http://communications.science.ankara.edu.tr

Commun.Fac.Sci.Univ.Ank.Ser. A1 Math. Stat.
Volume 71, Number 1, Pages 25-[38] (2022)
DOI:10.31801 /cfsuasmas.883970

ISSN 1303-5991 E-ISSN 2618-6470

COMMUNICATIONS

Research Article; Received: February 23, 2021; Accepted: July 7, 2021 SERIES Al

Q-MEROMORPHIC CLOSE-TO-CONVEX FUNCTIONS
RELATED WITH JANOWSKI FUNCTION

F. Miige SAKAR!, Syed Ghoos Ali SHAHZ2, Saqib HUSSAINZ,
Akhter RASHEED?, and Muhammad NAEEM3

IDepartment of Management, Dicle University, Diyarbakir, TURKEY
2Department of Mathematics, Comsats University Islamabad, Abbottabad Campus, PAKISTAN
3Department of Mathematics and Statistic, International Islamic University Islamabad,
PAKISTAN

ABSTRACT. In the present paper, we introduce and explore certain new classes
of meromorphic functions related to closed-to-convexity and g-calculus. Such
results as coefficient estimates, grow the property and partial sums are derived.
It is important to mention that our results are generalization of number of
existing results in literature.

1. INTRODUCTION

Let >, denote the class of meromorphic functions of the form:

1 o0
flw) ==+ aw (1)
.
which are analytic in the punctured open unit disc U* = {w : w € C and

0 < {w} <1} = U\{0}, where U = U* U {0}.

In Geometric Function Theory, several subclasses of the meromorphic functions
have already been examined and investigated through many perceptions, see( [9,[10,
121(18,121,22]). Ismail et al. [8] were the first to use the g-derivative operator A, in
order to study a certain g-analogue of the class T of starlike functions in U. Certain
basic properties of the g-close-to-convex functions were studied by Raghavendar
and Swaminathan (28], Aral et al. [2] successfully studied the applications of the

2020 Mathematics Subject Classification. Primary 30C45, Secondary 30C5.
Keywords. Meromorphic starlike function, Janowski functions, g-derivative.
=] mugesakar@hotmail.com-Corresponding author; alishahsyedghoos@gmail.com;
saqgib_math@yahoo.com; akhter_rasheed77@yahoo.com; naeem.phdma75@Qiiu.edu.pk
0000-0002-3884-3957; 0000-0003-4283-8058; 0000-0002-8174-8795; 0000-0003-3810-5214
0000-0002-9069-3095.

(©2022 Ankara University
Communications Faculty of Sciences University of Ankara Series A1 Mathematics and Statistics

25



26 M. SAKAR, S.G.A. SHAH, S. HUSSAIN, A. RASHEED, M. NAEEM

g-calculus in operator theory. In fact, they found significant application of the
g-calculus mainly in the Geometric Function Theory. Moreover, the generalized
g-hypergeometric function was first introduced by Srivastava [26], see also( [1,/3,/5,
6,/141(161[20]).

A function f € ), is said to be meromorphic starlike of order « defined as:

f(w)

A related class of meromorphic convex function ZMC(a) is defined as:

S f (@)
er(a)@Re(w w><—a 0<a<l; welU"). (2)

"

S f @)
er(a)©Re<1+o},(c:;><—a (welUr). (3)

By "M (), we mean f € >, and the class of all close-to-convex functions
which satisfies the condition

Re (wf/ (w)) < —«, whereg€ %S(a) (4)
g (W) ’ ! '

The study of operators plays main role in the theory of geometric functions.
Many differential and integral operators can be written in terms of convolution of
certain holomorphic functions.

For g (w) =1+ Y bw' € 3, and f given in . The Convolution (Hadamard
t=0
product) is denoted by f * g and defined as:
1 o0
(fxg)(w)=—+ D asbw’ = (g% f) (). ()
t=0

A function h analytic in U and of the form
h(w)=1+ ant,
=1

A given function ¥ with ¥(0) = 1 is said to belong to the class S*[A, B] if and
only if

1+ Aw
v = -1<B<A<LI).
() 1+ Bw (1< <1)
This class was presented and studied by Janowski [11]. By taking A = 1 and
B = —1, we obtain the class P of functions with a positive real part. It is important

to mention that ¥ (w) € S*[A, B] if and only if there exists » € P such that

_ (A+1)R(w)—(A-1)
\D(w)_(B—i-l)R(w)—(B—l) (-1<B<A<1).
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Motivated by the works of Srivastava et al. see( [7}[17,/19}/23./25,127])also see(
[41/13,/15}24L29]). In this paper, we shall consider new subfamilies of ¢ meromorphic
close-to-convex functions with respect to Janowski functions.

Throughout in this paper, we assume

0<n<1,-1<B<A<1,0<q¢<l,welU’ fige> ,
1
At,m, A, q) = [|be] |(2[t]gn +2(1 —n) + n(A+ 1)) = (A+ 1)1 —n)l],
A(t,B,q) =[t]q(2+ B +1),
and
Y, A, B,q) = [(B+1) + (A+1)n— (A+1)(1 —n)g| +2(1 —n)(1 - q),
unless otherwise mentioned.

Definition 1. (see (9] and [10] ) The g-deriwative (q-difference) Aq of a function
f is defined in a given subset of C by

f(w)—f(qw)
= (w#0),
A = (1-q)w
(Aqf) (w) { 70 (w=0).
where 0 < g < 1. This implies the following.
. o fw) = flgw)
ql_lgl_ (Agf) (w) = ql_lgl_ W =f (w),

provided that f' (0) exists.
The function A, f has Maclaurin’s series representation

oo

(AgH)w) =D Mgaw'™,

t=0
where q € (0,1) and define the g-number [v], by
—a”
{ llqu ( v e C) ’

Z;l()q7zl+q2—|—q3+...+qt71 (te N).

Vg =

For more details about g-derivatives, we refer the reader to (see [0]).

Definition 2. For f € >, let the g-derivative operator (q-difference operator) be
defined by
Ja) ) _ 1 &

— + ) [Heaw' ™t (weUT). (6)

(Aqf)(UJ) = (Q* 1)w _qw2

Similarly

o0

(qw) — g (w) 1 . .
(Agg)w) = LI S b (weUT).  (T)
I (¢ —Dw qw ;
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Definition 3. A function f € ), is said to belong to the class f €
and only if

T(*qm) 4, B] if

—wAqf(w)
B-1 ((1*n)g(w)inqug(w)) —(A-1) B < )
,quf(w) i 1 — 1 — .
(B+1) ((1—n)g(w)+nqug(w)) (A+1) q q

Where g € ZMS(a), It is easily observed that
. " _ oMK
ql_IEE T(q,O) [A7 B] - Sq [Av B];
secondly we have
. " _ oMK

Jm T ol =11 =557

where SéWK[A,B] is the well-known function of meromorphic close-to-convex
function.

2. MAIN RESULTS

2.1. Coefficient estimates.

Theorem 1. A function f € Y, of the form given by is in the class T(tm) [A, B]
if it satisfies the following condition.
Z(A(t7 Ba CI) |at| q + (t7 m, Aa CI) |bt| (Z) S 7(777 Aa Ba q)a (8)
t=1
where
A(t’B’q) = [t]q(2+B+ 1)’ (9)
A(t,m, A, q) = [[be] [(2[t]gn +2(1 = n) +n(A+1)) = (A+1)(1 —n)]] (10)
and

YA, Bq) = [(B+ 1)+ (A+1)n—(A+ D1 =n)gl +2(1 —n)(1 —¢q). (11)
Proof. Assuming that holds, it suffices to show that

—whgf(w)
B-1 ((1*77)g(w)jnqug(w)) —(A-1) 1 ) 1
—wAy f(w — —.
B+ 1) (o) — () 14 I

Consider we have

—wAqf(w)
(B-1) ((1*n)g(w)+nqug(w)) -(A-1) 1

W) =
(B+1) ((kn)g(w)mmqg(u)) —(4+1) 1

which implies

_ | ZB = Dwhgf (w) = (A=D1 =n)g W) +mlgg W] | a
—(B+ DwAyf (w) = (A+ D[ =n)g () +nwlAgg ()] l1—gq
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Thus

5 wAGf (W) + (1 —n)g () + nwlAyg (w) L4

—(B+ 1)wA f( )= (A+ 1)1 =ng W) +nwAqgg W) 1-¢
Using (] @ and (7)) in above equation.
21 —=n)(g—1)
+23°72 ) [[Hlg(ar +nbe) + (1 = n)by] qu**!
(B+1)+(A+1)n—(A+1)(1 —n)q -

=202 [[He((B+ Day +n(A+1)by) — (A+1)(1 = n)b] qw' !

we get

Mg

lqlae| 2+ B +1) q+z [1oe] 12[t]gn +2(1 = n) + n(A+1)) = (A+1)(1 = n)[lq
t=1

2 (B+1)+ (A+ 1)y — (A+ 1)1 = n)g| +2(1 —m)(1 - g). 12)

The last expression become

D At B,q) lalg+ Y At,n, A, q) bl g < v(n, A, B, q).
t=1 t=1

This complete the proof of Theorem 2.1.
O
Corollary 1. If a function f € Y, of the form given by is in the class
T [A, B], then
(a,m)
Y, A, B,q)  A(t,n, 4, q)
A(t, B, q) A(t, B, q)
with equality for each t, we define the function of the form
1 (v, A B,q) A(t,n,4,q) ¢
=— — b
) =5+ ( AGBg ~ AwBg ")

where A(t, B, q), A(t,n,A,q) and v(n, A, B,q) are given by (@, (@ and Te-
spectively.

la:| <

0] (teN), (13)

2.2. Distortion inequalities.

Theorem 2. If f € T(, [A, B], then

1 (y(n,A,B.q) A(t,n,4,4q)
_( A(1,B,q)  A(1,B.q) |bt|)7°§|f(W)|

r

L (1A B At Aq) _
o +< A(1,B,q)  A(1,B,q) el ) 7 (Jwl = 7),

where equality holds for the function

Fw) =ty (“/(77714»3»(1) _AQ,n A q) |bt> "

w A(1,B,q)  A(1,B,q)
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Proof. Let f € T \[A, B]. Then in view of Theorem (2.1), we have

(q n)

A(quZlat|<ZAth>lat| <y, A,B,q) = Y _A(1,n,A,q) b,
t=1

t=1

which yields

1 & R 1 (v, ABq) AL, Aq)
<= f<= s - ’
st oS b (- Asa ).

(14)

Similarly, we have

1 1 (v(n,A,B,q) A(l,n,Aq)
> 2 > - > — — b
L e e O & e v+
(15)
which is required. O
Theorem 3. If f € T(, [A, B], then

1 (A Bq) Alt.n A q) |
r2 A(1,B,q)  A(L,B,q)

1 v(n, A, B,q)  A(t,n,4A,q) _
<If) s o+ (AR SRBRD ) (=),

where equality holds for the function

1 Y, A, B,q)  A(l,n,A,q)
”m‘w+<A@Bm ‘A@Bm'm)

[A, B]. Then in view of theorem (2.1), we have

Proof. Let f €T, (q m

A<17B7q)2|at| S ZA<taB7q> |at| SV(U:AaB q ZA 1 777A q |bt|
t=1

t=1 t=1

Differentiate and , we get

! 1 = — 1 > 1 ’7(77aA7B7Q) A(17777A7q)
< E t =1 ~ _ — E < - — bl ).
/ (w)‘ - r2+ Jaed 7" < 7’2+ — Jocl < r2+< A(1, B, q) A(1,B,q) ]

(16)

Similarly, we have

, R~ i 1 1 (v(n,A,B,q) A(l,n,A,q)
> =l P p— - .
f (w)‘_ 3 Zt|at|7" Z =03 ;|at|— r2 ( A(1, B,q) A(1, B, q) |b:]
(17)

Comparing and .

We have thus completed the proof of Theorem 2.4. O
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2.3. Partial sums.
In this section, we examine the ratio of a function of the form to its sequence
of partial sums

k
1
ft (W) = ; + ;atwt,

when the coefficients of f are sufficiently small to satisfy condition . We will
determine sharp lower bounds for

“(rw) @) elenm) = (@)

Theorem 4. If f of the form satisfies condition (@), then

FOY oy 1 e
Re (fy (w)) >1 P~ (welU"), (18)
and
I, (w) Ky+1 *
Re(f(w)) > T (welUr), (19)
where

v(n, A, B,q)  At,n,A,q)
L = _ b . 2
"= AGB.g)  ALB.g (20)

Proof. In order to prove inequality , we set

1+Vawt_1+/-eu S ot
" [f(w) _ (1_ 1 )] _ t; ! +1:&=2u3+1 !
| 7 @) . L+ Pl

t=1
1+ h(w)
1+ hg (w)
Let
1+h(w)  1+g(w)
L+hy(w)  1-gw)
Finally, to prove the inequality in , we get
Z (1= FK,py) la] + Z (Kyuy — Ke) Jag) > 0.
t=1 t=v+1

The proof of inequality in is now completed.
Similarly, we set

fu (w) ( Ky >:| t=1 t=v+1
1 - =
el - (o e
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_ 149w
1—g(w)

We have completed the proof of 7 which complete the proof of Theorem
2.5. (Il
Theorem 5. If f of the form satisfies condition (@, then

(Agf) (w) > v +1,
Re( >1- 1 (yeUY), 21
(805 (@) el 2y
" (8yf) (&)
Re i w>> fvtl weU"), 22
(&) ety wev 22

where &, is given by .
The proof of Theorem 2.6, is similar to that of Theorem 2.5.

2.4. Radius of starlikeness.
In the next theorem we find the radius of g-starlikeness for the class T, (A, B].

Theorem 6. Let the function f given by be in the class T(”;I ) [A,B]. Then f
is meromorphic starlike of order « in |w| < r, where

1

. |: (1-a)A(t, B, q) =t
T =1infi>1 )
(TL +2— OZ) [’Y(n, A; B; Q) - A(tv m, A, q) \th
Proof. In order to prove above result, we must show that
f ()
+1|<1l—-a (0<a <1) and |w| <7y,
| ) ( ) |w| <7
we have
f@ |2 i+ Daw!
f(w) L2 awt

ST D) fard e
1= 3002, fag| ]
Since the appropriate condition for a function f to be in the class ZMS(a) is
given by

(23)

dtta)al<l-a (0<a<l;welUr) (24)
t=1

Hence holds true if

Yt adlw™ < (1-a) (1 =Dl |w|t“> : (25)

t=1 t=1
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The inequality in can be written as:

[t+2—a
S (Sl <. (26)
-«
t=1
With the aid of , inequality is true if
t+2—a> t+1 A(t,B,q)
— | |w < . 27
< —a ) V(A B, q) — At m, A, q) [bi =0
Solving for |wl|, we have
1
(1 —a)A(t, B, q) T
o= | . (28)
(TL+2 O() [’7(777 aBaQ) (tanv 7q) ‘th
In view of the proof of our theorem is now completed. ([

Definition 4. A function f € ), is said to belong to the class f € T(*q,ml)[A,B]
if and only if

wASW) g

re [ B~ Vs trosgm ~ (A -1
P

(B + D) =gt g — (A+1

We call T(’; . 1)[A, B the class of q close-to-convex function of Type 1 related with
the Janowski functions.

Definition 5. A function f € ), is said to belong to the class f € T(*q,n,2) [A, B]
if and only if

WAy ()
B - Ve esgm ~ A=Y 1 | 1
wAqf(w) _ 1— 1—gq
(B + 1) t=mge) tnadsoow@ — (A+1) I I

We call T(’ZMQ) [A, B] the class of q close-to-convex function of Type 2 related
with the Janowski functions.

Definition 6. A function f € ), is said to belong to the class f € T(Zmﬁ) [A, B]
if and only if

wAg f(w) 4
(B-1) A—ng(W)+nwi gw) (A-1) 1l
wAg f(w) ‘
(B+1) I-mg(w)+nwAsg(w) (A+1)

We call T(Zm,i%) [A, B] the class of q close-to-convex function of Type 3 related with

the Janowski functions.

For Special Cases.

(1) Forn =0and g (w) = f (w) then T(; ,[A, B], T(, o 1,[A, B, T(, o ) [A, B] and
17, .0.3)[A; B classes reduced to S7[A, B], S¢, )[4, B, 57, )[4, B] and S{; 4[4, B]
studied by Srivastava et al [17],27].
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(2)F0r77:0 gw) = f(w), A =1—-2a and B = llnT(qO)[AB]
Tio 4 B] (.0.2)[A Bland T, 5 [A, B] we get the classes S, S{, 1) (), 7, 2)( @)
and S} , which was introduced and studied by Wongsaijai and Sukantamala

(g,3)\*

(see [30]).

2.5. Main Results and Their Demonstration.
We first derive the presence results for the succeeding generalized g¢-starlike func-
tions:
T(*Q77]71)[A7 B], T(Z,n,z) [A, B] and T(*Q77773) [A,B],
which are associated with the Janowski functions.
Theorem 7. If —1 < B < A <1, then
qn3)[A B CT(qn2 (A, B) Canl)[A B.
Proof. First of all, we suppose that f € T(; , 4 [A, B]. Then, by Definition 2.10, we
have

i wAg f(w) N N
(B~ V=@ twagm ~A-D 1
wAg f(w) N ’
(B+1) =gt tmwsse@ — (A1)
so that
_ WAy f(w) _ _
(B~ D@ @ ~ A1 1 <1y (29)
wDg f(w) _ 1 _ ]_ _
(B+1) t=mg@rsmesga@ — A+ 1
By using the triangle inequality and equation , we find that
. WA, f(w) B N
B~ V=@ s ~ A=D1 | 1 (30)
(B + 1) 280/ () —(A+1) l-q| 1-g¢

(- n)g(w)+nqug
The last expression in now 1mpl1es that f € T(*q.n 2) [A, B], that is, that

T(*;yg) [A, B] C T{, 5[A, BJ.
Next, we let f € T(ng)[A, B, so that

WA f(w)
* (B~ 1) () tnwage@ — (A - 1) 1 1
fe T(q’n’Q) [A’ B] — wAg f(w) 1 < 1—0o
(B+1) T—mg(@) tnwheg(@) (A+1) q q
As we know
WA, f(w)
1 > (B - 1)(1_77)9(W)+nqug(w) -(A-1) B 1
1- wAyf(w) _ 1=
! (B + 1) (I-n)g(w)+nwAgg(w) (A + 1) q
wAg f(w)
= L (B - )(1 n)g(w)"l‘ﬂqug(w) - (A-1)
l-q¢ (B+1) wDgf(w) A+ )

(I-n)g(w)+nwAgg(w)
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we have

(B = 1) ittt — (A=)
Re (1-n)g(w)+nwlgg(w) >0 (weU"). (31)

WA F(@)
(B +1) a=gw) rmwDygi@ — (A+1)

This last equation now shows that f € T(*q’n’l)[A7 B, that is, that
T(tl»nﬂ)[A’ Bl T(*q.n,l)[Av BJ.

We have thus completed the proof of Theorem 2.11. O
Theorem 8. Let f € ,, then f € T0en2) [A, B] if and only if
[ (qw) B # ‘< (A+1)(1—gq)
(1-ngw)+ng(qw) (B-1)¢g+B+3|~ (B—1)¢g+B+3’
where
w=(A-1)¢>+(B—-—A+2)q+B+1.
Proof. Let

A) _(L( e )
(1=m)g W) +mwlgg(w) \1-g¢ (1 =n)g (w) +ng (qw)
Using Definition 2.9 of the class T(;  , [A, B] associated with the Janowski func-
tions.

(B-1 () (1~ eiman) A=D1 | 1

L _ f(qw) _ 1— 1—¢q
(B +1) (1—11) (1 (1—n)g(w)+ng(qw)) (A+1) 1 1
We have thus completed the proof of Theorem 2.12. O

Corollary 2. It is worth mentioning that the classes
T(Z’n’l) [A, B], T(*q7n72) [A, B] and T(*‘ang) [A, B] .
of the generalized q closed-to-convex functions of Typel, Type 2, and Type3, respec-
tively, satisfy the following properties:
mqe(O,l)T&m,l) [A, B} == ﬁq6(071)T(*q’n’2) [A, B] == T* [A, B]
and
mqe(o’l)T(t],nJ) [A, B} - mqe(o)l)T(*q,n,?)) [A, B] C T* [A, B].

Let L be a subset of ), consisting of functions with a negative coefficient, that
is,

1 oo
f@ =—=Slule'  (@=20).
t=1
We also let

LT(*q,n,t) [A7 B] == T(t],n,t) [A, B] n L (t == ].7 27 3)
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Theorem 9. For —1 < B < A < 1, then

LT(q n, 1) [A, B} == LT(*q)n)2) [A, B] == LT(*q,T],3) [A, B].

Proof. In view of Theorem 2.11, it is sufficient here to show that
LT(*(I n,1) [A’ B] - LT(t].n,S) [Aa B}

Indeed, if we assume that , f € LT, A, B], then we have

(@
wAgf(w) (A _
Re (B-1) T=—n)g(@)+nwiqg(w) (A-1) >0

wig f(w)
B+ =i tmwagw — (A+1

so that

(B—l) — wqu(z) — —(A—l)
(A—n)g(w)+nwAgg(w) 1] >-1

A,7()
(B+1) i rmwagg@ — A+ 1D

After a simple calculation, we thus find that

—wWAf (W) + (1 —1)g (W) + nwlgg (w)

Re

BT DB @) — (AT 1) (- n)g (@) + mobag ]| =
Using 7 @ and in above equation.
2(2n — 1) = 2(1 = n)g+
2502 [[tq(ar = nbe) — (1 = 0)b] qu't -

—(B+1)+A+1)n—(A+1)(1—n)g
+ 202 [[tg((B+ Day —n(A+1)b;) — (A+1)(1 = n)b] gu'*!

This implies we get

2], A+1
>tz = 5+ o+ 3 [ P S ind

SI(B+1)—(A+1) —(A+ DA =n)gl+2(1 —n)g—2(2n - 1),

which satisfies T( 0m3) [A, B]. By Definition 2.10, the proof of Theorem 2.14 is
completed. O

3. CONCLUSION

In our current investigation, we have presented and studied thoroughly some
new subclasses of ¢ meromorphic close-to-convex functions, which is connected
with the Janowski functions. Then we discussed some interesting properties and
characteristics of these new subclasses, including distortion theorem, radius problem
and partial sum. Some special cases have been discussed as applications of our main
results. The technique and ideas of this paper may stimulate further research in
this dynamic field.
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