t — )"t = HL, (t,5), t,s€T.

Note also that
Hll(tv 5) = hl(t? 8)7

and by , we get
H21(t7 S) = hl(t>s)h1(tvs)

2
= > Al s)
=1

= Aj11shi(t,s)+ Az11.sha(t, s)

IR ]

= Ay 1 Hi(t,s)+ Agq1shal(t,s),

Iy 1Yy
whereupon

A 1
ha(t, ) = =3 2 H(E 8) + - ——H3 (1,5),
54,158 ,1,1,8

and so on. Below we denote by Bg, 1,7 € N, the constants for which

H}(t,s) = BYhi(t,s) + Byha(t,s) +---+ Bhy(t,s), t,scT.

)
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Example 3.1. Let o € R. Then using the Taylor formula and the fact that

(calt, s)™" = aFea(t, s),
the Taylor series of eq(t, s) yields

ealt,s) = 14 ahy(t,s)+ aho(t,s) + -

= 1+aHi(t,s)

A 1
ra? (<4 ) 4 ) +
2,1,1,s 2,1,1,s

A
= 1—|—<a—a2A;’1’1’s+~-->Hll(t,s)
7’78

+< o +~->H21(t,s)+-.-.

Ax11s

Now, suppose that u : T — R is a given function which has a convergent series expansion of the form

j=0

Suppose also that f: R — R is a given analytic function such that
o
f(u):ZAn(uo,ul,...,un), (7)
n=0

where A,, n € Ny, are given by

Ay = f
A, =

—~

mny

c(v, n)f(") (ug), neN.

NE

1

N
Il

Here the functions ¢(v, n) denote the sum of products of v components u; of u given in @, whose subscripts
sum up to n, divided by the factorial of the number of repeated subscripts, i.e.,

Ao = f(uo),
Al = C(lvl)f/(u(])

= uy f'(uo),
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Ay = C(la 2)f/(U(]) + C(2a Q)f”(UO)
! u% 1
= uaf'(uo) + 5 f7 (uo),
As = c(1,3)f (uo) +¢(2,3)f"(uo) + (3,3) " (uo)
! " uif "
= uzf'(uo) +wruaf"(uo) + 55 [ (uo),
Ap = c(1,4)f (uo) + c(2,4) f"(uo) + (3, 4) " (uo)
(4, 4) @ (uo)
/ ug " U%UQ "
= wugaf (up) + | wrus + 5 ' (uo) + Tf (up)
4
u
+j (4) (uo)
and so on. Suppose now that u is also given by the convergent series
Z WHL (L, 10). (8)

We wish to find the respected transformed series for f(u). From @, we have

o0 [ee]
u = Zun = Z cnH L (t,t0),
n=0 n=0

and hence,
Uy = cnHY(t,t0) n € Np.

Thus, we obtain a series representation for f of the form

flu) = (Z cnH ) (t, to )

= Y A™co,c1, ... cn)HA(E To).

which compared with he expansion (7)) gives the coefficients A" (¢, c1, ..., ¢,) as

A™(co,c1,. .. en)HE(t to) = Ap(uo,ug, ... u,), n=0,1,....

For n = 0, we have

upg = COH(% (tv tU)'

= ¢
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Thus,

AO(C())H(% (t, t()) = AO(C(])

= Ao(uO).

For n =1, we find

Al(CO, Cl)Hll (t, to) = A1 (’U,(), ’U,l)

= 'LLlf,(U()),

or
Al (Co, Cl)Hll(t, to) = 01H11 (t, t())f/(uO),

whereupon

Al(Co,Cl) = le’(uo)

= c1f'(co)
= Al(CO,Cl).
For n = 2, we have
A% (co, c1,ca)Hy (t, to) = Az (ug, u1, usz)
or ,
2 1 _ / Ut .y
A*(co, c1,c2)Hy(t,t0) = ua f'(ug) + ?f (uo).
Then
A (H(t,t))?
A(co,cre) B 1) = ex}(1,0)f (o) + T o
/ C% " 1
= |(caf'(co) + gf (co) | Ha(t,to),
whereupon
2 / C% "
A%(co,c1,02) = caof (Co)+§f (co)
= As(co, c1,c2).
For n = 3, we find
A3(co,c1,c2,c3)Hi (L tg) = As(ug, u1,ug, u3)
/ 1 u? 11
= uzf'(uo) +uruaf"(uo) + o7 f" (uo),

3!

or

3
C
A3(co, e1, 0, c3)H3 (t,t0) = csHj (¢, t0) f'(co) + creaHy (,t0) £ (co) + 3*1,f'"(00)H§ (t,to),



S.G. Georgiev, I.M. Erhan, Adv. Theory Nonlinear Anal. Appl. 5 (2021), 300315 308

whereupon

3

C
A3(co,c1,¢0,¢3) = caf'(co) + creaf’(co) + 3*1, "(co)

= A3(CO)017027C3)7
and continuing in this way we get the following result.

Theorem 3.2. Let u: T — R be a function with a convergent expansion given in . Let f: R — R be an
analytic function having the form (7). Then

(ch t to ) = ZATZ(C(%CD"'7C7’L)H711(t7t0)'
n=0

Example 3.2. For a = 1, consider u = e, (t,to) and f(u) = u®. Using Ezample we have

m=0
where
Co = 17
9 A1 11,8
g = a—a?t + e
A211,s
a? .
CQ — SCIE
A2 11,6
Note that
(ea(t, to))g = C(Q) + 20061H11(t, t()) 4+ (9)

On the other hand, by Theorem|[3.4, we obtain
(ea(t,to)) Z A HL (t,to)

and

AO (U()) = AQ (C())

- 637
Ai(ug,u1) = e1f'(co)

= 26001

and so on, i.e., we get @
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In what follows, we present the Adomian polynomials method for a dynamic equation of arbitrary order
on a general time scale T. With £ we will denote the Laplace transform on T given in . Suppose that
to € T. Consider the initial value problem (IVP)

yAn+a1yAn—l ++any:f(y)? t>t07
A An—1 (10)
y(tO) = Yo, Yy (tO) = Y1, B Yy (tﬂ) = Yn—-1,

where a; € R, i € {1,...,n}, y; € R, i € {0,...,n — 1}, are given constants, f : R — R is an analytic
function. We will search a solution of the IVP , in the form

o0
y(t) = ciHj(t,to), t>to.
7=0

Assume that

o
ZAJ (co,. ... c;)H(t, ), t>to.
7=0

Using the formula (2)) given in [5], that is,

1
L (hk(tato)) (Z) = W7 ke NO;

we get

—_

L(Hy(t,to)) () = =,

N

J
L(H}(t 1)) (2) = Y BlL(hk(t,t0))(2)
k=1

J

= Z k+1, e N.

k=1

Let Y(z) = L(y(t))(z). We take the Laplace transform of both sides of the dynamic equation in and
using the initial conditions we obtain

n—1 n—2

2"Y(z) — Z 211+ a12" Y (2) —ay Z 2 yn_o_i
1=0 1=0
00 i 1
o taY(z) =) (Aj(co, ) ZB;Zm)
j=0 k=1
or
(z"+a2" '+ ta,) Y(2) = Z 1o+ ar Z 2oy

1
+--Fap—1yo + Ao(Co);

i
Z( CO,...,Cj)kZBiZkH>.
=1 =1
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From this equation we get

1 n—1 n—2
— ! !
Y(z) = P ta e t ot a, (;Z Yn—1-1t a1 ;Z Yn—2-1
1
+eotan—1yo + AO(CO);

o0 J
i1
+Z (Aj(CQ,...,Cj)ZBizk_i_l) )
j=1 k=1

Consequently,

1
+- Fan—1yo + AO(CO);

00 i .
+Z (Aj(CO, ce ,Cj) Z Biﬂj—l—l) >> (t)
Jj=1 k=1

or by the linearity of the inverse Laplace transform,

n—1 1
z
t) = Lt t
o0 = (o) O

n—2 l

z
o L7 t
+alzyn 2—1 (z”—l—al,z”l—l—--'—i—an)()

1=0
1

iyt t

+Hn-1%0 (z”+a1z”—1—|—--'+an>()
1

Ag(co) L1 t

Fe)e (e )

00 J
; 1
. . J r—1
+Z (A](607-..7C])2Bk£ (Zn+k+1+a12n+k+"‘+anzk+l> (t)> )
j=1 k=

1
t > to.

After computing the inverse Laplace transform of the right-hand-side, we equate the coefficients of the
functions hg(t,tg) on both sides. In general, this results in a nonlinear system for the constants ¢, k € Ny.

4. Examples of IVPs for first order nonlinear dynamic equations

As a particular case, we consider an IVP associated with a first order dynamic equation of the form

yA = f(y)7 1> to, y(tO) =0, (11)
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where f: R — R is an analytic function. We propose a solution of the IVP (1)), in the form

Zc] (t,to), t>to.

Like in the general case, we suppose that

ZA] co,- .- ¢ H(t,to), t>to.
7=0
On the other hand, by we have
oo J
y(t)=co+ > > cjBlhi(tto), t=>to, (12)
7j=1k=1
and A
oo ]
Fly) = Aolco) + DY Aj(eo, )Bjhui(t, to), ¢ = to (13)
7j=1 k=1
Let

Then we have
L(y2(1) (2) = 2Y (2) = y(to) = 2Y (2).
Taking the Laplace transform of both sides of the dynamic equation (11]) we obtain

o j

2Y(z) = Ao(co) + D> Aj(eo,. ., ) Blhu(t. 1) | (2)
Jj=1k=1

1 & 1
= AU CO ;—*—ZZAJ Coy.-.5C Biﬁ
7j=1 k=1
Then we arrive at

o j

1 i1
Y( ) AO C() 72 ZZ CO,..., Bim

Now, by taking the inverse Laplace transform of both sides, we get

c©
y(t) = Ao(co)hi(t, to) +ZZA] Co, .-, ¢j) Blhgi1(t, to).
7=1 k=1
Employing , we have

oo J

co ]
Co +ZZCjBihk(t,t0) AO CO hl t, to + ZZAJ COye -y B hk+1(t to).

j=1k=1 j=1 k=1

In order to equate the coefficients of the time scale monomials hy(t,%y) on both sides, we reorder the sums

as follows.
0 .
co + ZC]‘B{ hltto +Z ZCJ tto)
k=2 \j=k

SIS
= AU CO h1 t to —|— Z Z AJ o, - - - ,Cj)Bi_lhk(t,to).
k=2 j=k—1
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This results in the following nonlinear system for determining the constants c;, j = 0,1,.. ..

C[):O,

ZCjB{ = Ao(co) = f(0),

(14)
> . i~ .
chBi = Z i(cos .. ¢)Bl_y, k=2
=k j=k—

Notice that the system is infinite and nonlinear in its unknowns. However, the nonlinearity is of polynomial
type. This is a result of the nonlinear structure of the function f.

t —to)" ;
Remark 4.1. If T = R, we have HE(t, tg) = hy(t, to) = (klO) for k € N and hence, B;, = k!0 ; for

keNandj=1,...k. In this case, the system becomes

c = 07
kKle, = (K—1)Akx_1(coy...,ck-1), k=1,2.3,..., (15)
or simply ¢, = %Ak,l(co,...,ck,l) k=1,2,3,...,

which is consistent with the study given in [8].
Next, we give some particular examples.

Example 4.1. As a first example we consider an IVP associated with o linear dynamic equation of first
order of the form

y2(t) = ay(t) + b, y(0) =0, (16)

where a,b are real constants. Assume that
o0
=> ¢H}(t,0), t>0,
j=0

where ¢, 7 =0,1,..., are the coefficients to be determined. By Theorem we have

f()_ay +b_ZA Coy---»C (tO) t>0,
where

Ao = f(co)

= acyp+b
A = caf(c)

= acq

2

Ay = caf'(co) + 5 f"(co)

= acy

C3

Az = c3f'(co) + crcaf’(co) + 511" (co)

= acs

_ / 3 " ea g cf (4)
As = af'e)+ (caes+ ) fle) + T2 (co) + G (co)

= acy

A, = acy
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since f'(co) = a and f*)(cg) = 0 for k > 2. Therefore, the system for this example takes the form

co = 0,
- .
> ¢Bl = b
' (17)
> . > .
ZCjB’i = Z CLCj_lBi_l, ke Nk >2.
=k k1

This is an infinite linear system having the following triangular form

cg = 0
c1Bl + B2 +c3Bj+--- = b
B3 + 3By +cyBy+ -+ = a(aiBl+ B+ 3B} +--) =ab
63B§’ + C4B§ + C5B§’ +.-- = a(czB% + 03B§’ + cleél +.) = a?b
ecnBl 4+ cn1 B 4+ = a(eu B 4B 40 ) =a" b

In the next two examples we take f to be a nonlinear function.

Example 4.2. Consider the initial value problem associated with the first order nonlinear dynamic equation
of the form
y2(t) =e'™, >0, y(0)=0, (18)

where e is the exponential function on the set of real numbers. Assume that the solution has the series
representation

oo
t)=> ¢H(t,0), t=>0,

where c;, j € Ny, are the coefficients to be determined. By Theorem we have

fly) =D =" Aj(co,....c;)Hj(t,0), t>0,
7=0
where
Ao = f(co)
= eCO
Ay = caf(c)
= (1€
A2 = Cgf (CQ)Q-F 1 N(Co)
_ -1 €0
= (Cz + 2u> p (19)
As = c3f'(co) +0102f”(00> 3r.f" (co)
= c3 + ci1co + 3 3, e
c2 e ct
Ay = al(e)+ (c1c3 + ) £"(co) + F2f"(e0) + GO (co)

cyc C4
= (C4+01€3+ —1-12—1-4%)600
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The infinite nonlinear system for this example has the form

co = 0,
0 .
Y Bl = Ag(e),
gt (20)
(o) ) o )
> Bl = > ABl,, k=>2,
j=k j=k—1
or, more explicitly,
co = 0,
ClBll—i-CQB%—i-Cg,B?—i-'” = 1,
2
@@+mgmm%m-:qm+@+33%~w
2
3B} + cyBi + esBY + - = @+%ﬁg+m

Solving this nonlinear system one can approximately obtain c;, i € N, and hence, the approrimate solution
of the initial value problem which is

y(t) = ey Hi (t,0) + coHa(t,0) + c3Ha (,0) 4 - -- (21)

Example 4.3. In the last example we consider the initial value problem associated with the first order
nonlinear dynamic equation of the form

y2(t)=y*+1, y(0)=0. (22)
Assume that -
y(t) => ¢ H(£,0), t=>0,
=0

where the coefficients c;, j € N will be determined from the nonlinear system . Let

F@) =y*+1=> Aj(c,...,c;)H}(£,0), t>0,

=0
where
Ao = [f(co)
Ar = afl(c)
Ay = caf'(co) + jlf”( 0) B (23)
As = c3f'(co) +crcaf"(co) + 5 ”’(co) )
A = afl(e)+ (ac+ ) Pca) + 52 () + 5 £9(co)
Since f'(co) = 2co, f"(co) =2 and f(™(co) = 0 for m > 3, then we obtain
Ao = C(QJ +1
A1 = 26001
Ay = 2c¢pco + C%
Az = 2c¢pe3 + 2c160 (24)

Ay = 2cpcq +2c1c3 + c%
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The nonlinear infinite system becomes
co = 0,

> eiB] = Ag(eo),
j=1 (25)

e}

o)
ZC]'B% = Z Aj(CQ,...,Cj)Bi_l, k > 2.
j=k j=k—1

If, in particular, the time scale under consideration is T = Z, then

tt—1)...(t—k+1)
k!

hO(tao) :17 hl(t,O) :ta hk(t70): 7k:273>"' )

and hence, we compute

Hi(t,0) = t=hyi(t0)

Hi(t,0) = 2= 2hy(t,0)+ hi(t,0)

Hi(t,0) = 3 =6h3(t,0)+ 6h2(t,0) + hyi(t,0)
HE(t,0)

= t4 = 24hy(t,0) + 36h3(t,0) + 14ha(t,0) + hi(t,0).

Then, the system (25)) turns into

Co = O,
a+cet+etea+--- = 1,
2cy +6c3 + ldey + -+ = A +2cica+ (2c163 +3) + -,
6c3 4+ 36c4 + -+ = 2¢2 4+ 12c1c9 + 14(2¢1c3 +c3) + -,

2ci+--- = 12c100+36(2c1c3 +3) -

5. Conclussion

The method developed in this study makes it possible to use the Laplace transform technique in the case
of nonlinear dynamic equations. It is easy to see that the method can be efficiently applied when dealing
with initial value problems having homogenous initial conditions. The weakness shows itself in the fact that
finding the approximate solution requires solving an infinite nonlinear algebraic system. For computational
purposes, one needs to truncate this system. As a future study, the Adomian polynomials method developed
in this paper can be also applied to both linear and nonlinear integral equations on time scales which have
been recently presented in the books [5] [7].
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