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Analytic Functions

C. ULUCAY

Department of Mathematics, University of Ankara
(Received Sept. 3, 1974)
SUMMARY

In this paper we prove a general theorem (theorem 2) which is another form of
the main theorem in [1]. New applications of this theorem are also given.

INTRODUCTION

In a paper, “A General Formulation of an Extremalization
Problem. ..” we stated and proved the following general theorem
[1].

Let E be the class of-analytic functions represented by a
Stieltjes integral

b
f(z) = j g(z:t)du(t)

where a, b are given real numbers, g(z,t) is a given function
analytic in the unit disk K: (z, |z|<1) for a < t < b, and p(t)
runs through all possible non decreasing functions in a < t < b,
subject to the condition

b
| au®) = w) - p) = 1.

Furthermore, we assume in the sequel that for a given
point z € K, g(z,t) is non constant analytic in some region
containing the closed interval [a,b]: (t, a < t < b). We now
state theorem 1 ([1], p. 13).
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Theorem 1. For a given entire function F(w) and a given
point z € K, either of the functionals,

Re {F(logf(z))} , |F(logf(z)) |, f(z) O,

attains its maximum in E, only for functions of the form
f (z) = gllkg(zvtk)

with 3, = 0, 33, = 1.
k—1

Here the logarithm is the principal value and we exclude
from consideration the case in which for the extremal function,

F’ (logf(z)) = 0.
For the geometrical meaning of the numbers A, t, the reader
is refered to [1].

1. Recently several distortion theorems have heen obtained
for special classes of functions that are subclasses of E. Most of
these theorems are immediate consequences of Theorem 1. Before
going into detaile we find necessary for the benefit of the reader
who might use this and the related paper [1] as a reference, to
discuss the validity of the objections raised by Hummel while
reviewing the paper in Zentralblatt, vol. 241-1973 p. 157.

In this review Hummel maintains that he cannot follow the
argument leading to the conclusion ([1])

’

t 2 .
J. Re (FQogf)) (00 ) 10) <1 e = 0.
where t,, t, are arbitrary numbers in the interval [a,b] (loc. cit.
p- 14), since he says c depends on the sign of A. Of course c depends
on the sign of A, but nevertheless the above conclusion holds,
since the integral on the left of the equation has a fixed sign over
any segment (ti, t1) by the first mean value theorem, the reviewer
will see the same conclusion at several places in [2] (translation
by A. W. Goodman, Amer. Math. Soec. Trans., II ser, 18, p. 5
formula (5’), p. 7 formula on line 13, etc.).
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Hummel’s second objection on my comment about Goluzin’s
theorem 1 ([2]), p. 13) is again not valid. Indeed, thé numbers
t1,t, in the mentioned theorem, being the roots of the equation
(9) ([2], p. 13), it follows from the variation (6) (loc. cit) that
Re {®’ (f(z))s (z,t) } (loc. cit.) has the same value at the points
ti,,t, but then its derivative, i.e., equation (9) has still another
root in the interval (t,,t.), and so (9) will have at least three dif-
ferent solutions, an impossibility, since (9) has at most two roots.
Thus theorem 1 ([2]) is not correct as asserted in [1], but it would
be correct if (9) had at most 4 roots instead of 2, so 4 is not a misp-
rint as maintained by the reviewer.

2. Let us show once more that Goluzin’s theorems and other’s
are easy consequences of the following general theorem which is
quite similar to theorem 1 in [1].

Theorem 2. For a given entire function F(w) and a glven
point z € K, either of the functionals ‘

Re {F(£(2))} , | P#(z),

attains its maximum in E, only for functions of the form
f(z) = i] Ag(z,t).
(2) = «8(2ty)
with 3, = 0, 2 2 = 1.
k=1

Here we exclude from consideration the case in which for the
given point, F'(f(z)) = 0.

Proof. It is exactly the same as in theorem 1 ([1]) Ttis suf-
ficient of course to prove the theorem for the first functional.
As in [1] we consider the two variational formulas ([1], p- 12)
and arrive at the relations .

. . , .
Je* = Je + 2| Re {F'(f(z)) g, (z.t)} [ u(t) —c | dt + 0

t

Je** = T+ A Re { /() ) (8l 7 t) —g (582) )} + 00%)
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where J; = Re{F(f(z))}, A is a small real number, and ¢ a
constant depending on the sign of A . In the first formula t, and
t, are arbitrary with a < t, < t, < b. In the second formula t,
and t, are points of discontinuity of u (t) witha < t, <t, =b.
We see as before that if f(z) is an extremal function, then p (t)
= constant between any two roots t,, t. of the equation

® () = Re {F'(f(z) ) g. (% 1) }»

while the second variational formula yields the condition

Re {F' (£(z) ) (g(z t) —glz, 1)) } = 0.

This condition shows that
Re {F'(f(z)) g(zt)}

has the same value for t, and t, . Hence its derivative, that is
® (t) has still another root somewhere between t, and t,. Thus
the maximum number of jump points of . (t) is half of the number
of the roots of @ (t) = 0 (if the number of roots is odd, say 2n-1,
then the maximum number of jump points is n). This fact may
be used as a criterion in the extremalization. And the theorem fol-
lows.

The following applications of theorem 2 are now considered.

3. Class T, of typically real functions. A representation for
a function f(z) of class T, is ([1])

1 VA
f(z) — j_l T ).

Now, u(t) = constant between any two roots of

Re { F'(f(z) ) 22* (1-2tz4-2%)% =0.
But this equation has for a fixed z at most two roots if z 7% 0
and F'(f(z)) £ 0 (compare this equation with (9)in [2]), and by

the above criterion y (t) has at most one discontinuity point in -1
< t =< 1. And accordingly,

Theorem 3. For a given entire function F(w) and a given
point 0 £z € K, either of the functionals
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Re {F(f(z))} , | F(f(2))|

attains its maximum in T, only for a function of the form

Z

o) = s

Here, we exclude from consideration the case in which for the
extremal function F'(f(z)) = 0. (Again compare with theorem

1 p. 13, [2] ).

4. Class Sy (y) of spiral-like functions. These are functions
f(z) analytic in K with f(0) = 0, f(0) = 1 and satisfying the con-
dition

Re {einf’(z) | f(z)} > acosy, |y |<7‘——;, 0 < ax <« 1.

We have the representation

f(z)=z exp §—2c j log(l-ze-1t) dy,(t)% . €= (l—a)cosye_iY )

—TC

Here the logarithm is that branch that vanishes at z=0.

Writing this formula as

log(f(z) z) = ~2¢ r log (1- ze-19)dy(t),

—T

where the logarithm on the left of the equation is that branch that
is analytic in K and vanishes at z=0, for this class of functions
we have

Theorem 4. For a given entire function F(w) and a given
point 0-£z€K, the maximum for either of the functionals

Re {F(log(f(2) [z) ) } , [F(log(f(z) [z) ) |
in the class Sy (y) is attained only for a function of the form
f(z) = z/(1-eitz)*c. 7

Here we exclude from consideration the case in which for the
extremal function F’(log(f(z)/z)) = 0.



90 C. ULUGAY

Using appropriate F(w), bounds for |f(z)| or others may be
obtained [3].

Proof. By theorem 2, y (t) is a step function with jump po-
ints satisfying the equation
Re {-2¢ F'(log(f(z) [z))ie-1'z (1-e''2)} = 0
This equation has for 2740 and F'(log (f(z) /z)) # 0 at most two
roots with respect to e''. Consequently, by the known criterion

the maximum number of jump points is half of the number of
roots and the theorem follows.

If x = 0, vy = 0 we obtain results pertaining to the class of
starlike functions. If only v = 0 we obtain results pertaining
to o-—starlike functions.

5. Class S, of Convex Functions. For a function f(z) analytic
in K, with f (0) = 0, £ (0) = 1 to be convex it is necessary and
sufficient that

e {1+ zf"(z) f'(z)} >0, 2K . -

A representation for the logarithm of the derivative is

log f'(z) = -2 j log(1-e-1t z) dup(t) .

The logarithm on the left is that branch that is 0 for z = 0. We
then have for the class S,

Theorem 5. For a given entire function F(w) and a given
point 0#zeK, the maximum for either of the functionals

e { F(logf'(z)) } , | F(logf'(2)) |
in the class S, is attained only for a function of the form
f(z) = z/(1- e''z).
Here we exclude from consideration the case in which for the
extremal function F'(logf’(z)) =

Let us consider a more general class. Namely,

6. Class S, («) of o« —convex Functions. These functions are
analytic in K, with £(0) = 0, f'(0) = 1, f(z) f’(z) #0in0 < |z | <1
and satisfly the condition
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Re { (1-a)zf'(z) /f(z) -+ a(14 zf'(z) [f'(z) ) } >0, zeK, « real.

This condition implies at once the integral representation
(1-a) 2f'(z) [f(z) + o« (1+ 2zf7(z) /f’ (2) )
7.C . :
= [ @+ 9 - ) au)
-7
Using the condition yu(x) — p(-w) = 1, we can write

(o) o' () | £2) + o (L+ 2"(s) | £2)) -1
= [ 2 a)aut

or, dividing by z and arranging

A-a) ' @)/ (D) + o« £ @)/ (2) - (1= o) /2

_ j 2/ (et ~z) duf(t) .

Integrating on z from 0 to z we obtain

1-1 /o 1 fo

log(az afz) ™ jaz)

T 9
= j log (1- e-ttz)™"™ du(t), « > 0.

—T

The logarithm on the left is that branch that is analytic in K and
vanishes at z = 0. From this, we may also deduce the represen-
tation

f(z) =

()| exp toglal +7L (1ot 0y 2 %) du(e) d #, a0

e

where the logarithm and the power stand for principal values.
Applying theorem 2, we have

Theorem 6. For a given entire function F(w) and a given
point zeK, the maximum for either of the functionals

-1/ . \1/a 1-1/a .. 1/a

Re {F(logaz df(z)" " [dz) }, |F(logaz df(z) ' [dz) |,

« > 0
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in the class S, («) is attained only for a function of the form

f(z) =

(1 /) jzzl [l (1-ett z)—2 LD \oc, o > 0 .

The powers in the formula stand for principal values.

1-1 Jx

Here, we exclude from consideration the case in which F’'(logaz
/
af @)% 1as) = 0.
Using F(w) = e* we obtain in particular the bound [4]

If(z)lég (1 /o) r oLl (1) 2% a4 %, & > 0.

In fact, using theorem 6, we first obtain

alz VL% (af) % jda | < 1)(1-1z] )2/

| af )% jdai= (1fa) 1212 ) (a- a2 /e -

Integrating both sides of this inequality along the radius joining
the points 0 and z, we obtain

Izl
=]
o

é(l/a)j oL 121 (1-p) 2/ o

af (z)1 /*

jz d@)' )

1/
f(z) |1/ = 2

d|z|

o

from which the assertion follows.
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OZET

Bu makalede, bundan 6nce vermis oldugumuz bir esas teoremin bir bagka seklini
veriyor ve ispat ediyoruz. Son giinlerde elde edilen bircok neticeler bu teoremin tabii ve
kolay sonuclaridir.
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