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Keywords Abstract: In this study, wave solutions of the (3+1) dimensional Jimbo-Miwa equation and two
Modified different phenomena of the solution, fusion and fission, are obtained using the modified exponential
Exponential function method. In order to get more possible solutions, two different cases are investigated due to
Function the nature of the modified exponential function method. When the resulting solutions are analyzed,
Method, trigonometric, hyperbolic and rational functions are obtained. It was checked whether the solution
The (3+1)- functions found by the Wolfram Mathematica software provided the (3+1) dimensional potential
dimensional Jimbo-Miwa equation. Two and three dimensional graphs, contour and density graphs of the
Jimbo-Miwa solution function were get by determining the appropriate parameters.
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Fiizyon ve Fizyon Fenomenleri icin Dogrusal Olmayan Dalga Céziimlerinin incelenmesi
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Dalga
¢Oziimleri

Oz: Bu galismada, (3+1) boyutlu Jimbo-Miwa denkleminin dalga ¢6ziimleri ve buna bagl olarak da
¢oziimiin fiizyon ve fisyon olmak {izere iki farkli olgusu modifiye {iistel fonksiyon ydntemi
kullanilarak elde edilmistir. Daha olas1 ¢oziimler elde etmek i¢in modifiye edilmis iistel fonksiyon
yonteminin dogast geregi iki farkli durum incelenmistir. Ortaya ¢ikan ¢oziimler incelendiginde
trigonometrik, hiperbolik ve rasyonel fonksiyonlar elde edilmistir. Wolfram Mathematica yazilim1
tarafindan bulunan ¢6ziim fonksiyonlarmin (3+1) boyutlu potansiyel Jimbo-Miwa denklemini
saglayip saglamadigi kontrol edildi. Uygun parametreler belirlenerek ¢6ziim fonksiyonunun iki ve
i¢ boyutlu grafikleri, kontur ve hassasiyet grafikleri elde edildi.

1. INTRODUCTION

Physics, engineering, health, etc. all events encountered
in natural and applied sciences are represented by
mathematical models. These types of models are stated
in nonlinear partial differential equations. Therefore, it is
of great importance to obtain the solutions of such
equations. In scientific studies in the literature, there are
various methods to investigate the solutions of such
equations. Some of these methods in the literature;
generalized tanh function method [1], the modified
extended tanh-function method [2-3], the generalized
Bernoulli sub-equation function method [4-6], The trial

equation method [7-11], the first integral method [12],
the modified exponential function method [13-17] and
many more methods.

In this study, we consider the (3+1) dimensional Jimbo-
Miwa equation given following [18-24],

Uygory +3Uy Uy +3UyUyy + 22Uy =3y, = 0. (D)

Equation (1) given as a mathematical model has been
encountered in fusion and fission phenomena which is a
subject of nuclear physics. In the literature, there are
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results obtained by using various methods regarding the
solutions of equation (1) [18-24].

In the second part of this study, the modified
exponential function method is introduced. To
apply this method PDEs has been reduced to
ordinary diferantial equations (ODES). In the third
chapter, the solutions obtained by applying the
determined method (3+1)-dimensional Jimbo-Miwa
equation and two- and three-dimensional graphs,
contour graphs and density graphs of these results
are presented for two cases. In the last part, the
conclusion part is given.

2. ANALYSIS OF MODIFIED EXPONENTIAL
FUNCTION METHOD

Let us consider the general form of the nonlinear partial
differential equation for the modified exponential
function method as follows;

P<U’Ux'Uy’Uz'Ut*Uxx'Uxt'Uyy’Uxxxz"")201(2)

where U =U (X, Y, z,t) is unknown function.

Step 1. Taking the independent variables given in
equation (1) into consideration, the wave transformation
given below is considered,

U(xy,2,t) =U (&), & =k(x+y+z-ct). 3)

The terms k and ¢ given here are constants in walking
wave transformation. If the expression (3) is substituted
by obtaining the derivative expressions in the equation
(2) given as the general form of equation (1) by using the
wave transformation,

2
N(U,U',(U’) ,U”,U'”,---):O, )
the general form of the nonlinear ordinary differential

equation is gotten.

Step 2: According to this method, the solution function
of equation (1) is as follows.

. Alew(-a()]
B; [ew(-0(¢)

Q

L=

™M3

[
- ]
j=0 )] (5)

_ Ay +A1exp(—Q)+---+An exp(n(—Q))
By + Blexp(—Q)+---+ B exp(m(—Q))’

where A, B; ,(0 <ig<n0<j< m) are constants. The

balancing procedure is applied to the nonlinear ordinary
differential equation (4) obtained by applying the wave
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transformation. In other words, by equating the term
with the highest order derivative in the equation (4) and
the nonlinear term, the relation between m and n is
obtained. Equality is found by giving value to the
constants in this relation. Thus, the upper limits of the
sum symbols in equation (5) are determined.

(&) =exp(-0(&))+ uexp(Q()) + 4 (6)

The omega function given below is a function used as
the power of the exponential function in the solution
function. When we solve the Eq. (6), the following
families are obtained by He et al [13]:

2
Family 1: When £ #0, A" =4u>0,

- /12_4ﬂ tanh[ ‘/12_4'u

(§+E)J—
2 .

Family 2; When 4 #0, 22 -4u <0,

2 2
\/_ﬂ tAu tan[\/_/1 2+ i &+ E)J

a(g)=m|
A

2

(8)

Family 3: When #=0,4#0and 22 —4u>0,

2(¢)=-n [exp(l(;+ E)) —1} ©

Family 4: When 4 #0,4#0 and /12 —-4u=0,

B _2/1(§+E)+4
Q(é)_ln( e J (10)

Family 5: When 4 =0, 2=0and /12 -4 =0,
Q(&)=In(¢+E). (11)

where
constants.

Ao Ao Ay By Bl B E A i are

Step 3: After equation (6) is solved, when the equation
(5) is written in its place, an algebraic equation system
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consisting of coefficients is get. When this system of
equations is solved with the help of the Mathematica
program, the travelling wave solutions that provide the
equation (1) are obtained.

3. APPLICATION
Using the traveling wave transformation (3) for equation

(1), the following nonlinear ordinary differential
equation is obtained,

KU +3k(U7)° - (2c+3)U" =0, (12)

If U'=V transform is applied in equation (12), we
obtain,

kA" +3kv2 — (2c+3)V =0. (13)

In equation (13), if the equalization term is applied
between V "and V2 according to the balance procedure,

M+2=N. (14)

If M =1s0 as to satisfy the equation (14), N =3 is
obtained. In this case, the upper limits of the total
symbols in the sought solution function in equation (5)
are determined. Accordingly, the terms required in the
equation (15) are given below.

v(e)-¥ A R
0 By +Be ) |
V’(§)= ‘//(0(/)—2'//(0 ' (15)
3 2 2 2

) o o ye' —\ve"+y'e' ) o +2(y') e

(e)- (v +vo)e’ <20y vo
@

Case 1:

1
A ==<K(2 +2 )8,

A =—%k(6 AB,+ (A% +2u)B)),
A =2k (B,+4B),A =2k B,

c=%(k2<—(/12—4y))—3).

By using the obtained coefficients, the traveling wave
solutions of equation (1) have been analyzed considering
the following family cases.
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Family-1:
k(4% - 4u) sech? @¢j(w+a ~44)

2
3[\//12 —4ytanh(i¢)+zJ

V1,1 &) =- : (16)

Where a = (4% -24)Cosh[], g = JA2 —ausinh[4],

¢=\A* —4u(EE+¢&).
Integrate & on both sides of the equation U' =V,

31
2ucosh(¢) + 2* -2

~EE-¢ |+
17

Uy, (€) =;k(12 ~4u)

2kup
2ucosh(¢)+4° -2u’

Uyt

4

i -6 \/“\ 2 1
=1 i -2
! = .

Figure 1. The three dimensional graph, contour graph, density graphs
of Eq.(17) for the values ¢ = —4,A;=2,B,=1,1=3,u=1y =

—1,z =1,k = —1,EE = 0.82 and two-dimensional graph for t =1

Family 2:
k (/12 - 4,u)se02 (; r)(g -+ 4,u)
o E—
3(,1 — 4y - 2%tan C TD

Vl,z &)= (18)

Where ¢ = 4y-4° + 4sin[z]. = (42 - 24) Cos|]
o =y-2% +au(EE+¢).

13




Tr. Doga ve Fen Derg. Cilt 10, Say1 2, Sayfa 11-18, 2021

Tr. J. Nature Sci. Volume 10, Issue 2, Page 11-18, 2021

|

o0 |

-5 :
0|

—~EE-¢ |-
(19)

Uaten
s E
s 1
0 ]
-0 = © H 10

Flgure 2 The three dlmensmnal graph, contour graph, density graphs
of Eq.(19) for the values c=0,4;=2,Bi=1,1=1Lu=1y=
—0.01,z =0.01,k = —1,EE = 0.82 and two-dimensional graph for

t=1

Up,() :2k(12 ~4u)

2k,u\’4,u — %sin (r)

2ucos(¢)+ 4% -2u

2c0s (T)+/12 -2u

Uit

Uian

Family 3:

Vp (&) = sz (cosh(A(EE + &£)) + 2)
! 6

. (20)

csch? (ZA(EE +§)).

Integrating equation (20) according to &,

Up4(6) = k/lcoth(z A(EE + 5)) §|<,12(EE +&).
(21)

)
U300 tiaen

-5

-10 -1
Uiy

F‘i'bure 3 The three ciimenshi'onal graph, contour gfaph, density graphs
of Eq.(21) for the values c=-2,A=1,u=0,y=1z=1k=
—1, EE = 0.82 and two-dimensional graph for t = 1.

Family 4:

I T T .
V1’4(§)—6k(/1 (1 (/1(EE+§)+2)ZJ 4;1} (22)

Integrating equation (22) according to &, we get,

1
Upa() =K 122 (23)

/1(EE+§)+2

[
)
¥ ‘
"
5
o
i k
0
0|
BTy ] g s £

Gyt

AA(EE + &) +2) + ]

Flgure 4 The three dlmensmnal graph, contour graph density graphs

of Eq.(23) for the values c=-151=2,u=1y=1z=1k=
—1, EE = 0.82 and two-dimensional graph for t=1.

Family 5:

2k
Vi5(8) = TEEr o’ (24)
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Integrating equation (24) according to &, we obtain,

2k
Ulys(f) = EE+§. (25)

Figure 5: THe tﬁreé dir:nen‘sior’ial éraph, contour graph; density graphs
of Eq.(25) for the values c=—-151=0,u=0,y=1,z=1k =

—1,EE = 0.82 and two-dimensional graph for t =1

Case 2:
N By (20 +3k%2% +3)
6k
2,2

A1=—Bl(2C+Zt A +3)—250k,1,
A, =-2k(BA+By), Ay=-2BKk,

2c+k?22+3
H=—5—.

4k?
By using the obtained coefficients, the traveling wave
solutions of the equation (1) are analyzed by considering
the following family cases.
Family-1:
5 2

2c+3 k(iﬂJrﬂ —4/1)

_ 5 )

6k 2(p+4)

Where g = \//12 —4ua ,a =tanh (;qﬁj
p=1?—au(EE+¢&).

Integrate & on both sides of the equation U’ =V,

(26)

Vzll(f) ==

[)’(2(2c +3)ué +31K% (47 —8,u))+
2(2¢ +3) Aué + +12k % utanh ™ (o)
(«//12 —4/1(/5'+/1))+3k2 (,12 —4;4)2

12ku(p+2)

Uy (8)=- - (27)

Uyt

Uy

-4

Figut‘:e 6. 'I:he thrée diménsionéi graph, contour graph, density graphs
of EQ.(27) for the values c = —-2,A=2,u= 1—Z,y =1,z=1k=

2,EE = 0.75 and two-dimensional graph for t =1.
Family 2:
2 2
2c+3 k(—/1§+/1 —4ﬂ)
B 2
Bk 2(2=¢)

Where ¢ = /4% — 4utanh (; Tj' o =(2u)Cos[r],
r=\-2%+4u(EE+¢).

2c+3 1
Up2(8) = —(C;_()é—zk(EE +§)(12 —4y)+

ka (2% - au) | 2Kkuf4u-27sin(7)

0+ A% —2u

(28)

Vz,z(f) ==

(29)

0+ A% —2u
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Figfjre 7. The th”ree dirhensioﬁal graph, contour Qraph, density graphs
of Eq.(29) for the values c=2,1=1,u= ﬁ,y =-1,z=1k=

2, EE = 0.75 and two-dimensional graph for t =1

Family 3:

2.2 .21
20432 %coth” | ~A(EE+8) | +3

Vo 3(8) = (30)

6k

Integrating equation (30) according to &,

coth (; A(EE + §)j -
U, 5(8) =ka . -
tanh ™t [tanh (2 A(EE + §)D (31)
(2c+3)¢&
6k

U360

=0
5 &
Upaten

-8
-
‘ 10
‘ |
o
-0
4
-6
10

Fi(;]xurévs. ;I"he 'tAhreé dirhenéional graph, contour graph_,' density graphs
of Eq.(31) for the values c=-2,1=1u=0y=-1,z=1k=

1, EE = 0.85 and two-dimensional graph for t =1
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Family 4:
2c+3 2kA?
V2,4 (&) =- - 2 (32)
6k (M(EE+&)+2)
Integrating equation (32) according to &, we get,
2kA 2c+3
Uy 4(8) = n e (33)

AEE +&)+2 6k

Uzttt

U400

| [\ + 4 | - ._\. - _I_q - ——— "
e B
L Sl & T |

Figure 9. The three dimensional graph, contour graph, dénéity graphs
of Eq.(33) for the valuesc = —1.51=1,u=025y=1,z=1k =

1, EE = 0.82 and two-dimensional graph for t =1
Family 5:
2c+3 2k

6k (EE+&)%

V2,5 (f) == (34)

Integrating equation (34) according to &, we obtain,

2k (2c+3)¢

_ 35
Vas(e) EE+¢& 6k (39)
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Figure 10. The three dimensional graph, contour grlaph, density graphs
of Eq.(35) for the values c=—-151=0,u=0,y=1,z=1k =

1, EE = 0.82 and two-dimensional graph for t =1.
4. CONCLUSION

In this article, MEFM was applied to the (3+1)-
dimensional Jimbo-Miva equation considered as a
nonlinear mathematical model. In this research, it was
seen that the analytical solutions found under the
conditions obtained according to the method provided
the equation (1). When the analytical solution functions
found are analyzed, it is seen that there are hyperbolic
and trigonometric functions with periodic functions and
rational functions. In particular, obtaining periodic

functions is an advantage because such solution
functions allow interpretation for an infinite
range thanks to the understanding within a
specific range of the behaviors represented by
the mathematical model. All calculations and
graphics were made using Mathematica
software program. It has been observed that
two and three dimensional graphs obtained by
determining the appropriate parameters are
suitable for the physical behavior of wave
solutions. In addition, contour graphics and
density graphics were found with the help of
software program for wave solutions. Using
this method, if more cases are investigated and

different coefficient values are taken, different
traveling wave solutions can be get. When the obtained
solutions are analyzed, it can be stated that MEFM is
effective and reliable in revealing analytical solutions of
nonlinear partial differential equations. The obtaining
results can help us learn more about the fusion and
fission events.
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