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On the decomposition formulae for the solutions of a
class of partial differential equations of even order

S. SURAY AND A. O. GELEBI

SUMMARY

A Weinstein and L. E. Payne had obtained decomposition formulae for the

solutions of the equation

]—ka u = 07
where
n a2 02 k b,
k=2t t 5y &

In this paper, we will extend the decomposition formulae for the solutions of

the equation

n 2 v oa; O "
< = + T = > u = 0.
i X

=1 0X;2 =1 0x;

L. Let us consider the differential operator

n 2
Ly =3 2 1% % g <k <

=1 00X X, 0 Xg - -

where o, € R is an arbitrary constant. Let the function uw ==
u(x; Xs.... X,) € C? be the solution of the equation

Lock u = 0.

Such a solution will be denoted by u{« }. The decomposition

w o= % xdu; {o) (1)
=0

with h £ k, for the solution w{«,} of the equation

Lpg_k A L A— 0
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which is obtained by the iterated applications of the operator
Ly, to the function w = w (x,, Xz..., X;) € C* p times is
known [1].

2. The first thing we will do is to extend formula (1), to the
case of more than one coefficient which are called the parame-

ters. Let us assume, for example, that there are v parameters
(I < v =< n- 1), and let us denote the solution of the equation

9w =20

by w = w {o,, as....2}, where
n 02 Vo« 0
) = Lotntns. oty — 3 y X C
2 %% % i1 0% + ?‘:1 x,; 0%,

We shall show that the function w admits the decomposition
w= 2 xufu; {ot, a0 (2)
provided that h =% i (i = 1,2,..., v). It is assumed that each
function u ; in (2) is a sclution of the equation
9 u = 0.

We already know that formula (2) is valid in the case of only
one parameter [formula (1)]. In order to show that it is also valid
in the case of v parameters we must verify

P xTu, =0
for o < q <p- 1L
G u, =0
1 1 8211‘
O x,u, = G 9 xy u, = 9 [x, Qu, - x5 —
0x,2
02 ou, 0
—————— 1 p— 2 6P71 —_— e 2 ] ] =
+ oz eyl P o, 2 =0
and in a similar way, we can see that
ofu, . Al
P b — P~ 2 == P— =
Pty = K g0 = K g @ w, = 0
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where K ( £ 0) is a fixed but arbitrary constant. That is, if we
write a decomposition in the form (2)

 t) .
Pw= 9" X xtu; {oy, oa..., oy
J=0
e .
=X 9 x 0 u; ey, 0oy, oy = 0.
J=0

On the other hand, it is evident that if
GP W {otiy OLaye ey oy = 0

then the solution w of this equation admits a decomposition of
the form '

pol )
W, Rapeney &y }o= Jk—‘o xpt wy {on o, oy}

3. In this paragraph we shall try to extend the decomposition
P
w= 2 u{o; -2 (-1}
i=1
which A, Weinstein [2] has given for the solution of
Lo( Laz ...LgxpWZO

to the case where the operators contain equal number and more

1

than one parameter.

First we will prove the following theorem for two operators
and v (1 =< v = n) parameters where only the parameter in the
h th place differs from each other and the rest is the same.

THEOREM 1 Undéif the I;ypothesis
:th = ol - 2,
the solution w of the equation
Loy oyneeos aplseees ay Lt sty eney o2000p &y W = 0 (3)
admits the decomposition

W = u { Oys Olyos s o ochz,..., “V}

“+ u { Oy o o(z‘ “ ey o(hl -2,...., av}. (41)
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Proof: For the sake of simplicity, let us denote the opera-
tors in (3), from left to right, by 9,, and 9 .. Equation (3) is equiva-
lent to the equation

QoW = U {oty Gapenny Aplyee. o) (5)

Under the assumption o2 7 «,! -2 equation (5) has a solution of
the form v{w,, ota. ..., oyl - 2,...., ay}. In fact, considering

the equality
O: = 8 oy Lagevvwy xpl = 2,000, oy

0

(7<%

+ an? -yl 4 2) x,7

(6)

which can easily be established, and the relation
0
oxy

xp, 71 Wty Capenny ol = 2,000, oy)

= {01y Lapennry Aplyennn, Oy} (M
which is given by A. O. Celebi [3], equation (5) can be written as

Do VIt Ropeenny agl — 2,000, oy}
= w{oy, Cayeoy Aplye.., Oy}
or
(g2 = ol H 2) v{os, otayenes aplyeen, ay}

= ufoy, Gayeony oplyeen, Oy 8)
It is clear that, if o2 - ol + 2 £ 0 or o2 7= «yl -2 then,

u

vV = :
0 - ogl + 2 °

since the operator 9, is linear, ¢ u is also a solution of the equation

&, u = 0 where ¢ is a constant; that is, neglecting (2 — a!
-+ 2)1 we can take v = u, so,
Dawlay, doyen, apl = 2,00, ayf = u
{oti oy aglyn e, oy} 9)

Subtracting equation (9) from (5), we get

e [W - w {0, ol = 2,000, a ] = 0 (10)
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The meaning of equation (10) is

Wo— wdy, Cayeee, opl = 2,00, o)

= u{ocl, Fope vy ApZoeenny Oy
or
W= u{ty, Gapennny X2y .., Oy
+ wfoy, dae ey apt - 2,000, Ay

Thus the theorem is proved.

Now we will consider the general case with p operators, each
having v parameters and only the parameters in the h th place
differ from each other, and the rest of them are the same.

THEOREM 11 Under the hyphothesis
apt FE oot -2 (r-s),s <r=23,...,p

the solution w of the equation

P
11 Lozi, Olyyenes ozih,...,cxv w =0 (11)

i=1

admits the decomposition

W =

T g

wioy, Oaeey apl = 2 (p - i)y .y o)

b3

where 1 < v £ n.

Proof. Denoting the operators by a simplified notation we
can write equation (11) as

M9, w=0. (12)

Equation (12} is equivalent to the following:
p
I 9;w = ulot, Coenny aplyene, ayf- (13)
=2

By Theorem I, under the assumption o2 7% oyl - 2, there is a
function w {o, o5y ..y o5l - 2,..., o} such that

Qo u{oyy @openey agl = 2,000, ay)
= Wy Loy Gl Gy (14)
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By the same argument we can write
9, wlay, Gayeeny apl — 22,000, ay)
= w{ ti, Kayenny apl = 2,000, o),
if a2 # a,l — 4. That is, equation (14) takes the form
9, 9y uf oy dayey ogl — 22,00, av}

= dy, Aoy, opl = 2,00, oy},

Proceeding in this manner we obtain

v
I 9 uf oy dteeeey oyl = 2 (p— 1), .0y oy}
i=2 = { oty Loy Oplyen, Oy} (15)

FY

Subtracting equation (15) from (13) we get

9 [Wottfotry e oy ogl=2 (p=1)s. .ot ] = 0. (16)

i=2

Thus,equation (16) takes the form

P
II 9, w, =0 an
i=2
where
W= W—u {a, da..., 0l =2 (p—=1),..., oy}

that is, this procedure reduces the solution of (12) to the solution
of (17). Repeating this argument we reduce the solution of (12)
to the problem considered in Theorem I. Hence the proof of The-
orem II is' completed.

4. L. E. Payne has given the decomposition

p—1
w= X yiu{la+ 2i}
i=0
for the solution of the equation Ly w = 0, {1]. Now we want

to extend this formula to the case of more than one parameter;
that is we will establish the same decomposition for the solution
of the equation
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g*w =20
where

9 = La, «,..., Oy

For this purpose we will first prove the folowing lemma.

Lemma
9w = x| " 9FP w* (18)
where w = x,/ ™™ w*, 1 <= v =n, h=i(i=12,...,v)
and
9* = Locl, Ogyenes 2 7 Opyeney Oy

Proof: We will use the method of mathematical induction.
First, let us take p = 1 and note that

2—o, @ 4 o, 0 __Q*_2(1-—och) 0

X ox,, X, Oxy X, 00Xy

9= 9* -

Applying 9 to both sides of w = x,! % w*, we obtain

9 w = Q xhlvuh w*
2(1-« 0 -
= (@ - Xp . oxy (Xhl )
- g, 02 W ¥ 2w
1
e R S Rl Gl U N o

L ( o2 + oy i_) (Xhl—ah w¥) = X, GEWH

0 x,2 X, 0%y
Now let us take p = 2, that is

P w = 9 (x,! 7% w*)

B 2(1~ay) 0
Xy 0 xy

= (&7

) (Xhl'ah Q* w*)

By calculating the right hand side of this equality, as in the case
of p = 1, we get
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P ow = th“h G*? W,

So it is proved that relation (18) is valid in the cases p = 1 and
p = 2. Now let us assume that the same relation holds for p - 1
operators. We will show that it also holds for p operators. If

p-1 B +(-1)
»62 w o= Xh1 *n Q w*
then

P *(P_l)

9 w = 9 (x,/ % ¢ w¥)
2(1—ay,) @ g D

= (g*¥ - W =y ¢ *
(9= =2 o) ™ g WY (19)

Calculating the right hand side of (19), we obtain

P _ *p _ 02 *(pﬁl)
9w = x,l"®m 9 w* _ x, " Txl 1) w*
~Op 8 *(p—l)
— (92— *
( o) x 7= w
2 a0 L I
—_ —~h _Z h
+(fixhz_l_xh 8xh)(xh 2 v

I—Oth *p
= X 9 w*.
A

This completes the establishment of the lemma.
Now we will prove the following theorem:

THEOREM ]II. Under the hyphothesis 1 <= v < n -1,
h=1i@{=1,2,...,v) the solution w of the equation

QP w = 0
admits the decomposition

P 2D _
W= Z Xy u{dy, Gnee, ay + 2 (p- )., ay

i=1



ON THE DECEMPOSITION FOBMULEA FOR... 65

Proof By the above lemma the equation 9® w = 0 gives
9" w* = 0. Then let us take o] = o2 = ... = o,° = «a,
in Theorem II. So, the decomposition established there takes the
form

| M

It
—_

' —

W Goperny ty — 2 (P — T)yevy &y} (20)

1

In order to apply the decomposition to the function w*, o, -

2 (p - i) should be substituted by 2 - [a, - 2 (p -1)]. Thus we get

w¥ :.2 u{al,az,...,2- log -2 (p - 9)]s--.s o:\,} (21)

i

P

-

On the other hand, for p = 1 or w = u the relation
w = x}:‘xh w* gives u == Xfll_“h u*  or
Wtiye Gyeney 2= [y = 2 (p = D)o ey o) (22)

= x et uf o, 0y, ay 2 (P - 0) s, ay)

is deduced. Substituting the result (22) in (21) and writing w* =
w x% !, we conclude with

-l p 1+ &y +2(p-i)-2
w x% :~21 Xy W1y Loy s Oy
-

+ 2 (p-i)y..., oy)

or

P 2(P-i)
w = X X, Wy, dapeuwy oy + 2(p = 8)senn ay}. (23)

i=

—

This is the formula which was to be established. So the proof of
the theorem is completed for the case more than one parameter.
The decomposition (23) is the generalization of the decomposition
due to Payne; if we choose g, = o and the rest zero, it gives
Payne’s decomposition.
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OZET

Bu yazida cift mertebeden kismi tiirevli eliptik lineer bir denklem sinifimin ¢bziim-

leri i¢in agagida isaret edecegimiz bazi dekompozisyon formiilleri kurulmustur.

I 0? v o 14
1. =1, = X e ) 2 olmak iizere
9= Loy, ay..., % TS o xg + B x; ox
Q” w = 0 denkleminin w c¢oziimii i¢in
Pl s
w = z’_ Xpj u {ocl, o, , Otv}
J=o
P . s L)
2 il;I! s Oy s tpten, @y, W = 0 denkleminin cbziimii igin
2 ; .
w = .Ll u{ocl, Ogrevs OGp' = 2 (P - Dyt oy 0(\)}.
i=
3. Q" w = 0 denkleminin ¢bziimii igin

P .
wo= 2 xhz(P—‘) u {oc,, Oypres Xy =+ 2 (p - i),...,ocv}

1=1
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