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the fact that the immunity acquired by a fully effective vaccination is permanent. Threshold
Xy, defined as the basic reproduction number, is critical indicator in the extinction or spread
of any disease in any population, and so it has a very important role for the course of the

;Z; 0 AMS: 34D05, 34D20, 34D23, disease that caused to an epidemic. In epidemic models, it is expected that the disease
34K20, 92B05, 92D25, 92D30. becomes extinct in the population if %y < 1. In addition, when %, < 1 it is expected that
Received: 21 Feb 2021 the disease-free equilibrium point of the model, and so the model, is stable in the sense of
Accepted: 19 August 2021 local and global. In this context, the threshold value % regarding the model is obtained.
Available online: 31 August 2021 The local asymptotic stability of the disease-free equilibrium is examined with analyzing the

corresponding characteristic equation. Then, by proved the global attractivity of disease-free
equilibrium, it is shown that this equilibria is globally asymptotically stable.

1. Introduction

It has been seen that epidemics have had major effects and leave deep remains on human lives throughout history. To prevent and control
the spread of epidemic, the examination of its’ dynamics has an important role. In this context, mathematical modelling in epidemiology
provides understanding and explanation of the underlying mechanisms that influenced the spread of disease, and it suggests control strategies.
The COVID-19 pandemic, which emerged at the end of 2019 and is the most devastating epidemic of recent times, has seriously shaken
humanity as a global threat. Modeling and analysis studies in mathematical epidemiology have focused on this ground in conjunction with
this compelling and exhausting epidemic and many authors have made various contributions to this field with the help of the models they
have constituted. [1-3] and references therein are among some current studies on this subject.

While dealing with mathematical modeling spread of disease, in order to formulate the transmissions of an epidemic, the population in a
region is often divided into different compartments, and the models, which formulate the relations between these compartments, are called as
compartmental models. In the literature, there are many compartmental models provided basic principles for the spread of a disease in a
population. Kermack and McKendrick with their study [4] have pioneered in studies using compartmental mathematical models. In the
model proposed by Kermack and McKendrick in 1927, the population was divided into three compartments: a susceptible compartment
labelled S, in which all individuals are susceptible to the disease; an infected compartment labelled 7, in which all individuals are infected by
the disease and have infectivity; and a removed compartment labelled R, in which there exist the individuals consist whose infectiousness
finished. This model is called as ”SIR model” based on the initials of the group names.

Then, a lot of authors have tackled with various details to carry further forward this model. Adding a vaccination compartment is just one of
these details. Immunization with vaccines is among the most effective methods of protection from infectious diseases which are common in
the society and which have high contamination properties. Until today, many studies including the epidemic models with vaccination have
been introduced. The references [5] and [6] are just two of them.

In mathematical epidemiology, the course of the disease in the population associates with whether the basic reproduction number is greater
than 1, or not. It can be made the comments “If % > 1, there is an increase in the speed of the spread; if Z < 1, there is a decrease in the
epidemic rate and the epidemic is under control; if Zy = 1, speed of the spread is constant”. The value % is very important since it can tell
us whether the population is at risk about the disease. Therefore, calculating this value for any disease in any population is unvaluable.
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Considering the unfavorable conditions brought on by an epidemic disease in a population, studies to reduce the spread of the disease have,
of course, great significance. In order that the disease dies out in the population, it needs that %y < 1 and additionally the disease-free
equilibrium point of the projected model is stable when % < 1. In other words, the effort required to prevent an outbreak or to eliminate an
infection in a population should be directed towards ensuring that the value % is less than 1. In addition, it is expected that the disease-free
equilibrium point of the model and so the model is stable in the sense of locally and globally, when % < 1.

Hence, for the past decades, many studies have been proposed on local and global stabilities of the disease-free equilibria, [7—14].

The aim of this study is to present a model that reflects the fact that the protective effect may not occur immediately after the vaccine is
administered and the fact that this protection may not be fully effective even if the protective effect of the vaccine has started. The model
uses a system of nonlinear ordinary integro-differential equations with delay to explain this fact. The study focuses on the basic reproduction
number of this new compartmental epidemic model and on the local and global stabilities of the disease-free equilibria of model.

2. Model Description and Assumptions

In this study in which we aim to propose and analyze a new SV EIR epidemic model with delay, we divide a population (), among which
some individuals are known to be exposed to infectious disease, into five classes shaped like Susceptible (), Vaccinated (V), Exposed (E),
Infectious (/) and Removed (R) individuals.

The transitions between the compartments are expressed by the following system:

ds

G = b-BSOIN =4S -kS0).

h oo
‘57‘: - qS(t)—qﬁzl()/e Mg (1 — 7y dT— Vq/e MG (1 — Ty dT— (1—v) gBsl (¢ /e HTS (1 — Ty dT— UV (1),

0 h
dE hfu‘c 0?7/.”:
b= BSOIO+aBI0) [ Sa—)de+(1-v)ahsl () [ HS(1-1)dT—1E ()~ nE (1)~ RE (1),

0 h

dl
= = YE(t)— ol (t)—8I(t) —ul(t), (2.1)
Z—If = Vq/e’*”S(t—r)dr+nE(t)+aI(t)—uR(t).

h

Where S(¢), V(¢), E(t), I(t) and R(¢) denote the numbers of susceptible, vaccinated, exposed, infectious, and removed individuals at time 7,
respectively. The total population size at time ¢ is N(¢) and N(t) = S(¢) +V(t) + E(¢t) +1(t) + R(¢) for all 1 > 0. Also all these functions are
nonnegative.

All parameters belonging to the model are nonnegative constants and all newborn individuals get involved in the population by entering to
the susceptible class with a constant rate b.

The effective contact rate between infectious individuals and susceptibles is 8. Also f3; is the effective contact rate between infectious and
the individuals into the vaccinated group whose vaccinated at time ¢ — T and vaccine effect has not yet started. 33 represents the effective
contact rate between infectious and susceptibles whose vaccinated at time ¢ — T and vaccine effect has started, but whose their contribution
rate to the protection provided by the vaccine less than 1.

We assume that ¢ is the rate of vaccinated individuals within susceptible group and u is natural death rate in each compartment, & is death
rate derived from pathogen causing to outbreak. 7y indicates the rate at which exposed individuals become infectious. Also, & and 1 represent
the transition rates from compartments consist of infectious and exposed individuals to the compartment R, respectively.

Active immunization, the way of activating the body’s immune system through vaccination, is often applied before encountering with
microorganisms, that is, before encountering contamination, in order to create antibodies / antitoxins against infectious diseases having high
contagious properties and being severe consequences.

In immunization via vaccine, it requires a certain time (weeks or months) for antibody/antitoxin formation. In other words, protective effect
(antibody/antitoxin) does not occur immediately after the vaccine is administered or after the first dose of the vaccine. We assume that the
protective effect of the vaccine begins 4 time after vaccination. That is, protection of an individual who vaccinated at time ¢, begins at time

h
t+h. So the term g [ ¢ %S (¢ — 7) d7 indicates the number of individuals who have been vaccinated at time # — 7 and their protection effect
0

of vaccine has not yet started since the time threshold / does not completed, at time #. In this period that the vaccine does not yet form any
effect, a vaccinated individual who have not yet any protection enters to compartment E if exposing to the infectious agent with a sufficiently

h
effective contact with infectious individuals. This transition is expressed with the term g1 (¢) [ e **S(t — ) d in the model.
0

It is also another fact that no vaccine has a 100% protective effect. In some individuals, the body’s response to the vaccine may be weak
because of various reasons. Therefore, the vaccine protection is lower for such individuals, and it can be seen that the protective efficacy
in after vaccination is not fully formed. By considering this situation, the protection rate provided by the vaccine has been shown by v
in the model. As a result of effective contact between infectious individuals and the vaccinated (but are susceptible ) individuals whose
protection provided by the vaccine is less than 1, enter to latent compartment by exposing to the infectious agent. This transition is denoted

by (1—=v)gBsI(t) [e TS (t—T)dT.
h
On the other hand the individuals, whose protection level provided by the vaccine is 1 and so have full protection, include to the class R by

gaining immunity. This transition is represented by the term vg [ e S (t — 1) dT.
h
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2.1. Qualitative Analysis of the Model
In this section, we find the feasible positive invariant region, equilibrium points and basic reproduction number belong to the model.
2.1.1. Feasible Positive Invariant Region

Theorem 2.1. The set

Yo {SG c ([—r,oo), [o, ED  (V.E.LR) €C <R+,

is positively invariant and bounded for the model.

0, ED N(t) < %} (2.2)

Proof. Summing up the five equations of system (2.1), we obtain

N'(r) = a5, dv (dE  dT | dR
T odt  dr  dr  dr o dr

= b—plSEO)+VQE)+E@)+I(t)+R(1)—6I(t)
< b—uN(t). (2.3)
For the solution of this nonlinear differential inequality, we investigate the differential equation
N'(t)+uN (1) =b.
From solving of this ordinary differential equation we get N(¢) = b/ + ce *. For the initial condition = 0, we find the solution as
e b —pt
N (1) =N(0)e +ﬁ(1—e ). (2.4)
The right side of the equality (2.4) is the maximal solution of (2.3) by Standard Comparison Theorem [15]. Hence we have the inequality
—ut b —ut
N (1) <N(0)e ™ 4 m (1—eH)
forevery t > 0. If N(0) < b/u then N(¢) < b/u for all r > 0 and so the set Y given by (2.2) is positively invariant for the system (2.1).

Also, it is clearly seen that N (¢) is bounded above with b/ 1.
This region can be considered as a feasible bounded region which is enough to study epidemiologically and mathematically. O

Since the population V (7) and R (¢) do not feature in remainder equations of (2.1), we can study on the following reduced system (2.5):

S0 = b-BSOI0)-(g+w)S(),
h I

E(1) = ﬁlS(t)I(t)—i-qﬁzl()/e TS (r— 1) dT+ (1— v)gBsl (1 /e oS (i~ T)dt— (y+ 0+ E (1), 2.5)
0 h

I't) = yE@)—(a+8+p)I(t).

2.1.2. Disease-Free Equilibrium Point

Now, let us find the disease-free equilibrium point of the model (2.5). To do this we take S(¢) =Sy, V (t) = Vo, E(t) = Epand I (1) = Iy = 0.
So, for the system of algebraic equations

0 = b—PBiSolo—(q+u)So,
h )

0 = BiSolo+aP2Solo /67“1d7+(1 —V)4ﬁ35010/67”7df— (y-+n+u)Eo,
0 h

0 = yEy—(a+d8+u)h,

the disease-free equilibrium point is obtained as

b
Ppr = (So,Eo,Ip) = ——,0,0 ). (2.6)
pF = (S0, E0,1o) (flﬂl )
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2.1.3. Basic Reproduction Number

As is known from mathematical epidemiology, the basic reproduction number %, is used to measure the transmission potential of a
disease. It is the average number of secondary infections produced by a typical case of an infection in a population in which everyone is
susceptible, [16].

In the following part, we calculate this critical threshold value % for the model with the help of next generation matrix method, [17].

Let us take X = (E,1,5)T and write the system (2.5) in the form

E BiS(1)1(z) +qﬁzl(t)ff‘”5(t— T)dT+(1- V)qﬁsl(t)fe’“rs(t —1)dt (y+n+u)E({)
I = 0 0 h = | (a+d+m)I(t)—vE([) |,
S 0 BiS()I(t)+(q+u)S(r)—b
ax ) ¥(X)
that is
dx

The values at the disease-free equilibrium point Ppp of the derivatives of ¢ (X) and ¥ (X) with respect to E, I, S, respectively, come in
sight with the following Jacobian matrices:

0 [l)f?/(PDF) J;}(PDF)

Jx(Ppr)=1{ 0 0 0
0 0 0
such that
n o
J2(Por) :BlSo+¢IﬁzSo/e’“dT+(1 —V)f]ﬁ350/€7md7
0 h
and
h ol
J2 (Por) =13110+61B210/e_md7+(1*V)615310/€_Md7
0 h
and also
YN +u 0 0
Jy (Ppp) = —y o+8+p1 0
0 B1So Bilo+(q+u)

Taking into account that infections can only exist in compartments E and / , the block matrices K and V are formed as

0 Ki»
K= Jtho =
0 0
such that
h o
K12 =3150+QB250/67“7617+(1 *V)Qﬁsso/fmdﬂ
0 h
and
YN+ U 0
V="n= .
22 { -y o+8+u }
Thus
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such that
h ©
14 <ﬁ150+613250fe_md7+ (1- V)qﬁ350f€_md7)
0 h
kvl =
" (ry+n+u)(a+d+p)
and
h o
B1So+qBa2So [e HTdT+ (1 —v)qPB3Sp [ e HTdT
kvl — 0 h
2=

oa+0+u

So the characteristic polynomial of KV ~! appears with
h o

Y| BiSo+aP2So [ e HTdT+ (1=v)qP3Sy [eHdT
0 h

(r+n+u)(a+d6+u)

AlA— =0.

Thus, the spectral radius of the next generation matrix is

h oo
(s sess o)
0 h

kvl =
p(kv") (rn+m)(a+d+p)
Taking into
h =3 k
. _ ,—uh —ih
So= -2, / ebtgr= 120 / e Mgt =1lim [eFdr="2
q+u u koo H

h h
account that, the basic reproduction number of the system (2.5) is calculated in the form of
L —uh —uh
oy by (BiraBa et 4 (1= v)gBy e )
B = p (KV ) - 5
(g+u)(y+n+u)(a+d+u)

by (UB1 +4B (1—e#") + (1 - v) gBse ")
pg+p) (y+n+u)(a+8+pu) '

2.1.4. Existence and Uniqueness of Endemic Equilibrium Point

In subsection 2.1.2, we see that the system (2.5) always has a disease-free equilibrium point. Now, we investigate the existence and
uniqueness of endemic equilibrium point. If the constant solution Pg (S*, E*,I*) is the endemic equilibrium of (2.5), the positive constants

S*, E* and I should satisfy the algebraic equations

0 = b-—PiST" —(q+u)s",
h o

0 = BST +qBST / e HTdT 4 (1= V) gfsS'T / e HTdT— (Y41 + ) E*,
0 h

0 = yE"—(a+o+u)r.

From second equation of this system, we have
ok ok 1- e—#h e_“h *
S| B +qﬁzT +( fV)qﬁsT =(r+n+up)E
and then

E_ (Bt apy (1 =)+ (1-v)ghseth)s"

I p(y+n+u)

On the other hand, from third equation of the system (2.7), we write

E* _a+dé+u
T y
Considering (2.8) and (2.9), we get

o Hy+n+p)(a+d+p)
Y(uBi+aBa (1—e#) +(1—v)gBse )’

2.7)

(2.8)

(2.9)
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By the way, let us express the S* in terms of %.

. b
(g+u) %
Also, from first equation of the system (2.7)
r = ————
B1S*
_ et (-1
B
and taking into account (2.9) we obtain
oo (axsapr
Y
_ lg+w)(at+é+u) (% —1)
vB1
Therefore, we say that the system (2.5) has a unique endemic equilibrium point
P = (S E'.I)
< b (g+u)(0+8+u) (% —1) @+ﬂ)&%*U)
(g+n) %’ B ’ B

for %y > 1.
2.2. Local and Global Stabilities of Disease-free Equilibria

In this part, local and global stability of disease-free equilibrium point Ppr of the model (2.5) are discussed.

Theorem 2.2. The disease-free equilibrium point Ppr is locally asymptotically stable in X for Zy < 1.

Proof. The Jacobian matrix at Ppr = (S, Ep, o) of the system (2.5) is

—Bilo — (q+u) 0 —BiSo
I (Por) = o1 (Por) —(v+n+u) J23 (Ppr)
0 Y —(a+8+u)
where
A o
Ja1 (Por) = /3110+qﬂzlo/e’“dr+(1 —v)qB3Io/e*‘”dr
0 h
and
h e
J23 (Ppr) :ﬁ130+qﬁ250/e’“’dr+(1 —v)qﬁas()/e*“dr.
0 h

For the point (So, Eo,Ip) = <ﬁ , 0,0) , J (Ppr) corresponds to the following form

~(g+n) 0 ~20
J(Ppr) = 0 —(y+n+u) L ,
0 Y —(a+6+pu)

where

L b (BB aBs (1= ) (1 - v)gBse )
pulg+u) '

The characteristic equation for this Jacobian matrix is

—(y+n+p)—24 L
det(J(Ppor) —AL) = (—(q+u)—2)

Y —(a+6+p)—24

= 0.
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Hence
(= (q+m) = 2) (A2 + 1+ 1+ )+ (@+ S+ WA+ (v + ) + (@+8+p) —7L) =0, (2.10)

and so the characteristic equation (2.10) always have the negative root — (¢ + ). The other eigenvalues of this equation come from the
equation

Ay n )+ (oA +[(y+n+p) + (a+8+p)](1—Z) =0. (2.11)
For this quadratic equation,
Ml =[(y+n+p)+(a+8+uw)(1—%)
and
M+l =—(y+n+u)—(+6+u)<0.

If 2y < 1 then A1 A, > 0 and so two roots of Eq. (2.11) are also negative. If % = 1 we say that one of roots of Eq.(2.11) is zero. On the
other hand, when % > 1 one of roots of Eq. (2.11) has positive real parts. So the disease-free equilibrium Ppr is locally asymptotically
stable for % < 1; is stable for Zy = 1, and is unstable for Z, > 1. O

To prove that the disease-free equilibrium point Ppr is globally asymptotically stable for %y < 1, we use to the global attractivity of it. To
see this property of the Ppr, we need the following lemma.

Lemma 2.3. [18] Assume that f be a bounded, real-valued function defined on [0,0) and be twice differentiable with bounded second
derivative. Also, let us define notations f. and < as

foo = litrgglff (1), S~ =limsup f (¢),

where
inff(t) = inf{f(u):ué€lt,), >0},
supf(r) = sup{f(u):u€lt,eo),r>0}.

Letting k — oo, tj, — o0 and f (t;) converges to fw and | then limy_, ' (t) = 0.
Theorem 2.4. The disease-free equilibrium point Ppr is globally asymptotically stable in X for %y < 1.

Proof. We investigate that Ppr is globally attractive. From the first equation of the system (2.5) we write

ds

Eﬁb—(4+#)s(t)~ (2.12)
Let us say % =b—(q+u)X(r). Clearly, a solution of the equation % =b—(q+u)X(¢) is a supper solution of S(¢). Therefore
X (t) > S(¢) for every r > 0. We immediately note that X (1) — ﬁ while # — 0. Then for a given & > 0, there exists a fy such that

S <X(1) < -2 te

T qtu
fort > ty. So we say S < ﬁ + €. In the event of €g — 0, we write
b
ST —. (2.13)
q+Hu
From the third equation of the system (2.5) we obtain
Ylim E (¢) YE=

t—ro0
1

— < ,
o+6+u - o+o+u
as t — oo. So we can say
<7YE .
Ta+o0+u

o

(2.14)

Taking into account the inequation (2.13), from the second equation of the system (2.5) we write

BiS(t)I(t) . ‘Iﬁzl(t)ofe_”fs(sz)df (1 —V)Qﬁ31(l‘)Z€7MS(t—T)df

+
Y+n+u Y+n+u Y+n+u
o lh _ —Uh
< < bB N bgPa (1 —e ") . b(1—v)qpBse >Ioo

E (1)

(q+w)(y+n+u) plg+u)(y+n+u) wlg+p)(y+n+u)
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ast — oo. So we get

b l—e #M) 4 (1—v ~Hh
B < (B +gPa (1—e ) +( )aPze M) -~ 2.15)
tig+p)(v+n+mp)
Substituting the inequality (2.15) into (2.14), we obtain
» by (uBi+qB> (1 —e )+ (1—v)gBse ) =
- plg+up)(y+n+u)(a+d+pu)
= Al
Also, substituting (2.14) into the inequality (2.15), we attain
o < (bY(uBitaps (1—e M)+ (1-v)gBse M)
- plg+p)(y+n+u)(a+d+pn)
= ZRE”.
Hence if Z < 1, we say that I*° <0 and E* < 0.
On the other hand, clearly /., > 0 and Ew > 0. So Io = I = 0 and E.. = E® = 0. Therefore (E (t),1(t)) — (0,0) while  — oo.
Now we show that
lim S (1) = L
f—yee qg+u
According to Lemma 2.3, we can determine the sequences () and (s;,) such that
S(rn) = Seo and S (s,) = S~
while (r,,) — oo and (s,,) — co.
Again, in accordance with the same Lemma, we have
S'(ry,) = 0and S’ (s,) — 0. (2.16)

From (2.12) and (2.16), we obtain

b— (q—O—u)h;ggng(t) 0

and

b—(g+p)limsupS(¢) =0.
1o

Therefore Ili_)m S(t)= ﬁ. Consequently disease-free equilibrium point Ppr is global attractive for %y < 1.

We have concluded that disease-free equilibrium point is locally asymptotically stable with previous theorem. Since Ppr is both locally
asymptotically stable and globally attractive, it is globally asymptotically stable in Y for % < 1. O

3. Conclusion

When it is carried out immunization with the vaccine, not only the vaccinated individual is protected against infectious disease, but also
indirectly, it is prevented from infecting other individuals. Therefore, if the number of vaccinated individuals against the disease in the
society is how much higher, the probability of the occurrence of that disease is lower at that rate. It is even possible to eliminate some
diseases completely. For example, through successful vaccination programs, diseases such as smallpox, measles, polio have been completely
eradicated or have been reduced to almost non-existent levels. This situation has increased the interest to models with vaccine in dynamical
systems.

In this paper, it has been investigated the disease-free dynamics of a time delayed SV EIR epidemic model with a different perspective from
the models in the literature. For the model it has been obtained the threshold quantity %, called as the basic reproduction number. Next, as
%y < 1, it has been shown that disease-free equilibrium is locally asymptotically stable and is globally attractive, and as a result of this, is
globally asymptotically stable. Vaccination always has a strong effect for disease control by decreasing the basic reproduction number. So,
when % < 1,with effective, preventative and sustained vaccinations the disease can disappear ultimately.
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