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Abstract

An investigation on the features of amply weak essential supplemented modules are presented in this paper.
Assume that K is a weakly essential supplemented and projective R-module and M is a finitely K-generated R-
module. Then M gets amply weak essential supplemented. Assume that R is a ring. In this case each finitely
generated R-module is amply weak essential supplemented iff rRR is weakly essential supplemented. If the
module K is amply weak essential supplemented, then each e-supplement submodule in K is amply weak
essential supplemented.

Keywords: Small Submodules , Essential Submodules, Supplemented Modules, Essential Supplemented
Modules.

Bol Zayif Biiyiik Tiimlenmis Modiillerin Birtakim Ozellikleri
Oz
Bu ¢alismada bol zayif biiyiik tiimlenmis modiillerle ilgili birtakim ozellikler arastirildi. Eger K projektif ve
zayif biiyiik tiimlenmis bir R-modul ve M sonlu K-iiretilmis bir R-mod(il olsun. Bu durumda M bol zayif biiyiik
timlenmistir. Kabul edelim ki R bir halka olsun. Bu durumda rR modiilii zayif bityiik tiimlenmistir gerek ve

yeter sart her sonlu iiretilmis R-modiilii bol zayif biiyiik tiimlenmistir. Eger K bir bol zayif biiyiik tiimlenmis
modiil ise K modiilinde her e-tiimleyen alt modiil bol zayif biiyiik timlenmistir.

Anahtar Kelimeler: Biiyiik Tiimlenmis Modiiller, Tiimlenmis Modiiller, Kigik Alt Modller, Buytk Alt
Modiiller.

1. Introduction

All rings are associative with an identity element, in this study. Unless otherwise specified, R
represents an arbitrary ring and every module will be a left unitary R-module. We refer to a
submodule L of K as L<K in this section. A submodule N of K is said to be a small (or
superfluous) in K, if T=K for every submodule T of K such that K=N+T. This submodule of K
is indicated by the symbol N << K. T<K is referred to as an essential (or large), and it is

indicated by T<K, in this case MNT#0 for every submodule M#0, or equivalently, TmX=0 for

X<K implies that X=0. Let T,L<K. If K=T+L and L is minimal with respect to this property, or
alternatively, if K=T+L and TnL <<L, then L is called a supplement of T in K. If each
submodule of K has a supplement in K, then K is referred to as supplemented. From now on,
we will use the sM notation instead of the supplemented module. K is called essential
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supplemented (or, shortly, esM) if it has a supplement for each of its essential submodules. Let
U<K. If for each U’'<K with K=U+U’, there exists X<U' which X is a supplement of U in K it
is said that U has ample supplements in K. K is referred to as amply supplemented if each
submodule of K has ample supplements in K. From now on, we will use the asM notation instead
of the amply supplemented module. K is termed amply essential supplemented (or shortly, ae-
sM) if each essential submodule of K gets ample supplements in K. Let T,L<K. If K=T+L and
TNL<<K, then L is referred to as a weak supplement of T in K. K is referred to as weakly
supplemented provided that each submodule of K has a weak supplement in K. From now on,
we will use the wsM notation instead of the weakly supplemented module. K is said to be weakly
essential supplemented (or shortly, we-sM) provided that each essential submodule of K has a
weak supplement in K. The radical of K, represented by Radk, is the intersection of all maximal
submodules of K. We indicate RadK=K if K have no maximal submodules. We define as £
relation on the set of submodules of K by TA'L with T<K and L<K if and only if for each B<K
with T+B=K then L+B=K and for each M<K with L+M=K then T+M=K. Let M<L<K, if
L/M<<K/M, then it is called L lies above M in K. An R-module K is said to be zprojective if
for every T,L<K with K=T+L there exists an R-module homomorphism f : K—K such that
f(K)<T and (1-f)(K)<L. Assume K and N be R-modules. If there exists an R-module
epimorphism f : KW—N with the index set A, then N is referred to as a K-generated module. If
there is an R-module epimorphism f : KW—N with a finite index set A, then N is said to be
finitely K-generated.

Additional details regarding (amply) supplemented modules are in Clark et al. (2006), Nebiyev
and Pancar (2003b), Nebiyev and Pancar (2013), Nebiyev and S6kmez (2010) and (Wisbauer,
1991). The statement of " relation and some features of this relation are in Birkenmeier et al.
(2010) and (S6kmez et al., 2008). Additional details regarding =-projective modules are in
Nebiyev and Pancar (2003a) and (Wisbauer, 1991). More details about weakly supplemented
modules are in Lomp (1999) and (Nebiyev, 2005). More informations about (amply) e-sM are
in Nebiyev (2016a), Nebiyev (2017) and (Nebiyev et al., 2018a and b). The definition of we-
SM are in Nebiyev (2016b) and (Nebiyev and Kosar, 2018).

In this part, we will provide the definitions and propositions required for our work.

Lemma 1.1. Assume that K is an R-module.

(1) If M<L<K, then M<K if and only if M<IL<K.

(2) For M<L<K, if LIM<K/M, then L<K.

(3) Assume that N is an R-module and h: K—»N be an R-module homomorphism. If
M<N, then h(M)<K.

(4) If M1<L1<K and M><L><K, then MinM><1LiNL..

(5) If M1<K and M<K, then MinM,<IK.
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Proof. See Wisbauer (1991), 17.3.

Definition 1.2. Assume that K is an R-module and T<K. T is referred to as an e-supplement
(shortly, e-s) submodule in K provided that there exists L<KK which T is a supplement of L in K
(See (Nebiyev et al., 2018a)).

Definition 1.3. Assume that K is an R-module and T<K. T is referred to as a weak e-supplement
(shortly, we-s) submodule in K if there exists L<IK which T is a weak supplement of L in K (See
(Nebiyev and Kosar, 2018)).

Lemma 1.4. Suppose K is an R-module, L is a supplement of T in K and S,F<L. If F is a weak
supplement of T+S in K, then F is a weak supplement of Sin L.

Proof. Due to the fact that F is a weak supplement of T+S in K, K=T+S+F and (T+S)~F<<K,
Because K=T+S+F and S+F<L and L is a supplement of T in K, L=S+F. Since
SNF<(T+S)nF<<K and L is a supplement of T in K, SnF<<L. Thus F is a weak supplement of
SinL, as desired.

Lemma 1.5. Suppose that K is an R-module. K is we-sM provided that for each T<K, T is &

equivalent to a weak supplement submodule in K (See Nebiyev and Kosar (2018), Lemma
2.13).

2. Amply Weak Essential Supplemented Modules (awe-sM)

Definition 2.1. Assume that K is an R-module and T<K. If for each L<K with K=T+L, T has a
weak supplement X in K with X<L, we say T has ample weak supplements in K (See (Nebiyev,
2005). K is referred to as amply weak essential supplemented (or shortly, awe-sM) provided

that for each T<K, T has ample weak supplements in K (See also (Nebiyev and Okten, 2017)).

Every awe-sM is clearly a we-sM, as can be shown.

Lemma 2.2. Assume that K is an awe-sM and L be an e-s submodule in K. Then L is also an
awe-sM.

Proof. Let T<K and L be a supplement of T in K. Let L=S+F with S<L and F<L. Then

K=T+L=T+S+F. Due to fact that K is awe-sM and T+S<K, T+S has a weak supplement Z in K

with Z<F. By Lemma 1.4, Z is a weak supplement of S in L. Moreover, Z<F. Hence S has ample
weak supplements in L and L is an awe-sM.

Corollary 2.3. Assume that K is an awe-sM and V be an e-s submodule in K. Then V is a we-
sM.

Proof. From Lemma 2.2, it's clear.

Lemma 2.4. Every factor module of an awe-sM is an awe-sM (See also (Nebiyev and Okten,
2017)).
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Proof. Assume that K is an awe-sM and K/Z is a factor module of K. Let T/Z<K/Z and
K/Z=T/Z+L/Z with L/Z<K/Z. Due to the fact that T/Z<K/Z, by Lemma 1.1, T<K. Due to the

fact that K/Z=T/Zz+L/Z=(T+L)/Z, K=T+L and since K is an awe-sM and T<K, T has a weak

supplement N in K with N<L. Since N is a weak supplement of T in K, (N+Z)/Z is a weak
supplement of T/Z in K/Z. Moreover, (N+Z)/Z<L/Z. As a result, K/Z is an awe-sM.

Corollary 2.5. Each homomorphic image of an awe-sM is an awe-sM (See also (Nebiyev and
Okten, 2017)).

Proof. It is clear from Lemma 2.4.

Proposition 2.6. Assume that K is a we-sM and T,L<K with K=T+L. Then T has a weak

supplement N in K with N<L.

Proof. Since T,L<K, by Lemma 1.1, TNL<K. Due to the fact that K is a we-sM, TnL has a

weak supplement N in K. Here K=TnL+N and TnLNN<<K. Due to the fact that K=TL+N,
L=TnL+L~N. Let Z=LNN. Thus, K=T+L=T+TnL+LNN=T+Z and TnZ=TnLNZ<<K. As a
result, Z is a weak supplement of T in K with Z<L.

Lemma 2.7. Assume that K is a module. K is an awe-sM provided that every submodule of K
is a we-sM (See also (Nebiyev and Okten, 2017)).

Proof. Let U<K and K=U+V with V<K. Since U<K, UnV<V. By hypothesis, V is a we-sM.

Hence UV has a weak supplement X in V. Here V=UnV+X and UnVnX<<V. Then
K=U+V=U+UnV+X=U+X and UnX=UNVNX<<K. Therefore, X is a weak supplement of U in
K. Moreover, X<V. As a result, K is an awe-sM.

Lemma 2.8. Assume that R is any ring. Then each R-module is a we-sM iff each R-module is
an awe-sM.

Proof. (=) Assume that K is any R-module. Since each R-module is a we-sM, each submodule
of K is a we-sM. Then from Lemma 2.7, K is an awe-sM, as desired.

(<) Itis clear, since each awe-sM is a we-sM.

Lemma 2.9. Assume that K is a w-projective and we-sM. Then K is an awe-sM.

Proof. Let K=T+L with T<K and L<K. Because K is a we-sM, T has a weak supplement N in K.

Here K=T+N and TnN<<K. Since K is w-projective, there exists an R-module homomorphism
f : K—>K such that f(K)<L and (1-f)(K)<T. We can see here that f(T)<T. Then K=f(K)+(1-
f)(K)=T+f(T+N)=T+f(T)+f(N)=T+f(N). Let te Tnf(N). Then teT and tef(N). Since tef(N), there
exists zeN with t=f(z). Since (1-f)(2)eT, z=z-f(2)+f(z)=(1-f)(z)+teT. Hence zeTnN and
t=f(z) ef(TAN). Therefore, Tf(N)<f(TnN). Because, TNT<<K, f(TnN)<<K. Hence
Tf(N)<<K and f(N) is a weak supplement of T in K. Furthermore, f(N)<L. Hence K is an awe-
sM.
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Corollary 2.10. Assume that K is a projective and we-sM. Then K is an awe-sM.

Proof. It is obvious from Lemma 2.9, since each projective module is w-projective.

Lemma 2.11. Assume that K is a w-projective module. In this case when for every T<IK there

exists a weak supplement submodule Z in K with TSZ, then K is an awe-sM.

Proof. Since for every T<IK there exists a weak supplement submodule Z in K with TFZ, from
Lemma 1.5, K is an we-sM. From Lemma 2.9, K is an awe-sM.

Corollary 2.12. Assume that K is a m-projective module. K is an awe-sM provided that each
essential submodule of K is 4" equivalent to a we-s in K.

Proof. The proof is obvious from Lemma 2.11.

Corollary 2.13. Assume that K is a m-projective module. K is an awe-sM provided that each
essential submodule of K lies above a weak supplement submodule in K.

Proof. The proof is obvious from Lemma 2.11.

Corollary 2.14. Assume that K is a m-projective module. K is an awe-sM provided that each
essential submodule of K is a weak supplement submodule in K.

Proof. The proof is obvious from Lemma 2.11.

Lemma 2.15. Assume that K is a projective and we-sM. Then KW is an awe-sM for every finite
index set A.

Proof. Since K is projective, KW is also projective. Since K is a we-sM, by Nebiyev and Kosar
(2018) Corollary 2.8, KW is also a we-sM. Then, in accordance with Corollary 2.10, KW js an
awe-sM.

Corollary 2.16. Assume that K is a projective and we-sM. Then every finitely K-generated
module is an awe-sM.

Proof. Assume N is any finitely K-generated R-module. Then there exists an R-module
epimorphism f : KW—N with finite index set A. K& is an awe-sM according to Lemma 2.15.
Then in accordance with Corollary 2.5, N is an awe-sM, as desired.

Proposition 2.17. Assume that R is a ring. The statements below are equivalent.
(1) rR is a we-sM.

(i) rR is an awe-sM.

(iif) RR™ is a we-sM, for each finite index set A.

(iv) RRW is an awe-sM, for each finite index set A.

(v) Each finitely generated R-module is a we-sM.

(vi) Each finitely generated R-module is an awe-sM.

Proof. (i)=(ii) It is obvious from Corollary 2.10, because rR is projective.

391



Some Properties of Amply Weak Essential Supplemented Modules

(i)=(i) It is obvious from definitions.

()= (iii) It is obvious from Nebiyev and Kosar (2018), Corollary 2.8.
(ii)=(v) Clear from Nebiyev and Kosar (2018), Corollary 2.10.
(V)=(i) Clear.

()=(iv) Clear from Lemma 2.15, since rR is projective.

(iv)=(vi) Clear from Corollary 2.5.

(vi)=(ii) Clear.
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