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Abstract

We introduce a new class of analytic functions with negative coefficients by using the g—analogue of
multiplier transformation operator. Coefficient inequalities, distortion theorems, closure theorems, and
some properties involving the modified Hadamard products, radii of close-to-convexity, starlikeness, and
convexity, and integral operators associated with functions belonging to this class are obtained.
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1. Introduction

Let A (j) denote the class of analytic functions of the form

fl)=z+ > ad® (jEN={1,2,3.}) (1.1)
k=j+1

which are analytic in the open unit disk U = {z € C: |z| < 1} and let A (1) = A. For functions f(z) given by (1.1)
and g(z) given by

oo

g(2)=z+ > b (jeN), (1.2)
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g—Analogue of of multiplier transformation operator 139

the Hadamard product or convolution of f(z) and g(z) is defined by

(fx9)(z) =2+ > arbpz® = (g% f)(2). (1.3)

k=j+1

Quantum calculus or g—calculus is an ordinary calculus without limit. In recent years, the study of ¢g—theory
attracted the researches due to its applications in various branches of mathematics and physics, for example, in
the areas of special functions, ordinary fractional calculus, g—difference, g—integral equations and in ¢—transform
analysis (see, for instance, [1], [2], [3], [4], [5], [6], [7], [8], [9] and [10]).

For f € A(j) givenby (1.1) and 0 < ¢ < 1, the g—derivative of f is defined by (see [11], [12], [13], [14], [15] and
[16])

1(0) if 2 =0,
Pt = TSy, (14)
and D7 ;f(z) = Dq; (Dy,jf(2)). From (1.1) and (1.4), we deduce that
Dy, f(z *fLFEZ garz®l (G EN;z #£0), (1.5)
k=j+1

where [k], is ¢g—integer number & defined by

[k]q = =14qg+@+..+¢ (0<qg<1). (1.6)

We note that D, 1 f(2) = Dy f(2) and

lim Dy ;f(z) = lim =) — Jlaz) Zi_ = f'(2),

q—1- q—1- ( — q)Z

for a function f which is differentiable in a given subset of C. As a right inverse, the g—integral of f is introduced by

/Zf(t) dt =2(1-q) Y q"f (")
0 k=0

provided that the series converges (see [17] and [18]). For a function f given by (1.1), we observe that

e k+1
Az
/ f(t)dgt = — Z
2 2 T+,
and
z Z o k+1 z P
1 e =
L AL AP S
where [ f (t) dt is the ordinary integral.

Makmg use of the g—derivative D, ; f(z), we introduce the subclasses S, ; (o) and C, ; («) of the class A (j) for
0<q¢g<1l,jeNand0 < a < 1 as follows:

_ o 2Dgi f(2)
Swaw—{feAUM%f@)>aweU}, (1.7)
(@) = 3. Pai(#Daif(2)

From (1.7) and (1.8), we have
[ €Cqj(a) e zDq;f €Sy j(a).
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We note that S; 1 (o) = S, (o) and Cy 1 () = Cy (@) (see [16]) and
lim S;1(a) =S(a) and lim Cyi(a) =C(a),

q—1- q—1-

where S (a) and C (o) are, respectively, the classes of starlike of order « and convex of order « in U.
Now, we define the g—analogue of multiplier transformation operator

Tl ) AG) = A@G) (> -1;meNy=NU{0};j€N),

as follows:
T W) fz) = i tll]q / g V) f () dt (2 €U,
0
l z
T2 f(z) = [ J;ll]q /tHqujl () f()dgt (2€U),
0
THWie) = T [ wa cev),
0
T () f(2) = [f(2) (€1,
L1
jq{j (l)f(z) = me,j (zlf(z)) (Z € U))
L1l
Tai DV f(z) = i1 Dy (2'7,; () f(2)) (2 €D).
L1l
T WFE) = gy Das BT 0 F () (2e0).
We see that for f € A(j), we have
- R AN
Tp5 ) f(2) =z+k§+1 ([Hl]q) az" (1.9)

0<g<lil>-1;meZ={0,£1,%+2,..} ;5 € N).
It is readily verified from (1.9) that
¢' 2D (T35 (D F(2) =1+ 1], T5 () f () = [0, T35 () f () (meZ). (1.10)

We observe that the operator J,; (1) generalize several previously familiar operators, and we will show some of the
interesting particular cases as follows:

() 775 (0) f (=) = Sy f (2) and T3 (0) f () = S7'f (2) (1 € No) (see [19]);

(i) limy - T (0) £ (2) = D™ f (2) (m € No) (see [20], [21], [22] and [23]);

(iti) lim, 1~ T (1) f (2) = T f (=) and lim, - T2 (1) f (2) = T f (2) (1 > 0;m € No) (see [24] and [25]);
(iv) limy - T (1) £ (2) = D™ f (2) (m € No) (see [26]);

() limg - Ty 7" (1) £ () = I f (2) (m € No) (see [27]);
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(vi) limgy1- T, 7 (0) f(2) = Fof (2) = &£ [ e f (t) dt (c > —1) is the well-known Bernardi integral operator
0
[28].

With the help of the operator J,"; (I), we say that a function f belonging to the class A (j) is in the class
L7 (I, A, a; 7) if and only if

. {zpq,j (g (1) £ (2) + Agz2D2; (T (1 JE <z>)} - a (1.11)

(ze€UmeZ0<qg<;l>-10<A<1;,0<a<]).
Let 7 (j) denote the subclass of A (j) consisting of functions of the form:
fz)=2z—- i arz®  (ar > 0;j € N) (1.12)
k=j+1
Further, we define the class H;" (I, A, a; j) by
Hy (LA ez ) = L3 (LA e 3) N T ()
We note that
(@) limg1- Hy' (0, A, 5 5) = P (§; A, «,m) (m € N) (Aouf and Srivastava [29]);
(i) limg_;- HY (0,0,a;1) = S (a) and lim,_,;- HY (0,1,51) = C () (Silverman [30]);

(iii) limg ;- 7—[2 (0,0,054) = S(a;j) and lim,_,;- ’Hg (0,1,057) = C(a;j) (Chatterjea [31] and Srivastava et al.
[32]);

(iv) HG' (0, A, 055) = Hy' (A, 35)

_ oo { Do (S350 (2)) #2022 D2; (S70 ()|
= {f €T (): %{ (1- )\)Sgljf(z) + A2Dy ; (Sgrfjf(z)) } g } ,

(V) limgyy- HG* (LA o) = H™ (1A, a;4)

"

(17M2%ﬂ@+kz@mf@0

The present paper aims at providing a systematic investigation of the various interesting properties and
characteristics of the general class H" (I, A, a; j).

2. Coefficient estimates

Unless otherwise mentioned, we assume throughout this sectionthatm € Z, j e N0 < ¢ < 1,1> -1,0< A <1,
0<a<1,zeUand [k],is given by (1.6).

Theorem 2.1. Let the function f be defined by (1.12). Then f € Hy" (I, A, «; j) if and only if

5 (1) o (2 (9, )< @

k=j+1 a
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Proof. Assume that the inequality (2.1) holds true. Then we find that

2Dy, (I35 (1) £ (2) + Ma=2Dy,; (I (1)
(1=2)77 (1) f (2) + A2Da 3 (375 (1) f

f(2)
(

% ()" (11, =) {1+ (1, 1) a1

k=j+1

TR NG -
1—k§+1([;71];1) {14(1k],~1) A a|z*~

2 () (8, ) {1, 1) e
1= & ()" {1 (1,1

k=j+1

This shows that the values of the function

2Dq; (T75 (1) f () + A2 DZ ; (7% (1) £ (2))

¢(Z) = (1 — )\) jqrz (l) f (z) + )\Zquj (jqr,r; (l) f (Z))

(2.2)

lie in a circle which is centered at w = 1 and whose radius is 1 — a. Hence f satisfies the condition (1.11).
Conversely, assume that the function f is in the class H;" (I, A, @; j). Then we have

X [1+FK]

. 1- k:Zj:_H ([H—l]j) {1 + ([k]q B 1) )\} ax 2" > a, (2.3)

L k_%; (Efﬂ)m {1 + (Uf]q = 1) )\} ay 2| !

forsomea(0<a<1l),meZ 0<qg<1l1>-1,0<A<1and z € U. Choose values of z on the real axis so that ¢
given by (2.2) is real. Upon clearing the denominator in (2.3) and letting z — 1~ through real values, we can see that

(e N e

k=j+1
> (K"
> - 4 — . :
_a(l Z ([Hl] {1+([k]q 1)/\}% (2.4)
k=j+1 q
Thus we have the inequality (2.1). This completes the proof of Theorem 2.1. O

Corollary 2.1. Let the function f defined by (1.12) be in the class H* (I, A, a; j). Then

-«
ag < m (k>j+1;j€N) (2.5)
[i+k],
() {1+ (= 1) A (1, =)
The equality in (2.5) is attained for the function f given by
11—« k . .
fz)=2z- 2 (k>j+1;j€N). (2.6)

() {1+ (1w, = 1) A (19, - o)
Theorem 2.2. If0 < oy < g < 1, then

Hy' (1N ao55) ©H (1N a3 ) - 2.7)



g—Analogue of of multiplier transformation operator 143

Proof. Let the function f defined by (1.12) be in the class H;* (I, A, a2; j). Then, by Theorem 2.1, we have

°° 1+ k]
( * ) 1) A} ([k]q - a2) ap <1 — as 2.8)
and
1-— (65)
A _—— . 29
_J+1< ) 1) }akg[j+1]q_o‘2<1 22)
Consequently,
< (li+K,\"
5 ([l 1]q> {1+ (1, =) A} (4, — 1)
k=j+1 [+1],
00 [l i k]q m
- k§1 ([l " Uq) {1 + ([k] - 1) )\} ([k‘]q - az) aj
NIEAS
oo 3% () (00 ()2
< 1-a. (2.10)
This completes the proof of Theorem 2.2 with the aid of Theorem 2.1. O

Theorem 2.3. If0 < A\ < \p < 1, then
HZL (l,)\Q,Oé;j) c H;ﬂ (Z,)\]_,Oé;j)- (211)
Proof. It follows from Theorem 2.1 that

5 (1) o ) (8

k=j+1 +
+

< kil (Lﬂj) {1+ (1, = 1) %} (1], — @) o
< 1l-a.

for f € Hy' (I, A2, a; ). This completes the proof of Theorem 2.3 O

Similarly we can prove

Theorem 2.4. If m € Z, then
Hy (1A ) S HT (L a35).

3. Distortion theorems and convex linear combinations
Theorem 3.1. Let the function f defined by (1.12) be in the class H{* (I, A, ; j). Then, for [2| <r < 1,

1—-a
(Sr) i+ (G+1,-1)A} (U +1, —o)
T G )6
The equality in (3.1) is attained for the function f given by

P < S (2)]

IEARS (3.1)

1 —«

(%)m {1 + <[j +1], - 1) )\} ([j+ 1], - a)

f(z)=2- PAans (3.2)
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Proof. It is easy to see from Theorem 2.1 that

(Sa) " {1+ (+1,-1) A} (+1, —a) kfﬁ a
=j+1
< 5 () ()} (ot )z
k=j+1
so that -
S < l-a : (3.3)

k=j+1 (%)m{l+<[j+l]qfl) )\} ([j+1}q fa)

Making use of (3.3), we have

[f(2)l

Y

(o) o0
r— E apr® < p—pitt E ak

k=j+1 k=j+1
(1-a)

() {1+ (1= 1) 2} (61, =)

ritl

vV

and

o0 o
lfz)| < r+ Z apr® < p 4Tt Z ay
k=j+1 k=j+1

(1-—a)

() {1+ (1= 1) 2} (01, =)

which prove the assertion (3.1). Finally, we note that the equality in (3.1) is attained for the function f defined by
(3.2). This completes the proof of Theorem 3.1. O

7AJ—H

IN

T+

Now, we shall prove that the class H;" (I, A, ; j) is closed under convex linear combinations.
Theorem 3.2. H;" (I, )\, a; j) is a convex set.
Proof. Let the functions

fo(z) =2— Z ap k2" (ayr > 00 =1,2;5 € N) (3.4)
k=j+1

be in the class H}" (I, A, «; j). It is sufficient to show that the function £ (z) defined by
h(z)=(1=7)fiz)+7f2(2)(0<y<1) (3.5)
is also in the class H;" (I, \,«; 7). Since, for 0 < v < 1,
h(z)=z— Y {(1—=7)air+vaz.} 2", (3.6)
k=j+1
with the aid of Theorem 2.1, we have

i (%) {1 n ([k]q _ 1) A} ([k}q - a) {1 =) ars +vazs} <1—a, (3.7)

which implies that h € H;"* (I, A, «; j). Hence H{ (I, A, a; j) is a convex set. O
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Theorem 3.3. Let f; (z) = z and

11—«

fulz) =2~ (%)m {1+ ([k]q - 1) A} ([k]q _O‘)

Then f is in the class Hy' (I, A, «; j) if and only if it can be expressed in the form:

=> " (ukZO,kzj;Zuk=1) : (3.9)
k=j

2F(k>j4+1;5€N). (3.8)

k=j
Proof. Assume that

_ = . = 1—a
IRy T (T YT e

k=j+1
Then it follows that
i (freg2) ™ {18, ) A (1K, —a) - }
— o k
Nl ' ()" {1+ (1K1, = )AH(141,—)
= Z e =1—p; <1
k=j+1

So, by Theorem 2.1, f € H" (I, A, a; ).
Conversely, assume that the function f defined by (1.12) belongs to the class H; (I, A, a; j). Then

l1—«

()" {1+ (1, =1) A} (11, =)

ar, < (k>j+1;j €N) (3.11)

Setting
[L+K],\™
(F) {re (@, -3y (W—a)

e = T (k>j+1;j€N) (3.12)

and -
pi=1- Z s
k=j+1

we can see that f can be expressed in the form (3.9). This completes the proof of Theorem 3.3. O

4. Radii of close-to-convexity, starlikeness and convexity

Theorem 4.1. Let the function [ defined by (1.12) be in the class H[' (I, A\, «;j). Then f is close-to-convex of order
p(0<p<1)in|z| < ry, where

msz[“ ) N _a)]“ (k>j+1). (4.1)

k

The result is sharp, the extremal function f being given by (2.6).
Proof. We must show that
‘fl(z)—l‘ <1—p for |z] <y,

where r; is given by (4.1). Indeed we find from the definition (1.12) that

’ —1‘ Z kay 2"t

k=j+1
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Thus )
IROENES T
if -
Z k k-1
ag |27 < 1. (4.2)
~ 1—p
k=j+1
But, by Theorem 2.1, (4.2) will be true if
[+k],\™
b e () {1 (- 1) A (1, o)
ag |z[" < :
1-— 1—«
that is, if
[I+E \™ BT
R (R D) .
ol < o) (k> j+1). «3)
Theorem 4.1 follows easily from (4.3). O

Theorem 4.2. Let the function f defined by (1.12) be in the class Hy* (I, A, «; 7). Then f is starlike of order p (0 < p < 1) in
|z| < 7o, where

r9 = inf

L-m(ﬁfﬂq)“{qu—lv}(mq—a) o
k

k—1
B () gy ] (k>j+1). (4.4)

The result is sharp, the extremal function f being given by (2.6).

Proof. 1t is sufficient to show that

2f (2)
-1 <1—p for |z] <7,
o
where 73 is given by (4.4). Indeed we find, again from the definition (1.12), that
, S (k- a2/
2f (2) | _ k=it
fiz) | = k-1
1= > aklz
k=j+1
Thus
zf (2)
—1l<1—p,
FC I
if -
3 Rl <1, (4.5)
~ 1—p
k=j+1

But, by Theorem 2.1, (4.5) will be true if

Py | < ()" {1+ (18, - 1) 2} (1, )

1—p - 11—« ’

that is, if

1

I+E ™ _ . F=1
R

Theorem 4.2 follows easily from (4.6). O
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Similarly, we can prove the following theorem.

Theorem 4.3. Let the function f defined by (1.12) be in the class Hy* (I, A, «v; j). Then f is convex of order p (0 < p < 1) in
|z| < rs, where
li+K],

_1
(1-p) " (K, ~1)A}(k],—a) | *7F
ry = i%f P ([l+1]q )k(lc{—p)((l—a) ) }( ) (k >+ 1) ' (4.7)

The result is sharp, the extremal function f being given by (2.6).

5. Modified Hadamard products and integral operator
Let the functions f, (v = 1, 2) be defined by (3.4). The modified Hadamard product of f; and f; is defined by
(fixf2) (2) =2 — i al,ka2,kzk~ (5.1)
k=j+1
Theorem 5.1. Let each of the functions f, (z) (v = 1, 2) defined by (3.4) be in the class Hj' (I, \, a; j). Then
(fi% f2) (2) € H" (LA, Bsj),

where e
- (Sre) " {1+ (410, ~ )N} (1], —a)*—[+1], (1-)? 52)
(Fmms) " {1 (1, - 1)} (4, —a) - (1-a)? '

The result is sharp.

Proof. Employing the technique used earlier by Schild and Silverman [33], we need to find the largest 3 such that

g (i) (e (1 - 1) 2} (1, -9)

b i o1 panp < 1. (53)
=j
< (1) {1 (1, 1) 2} (1, o)
s~ L, o p <l G4
k=j+1
and (4K, \ ™
S () {1+ (Ek]_q _ 1)} (B, —o) dop <1, (5.5)
k=j+1

by the Cauchy-Schwarz inequality, we have

g (i) {1+ (1= 1)} (1, )

11—«

Vo1 gazr < 1. (5.6)

k=j+1
Thus it is sufficient to show that

(rme) " {1+ (18, -2} (18,-5) () " (1,0 ()

5 ay pagp < T V01 102 & (5.7)
that is, that
(1-8) (I, - a) |
Vo1 gaz g < (k>j+1). (5.8)
1-a) (1K), - 8)
Note that
Va1 k0o < —— L—a k>7+1). 5.9
PR S R e, e Y ©
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Consequently, we need only to prove that

1-o < (=B)(Ik),—a) S
[[ij:’;]q) {1+([k] —I)A}([k] —a) — (17&)([k]q7ﬁ (k =] + 1)7 (510)

or, equivalently, that
(ﬁj’; ) {14(1k], 1) A} (K], —a) >~ (K], (1—a)?

< Ey k>j+1). 5.11
p (LL ) {1+ (K], = 1) A (18, —a)*~(1-a)? (k>j+1) (5.11)
Since
[l+k]
1] {14+(1k), 1) A} (K], —a) "~ (K], (1—a)? _
U, (k)= G ”Hk])q (k>j+1) (5.12)

(“rl]q) {1+ (K] —1)/\}([k —a) —(1—a)?

is an increasing function of k (k > j + 1), letting k = j + 1 in (5.12). we obtain

([1+J+1]q) {1+( 1] 71))\}( j+1] 7a) C[j+1] (1—a)?
<, (j41)= 2 ! 5.13
ftatl) ()™ (e (10, (1), —a) (1 —)? 1
which proves the main assertion of Theorem 5.1. Finally, by taking the functions
i(2)=2— 1o o (i=1,2), 5.14
fi (Z) z ([l[trlrl ) {1+(]+1 _1 A}(]-‘rl —a)z (Z ) ( )
we can see that the result is sharp. O
Theorem 5.2. Let f; € Hy' (I, A\, 5 j) (i = 1,2). Then (f1 * f2) € Hy' (I, A, 6; ), where
5 (S ) " {1 (11, ~ )M (1], - ) (411, —a2) ~[+1], (1—a1)(1-az) (5.15)
(s ) " {1 (11, —)A (U+1], -0 ) (1], —a2) —(1=a1) (1-a2)
The result is the best possible for the functions
1— (67 i .
fi(z)=2z— , o A (i=1,2). (5.16)
[1+5+1], . :
( T, ) {1 + ([J +1], - 1) A} ([] +1], - ai)
Proof. Proceeding as in the proof of Theorem 5.1, we get
[l+k],
< () () (o), —on) bl en) oy (5.17)

(T) ™ {1 (141, =) A (14], = ) (1K, —a2) ~(1—a) (1=ax2)

Since the right-hand side of (5.17) is an increasing function of &, setting k = j + 1 in (5.17), we obtain (5.15). This
completes the proof of Theorem 5.2. O

Theorem 5.3. Let each of the functions f; (i = 1,2) defined by (3.4) be in the class 1]} (I, A, «; 7). Then the function

h(z)=2z-— Z (aik + ag,k) 2k (5.18)
k=j+1
belongs to the class Hy* (I, \, C; j), where
‘= (Brmre) " {a+ (11, ~ DA+, —a)* —205+1], (1-0)? (5.19)
(Smms) ™ (11,3} (411, =) —20-a)? '

The result is sharp for the functions f; (i = 1,2) defined by (5.14).
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Proof. By virtue of Theorem 2.1, we obtain

o ()" (1 (9, - 1) ) (11, - a) ]
Z = - aik
k=j+1
" 2
< i (Bfﬂj) {1 + ([f]_q ; 1) )\} ([k}q B a) ae| <1 (5.20)
k=j+1
and 5
& [ f - )
k=j+1
m 2
. i (wr) {1+ ([f}_q ; 1)} (I, =) azi| <1. (5.21)
k=j+1
It follows from (5.20) and (5.21) that
. 2
! () {1+ ([1’4_ ; 1)} (I, o) (a2, +ad,) <1 (5.22)

k=j+1

Therefore, we need to find the largest ¢ such that

80 ) ™ (g (1, DA, —¢) 1 [ ()™ (1 (1, ~1)A (16, —a) ]
= L <1 () 1, (5.23)
thatis,
(< (7e2) il+([k]qfl)A}([k]qfa)2f2[k]q(1foc)2 (k> j+1). (5.24)
T () (k)N (1, ) 20002 -
Since
v (k) = () (e (9,22 (1, o) 2k, 1o (5.25)
a (e ) " {1 (18], ~ DA H (K], —a)* ~2(1-a)?
is an increasing function of k (k > j + 1), we readily have
(Sore) " (1 (411, 1) A} (1)~ ) —2l+1],(1-a)?
< 1) = [z+1qu - a e 2 5.26
C<Xg (D) ()" {1 (U4, ~ 1) A} (41, =) -2(1-)? 20
and Theorem 5.3 follows at once. O

Theorem 5.4. Let the function f defined by (1.12) be in the class Hy* (I, A, ; j), and let ¢ be a real number such that ¢ > —1.
Then the function

qujl (¢) f(z) =Feq,(2) = @ /tc_lf (t)dgt (c>-1) (5.27)

¢
0

also belongs to the class Hi* (I, \, a; j).
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Proof. From the representation (5.27) of F, , ; (#), it follows that

Foq;i(z)=2— Z by 2",

k=j+1
where by, = %ak (see [34] and [35]). Therefore, we have
< (l+K,\" .
b (UH] (1 (1, - 1) A (1, — o) e
=j+1 q
> U+k]q>m [c+1]
= Z L+ ([K], —1)X¢ ([K], —a % gy, 2"
3 () (e () (o) g
%) [l + k]q m k
< > (fr) D (-0} (o) e
=j+1 q
S 1- a,
since f € Hy" (I, A\, «; j). Hence, by Theorem 2.1, I 4 ; € H' (I, A, @; 7). O

Remark 5.1. Taking ! = 0, m € Ny and ¢ — 1~ in the above results, we obtain the results of Aouf and Srivastava [29]
for the class P (j; A, a, m).

Remark 5.2. Putting [ = 0 in the above results, we obtain the the corresponding results for the class H;" (), a; j)
involving an operator S;;.

Remark 5.3. Putting ¢ — 1~ in the above results, we obtain the corresponding results for the class H™ (I, A, a; j)
involving multiplier transformation operator Z;";.
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