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Matrix Representation on Quaternion Algebra

GULAY KORU YUCEKAYA

ABSTRACT. The quaternions, denoted by H, were first defined by W.R.
Hamilton in 1843 as an extension of the four dimensions complex numbers.
Hamilton has included a new multiplication process to vector algebra by
defining quaternions for two vectors where the division process is available.
In this paper, basic operations on H, Z,quaternion and the matrix form
which belong to H,Z, quaternion algebra are given.
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1. INTRODUCTION
In this section, basic definitions and theorems are given for our study.

Definition 1.1. Let N be the set of natural numbers, and .(a,b) , (¢,d) € NxN. (a,b)
equivanlence class which includes as (a,b) element is called an integer according ~
to equivanlence relation in N XN which is defined as

(a,b) ~ (¢,d) @ a+d=b+c
and it is denoted by Z.

Theorem 1.1. (Z,+,.) is a ring

Theorem 1.2. To be equal relation is an equivalence relation among the elements
in Z module p.

Thus, according to module p, if the equivalence classes set

{(z,y) |z €Z, yeZr=y (modp)}.
Which is separated from equivalence relation by Z.is denoted Z,, that is

Z,={0,1,2,...p—1}.

Theorem 1.3. (Z,,+,.) is an unit and commutative ring [2].
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Theorem 1.4. If p.is a prime, then (Z,,+,.) is a field [2].
Definition 1.2. The set of
q = agep + aie1 + azez + azes

is called real quaternions. Such that ordered ag, a1, a2, a3 four real numbers accom-
pany to eg = 1, e1, ea, e3 units which enable

e = e2=ei=-1,
(].].) e]p X ey = e€3,€2 Xez3=¢€1, €3 X €] = €3
ey X e = —e3,e3 Xey=—¢€1, €1 X €3 = —€2

properties. Here, ag, a1, as,as real numbers are components of ¢ quaternion and it
is written as {H, ®,R, +,.,®, X} an associative algebra where quaternions set is H.

This algebra is called quaternion algebra and shortly denoted by H. One basis of
this algebra is {1, e1, es,e3} and the dimension is four [4].

2. H,/Z,QUATERNION ALGEBRA

In this study, let p be a prime g = 1,e = p—1 = —1 and a,b € Z,. The elements
of the form aey + be; will be denoted by the set Z, [e1] .

Theorem 2.1. The set

H/Z, = {q=aoeo+aier+ages+ases|a; €Z,,0<1i<3,p=4k+ 3 prime,
60:1,6%263263219—1:—1}

is a vector space over (Zp,+,.) field.

Proof. Let Vg1 = apeg + a1e1 + azez + azes, g2 = boeg + bie1 + baes + bsez € H /Zy,
and a;,b; € Zy, 1 =0,1,2,3. H/Z, under the addition is defined

e : /2, xH/2, — H/Z,
(q1,42) - 1D
That is,
q1 @ q2 = (ag +bo) eo + (a1 + b1) e1 + (a2 + b2) ez + (a3 + b3) es.
So, (H,Zy,®) is an Abelian group.Let be the set H Z, under the multiplication
®© : Zy,xW/Z, — H/Z,
(a,q) — a®gq.
That is defined by (1.1)
a®q = a0 (agey+ arer + azes + ases)
= (aap)eq + (aar) e1 + (aaz) e + (aas) e3

which has the properties indicated below.
V1) For Va € Z,, Yq1,92 € H/Zp,

a0 (@ Oq)=(@0q)d(@®q),
2
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V2) For Va,b € Zy, Vg e H/Z,,
(a+b)0q=(0qa(boq),
V3) For Va,b € Zy,, Vg € H/Z,,
(ab)©g=a0(bOq),
V4) For Vg e H,/Z,,1 € Z,
10q=q.

Therefore, {H,Z,,®, Z,,+, ., ®} is a vector space. This vector space will be denoted
by H,Z, shortly. O

Definition 2.1. Let be H /Z, a vector space.A multiplication on this vector space
is defined
x W/ Z,xW,/Z2, — H/Z,
(q1,42) — g1 X @2
That is

G1 X q2 = (aoeo + arer + azes + ages) x (boeg + brer + baes + bzes)
+ (agbo + (p — 1) a1b1 + (p — 1) azbe + (p — 1) asbs) ep
+ (aob1 + a1bo + azbs + (p — 1) asbs) e1
+ (aobz + (p — 1) a1bs + azbo + azby) ez
+ (agbs + a1ba + (p — 1) agby + asbo) es.

This multiplication is called quaternion multiplication [3].

Theorem 2.2. The quaternion multiplication have these properties shown below.
K1) ForVqi,q2 € H,/Z,,

¢ X g2 € H/ Zp,
K2) ForVa € Z,, Vg1, € H,/Z,,
a®(q1xg)=(a0q)xg=qx@®qg),
K3) ForVqi q2,q3 € H/Z,,
(1 ® g2) X g3 = (q1 X q2) ® (g2 X g3)

@1 X (2@ q3) = (1 X ¢2) ® (1 X q3),
Kj) For¥q1 q2,q3 € H/Zy,
(g1 X g2) X g3 = q1 X (g2 X q3) -
Thus, {H,/Zy,, ®, Zy, +,.,©, X} is an algebra [5]. This algebra over Z,, field is called
quaternion algebra and it is denoted by H /Z,

Conclusion 2.1. Quaternion multiplication has no commutative property. That is,
for¥qi,q2 € H/Zp,
a1 X q2 7 g2 X qu.
Specially, for Vg1 = ageo, g2 = boeg € H/Z,,there exists commutative property.
3
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3. MATRIS REPRESENTATION OF H “Z, QUATERNION ALGEBRA

Theorem 3.1. ForVq; = ageg +aie1 +ases +ases, go = bgeg +breq +baes +bzes €
H,Z,,

this multiplication can be expressed with the help of a linear operator.

Proof.
linear
L, : Wz, " H/Z,
q2 — Ly (2) = @1 xq
so we obtain
Lq, (60) = 1 X¢€
= apeg + aijeq + azes + ases.
Ly (e1) = qixe
= (p—1)aieq+ ager + azez + (p — 1) azes,
Lq, (e2) = q1xe
= (p—1)azep + (p — 1) ager + agea + azes,
Ly (e3) = quxes

= (p—1)azeq+agser + (p— 1) ajes + apes.

L,, corresponds to the lineer operator represented by the matrix H™ (g1)

a (p—1La (p—1)az (p—1)as

+ _|aa ap as a2
H (1) = as as ag (p—1)aq
as (p—1)as ax ag

So that ¢1 X g2 quaternion multiplication, H™ (q1) g2 can be expressed in the form
of matrix multiplication.Actually

a (p—1a (p—1)ar (p—1az| | bo

+ _ ay ag as az b1
H (ql) a2 B as as ag (p — ].) ay b2
_a3 (p — ].) a9 a1 ap bg

agbo + (p - 1) arby + (p — 1) a1bs + (p — 1) azbs
a1bo +agb1 + (p — 1) agba + azbs

asbg + aszby + agbs + (p — ].) a1bs

L asby + (p — 1) ashy + a1bs + apbs

= @1 Xq2

4
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Therefore,
1 00 0 0 p—1 0 0
0100 1 0 0 0
+ —
H (@) = alg o 1 o/ T%]g o 0 p-1
000 1 0 0 1 0
0 0 p—10 00 0 p-1
0 0 0 1 00 p—1 0
ta iy o ol ®lo 1 o 0
0 p—1 0 0 10 0 0
Matrix can be written by
1 0 0 0 0 p—1 0 0
0100 1 0 0 0
E0_0010’E1_000p—1’
0 0 0 1 0 0 1 0
0 0 p—1 0 0 0 p—10
00 0 1 0 0 0 1
Er= 110 o ol =1 o 0 0
o1 0 0 0 p—1 0 0

H™ (q1) = agEo + a1 E1 + a2 E> + a3 E3.

Here, Ey = 14, 1, E>, F5.in order corresponds to eg = 1,eq,es, ez units. There
exists the properties shown below:

Ef=E;=Ef=(p-1)Ey=(p—1)1s
E\Ey = E3, ExE3 = Ey, EsEy = Es
EsEy = (p—1)E3, E3by = (p—1)E1, E1Ey = (p—1) Ea.
By processes similar
R, : HW/z, "S5 H/Z,
q2 = Ly () = exa
linear operator where
1 = apep + aie1 + azea + ases,
q2 = boeg + brey + baes + bzes.

Matrix corresponds to R,, linear operation.

Rg (e0) = eoxq
= apeg + aire; + azes + ages.
Ry (e1) = e xaq

= (p—1)aieg+ aper + (p — 1) ages + ages,

Ry (e2) = exxaq

= (p - 1) aseq + aszep + apey + (p — 1) aies,
5
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Rq, (e3) = e3xq
= (p—1)azeo + (p— 1) azes + ares + apes.
Thus we obtain

a (p—1)ar (p—1)az (p—1)as

_ e ao as (p—1)as
H™ (a1) = as (p—1)as ao a
as as p—1ay ao

So that g2 X g1 quaternion multiplication, H~ (g1) g2 can be expressed in the form
of matrix multiplication.Actually

a (p—1la (p—1)ar (p—1az| | bo

- _ ax ao as az by
H (QI) 42 o as as ag (p — ].) ay b2
_(13 (p — 1) a9 aq ap b3

apbo + (p — 1) a1by + (p — 1) arba + (p — 1) azbs
aibo + agbr + (p — 1) azbz + azbs

asbg + asby + agbs + (p - 1) aibs

i asbo + (p — 1) azby + a1b2 + apbs

= @2Xq

Therefore,
1 000 0 p—1 0 0
01 00 1 0 0 0
H= (@) = a0ty o 1 o/ T2 o 0 p-1
00 0 1 0 0 1 0
0 0 p—10 00 0 p-1
0 0 0 1 00 p—1 0
taz o ol T®lo 1 o 0
0 p—1 0 0 1 0 0 0
Matrix can be written by
1 0 0 0 0 p—1 0 0
01 00 1 0 0 0
EO_00107E1_000p—1’
0 0 0 1 0 0 1 0
(0 0 p—1 0 0 0 p—10
00 0 1 0 0 0 1
Er= 10 o ol B=]1 o 0 0
o1 0 0 0 p—1 0 0

H™ (th) =aoFky+ a1 FEy + asFs 4+ asFEs.
Here, Ey = 14, 1, F», F5.in order corresponds to eg = 1,eq,es, ez units. There
exists the properties shown below:
Ef=E=Ei=(p—1)Ey=(p—1)L,
6
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E\Ey = B3, ExE3 = Ey, E3E) = E»
Exby = (p—1)E3, E3By = (p—1)Ey, E1Ey = (p—1) Es.

Homomorphism where H' was not a homomorphism H~.Thus,

i) HY (+q)=H"(q1) + H" (¢)

i) H* (1rq2) = H* (q1) H* (q2)

i) H™ (1 +q2) =H () + H™ (q1)

i) H™ (qzge) = H™ (¢2) H (1) # H (¢1) H™ (¢2) -
H* and H~ .operators similar to Hamilton operators[?]. Thus Vqi ¢2,q3,q1 €

H,Z,, following properties are provided.

i) qrge =HY (1) = H™ (2)

i) H* (rzq2) = H* (H+ (1) g2) = H* (q1) H* (g2)

iwi)  H™ (queqe) = H™ (H™ (¢2) 1) = H (q2) H™ (q1)

w)  HY (g + gaeq) = HY (1) H (¢2) + H (g3) H (qa)

v) H™ (q1wq2 4 q3wqs) = H™ (q2) H™ (q1) + H™ (qa) H™ (g3)

vi)  HT(H (q1)q2) = HY (q2) HY (q)

vii) H™ (H" (q1)q2) = H™ (q2) H™ (q1)

viii) HT (1) H (q2) = H™ (q2) H (q1)
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