COMMUNICATIONS

DE LA FACULTE DES SCIENCES
DE L’UNIVERSITE D’ANKARA

Série A: Mathématiques, Physique et Astronomie

TOME 22 A ANNEE 1973

On The Mean Values Of an Entire Function represented
By a Dirichlet Series 11

by
JODH PAL SINGH
H

Faculté des Sciences de 1'Université d’Ankara
Ankara, Turquie



Communications de la Faculté des Sciences
de I’Université d’Ankara

Comité de Rédaction de la Série A
C. Ulugay, E. Erdik, N. Dogan
Secrétaire de publication

N. Giindiiz

La Revue “Communications de la Faculté des Sciences de
I'Université d’Ankara” est un organe de publication englobant
toutes les disciplines scientifiques représentées a la Faculté:
Mathématiques pures et appliquées, Astronomie, Physique et
Chimie théorique, expérimentale et technique, Géologie, Bo-
tanique et Zoologie.

La Revue, & Pexception des tomes I, II, III, comprend
trois séries

Série A : Mathématiques, Physique et Astronomie.
Série B : Chimie.

Série C : Sciences mnaturelles.

En principe, la Revue est réservée aux mémoires originaux
des membres de la Faculté. Elle accepte cependant, dans la mesure
de la place disponible, les communications des auteurs étrangers.
Les langues allemande, anglaise et francaise sont admises indif-
féremment. Les articles devront étre accompagnés d’un bref
sommaire en langue turque.

Adresse: Fen Fakiiltesi Tabligler Dergisi, Fen Fakiiltesi, Ankara, Turquie.



/61

On The Mean Values Of an Entire Function represented
By a Dirichlet Series II

JODH PAL SINGH

SUMMARY

In this note we prove a theorem which gives us informatioxa as to how the functions

log Iy (o) and log Jg i (o) grow relative to each other as 6 — 0O.

Theorem. Let £(s) be an entire function represented by a Dirichlet series, then

log I3 (o) N
il o Tor @ =10+ KR} o> 0
<1, =0
— log log I
where A = lim M
G —>00 c

1. In the usual notation,

©
fs) = X a e, (s =0 4 it), 0 <2 <Ny (@ = 1)
1
I
n-f;lo by = 0

is an entire function in the sense that the Dirichlet series represen-

ting it, is absolutely convergent for all finite s and possesses

fm loglogM(c) _ °
6 —00 ¢ A

where 0 =< %, p < 0, and M(c) have their usual meanings.

The mean values of f(s) are defined as follows:
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(L1) I (o) = § fim 1

T !
T 3T [f(c + it)|° dt 23 , 3> 0)

-
and

(1.2) J&k(c) = exp%

o3
j log Iy (x)ek"dxg 0 <k < .
0

ko
The mean value (1.1) for 8 = 2 was defined by Hadamard [1],
and it is known that

§ _ Tim log log IS(G)SP

A G —> 0 G A

[2]

Then, following Shah [3], there exists a lower proximate
order (o) relative to log I5 (s), satisfying the following conditions:

(i) lim ¢ () = 0,
G —>00

(iii) log Iy (6) = exp(c A(s) ) for all large o,

log 15 (o)

(iv) lm —orw-"—"— =1
65 exp(c Mo))
In this note we prove a theorem which gives us information
as to how the functions log I5 (c) and log I5y (o) grow relative to

each other as ¢ — co. In what follows we shall prove the follo-
wing:

2. Theorem. Letf(s) be an entire function represented by
Dirichlet series, then

lim  log I; (o) g)\é 1+ k/_x%(l k) s o)
G —>0Q0 lOng’k(G)

A

1 , (x = 0).
We need the following lemma for our purpose.

Lemma. For h > 0,
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6> (o)
where

S(s) = exp (c A(s) ).
Proof. By a simple calculation, we have

S,(G)ﬁc_’c % (o
S(G)_ 7\()+)\()

Therefore, using the properties (i) and (ii), we see that for any

¢ > 0, there is a o, such that for every ¢ = o,
O —e) < S (6)/S(c) < (r + ¢).
Integrating the above inequality from ¢ to o 4+ h, we have
- S(6 + h) -
- S i et c)h.
(.~ h < log § s < 6+ 9
So that

lim M = exp (hX)

G > 5(c)

Now, we are in position to prove the theorem.

Proof of Theorem. We have

1 G+h .
log Jyx (6 + h) = (m— J log 18 (x) ek* dx,
1 c+h
kx
> m jc log I8 (x) ek* dx
log I (o)
= Tl G

So that, by the property (iv), we have
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lim log JB,k (G)

-~ > lim log T3 (o) % ekb k—l-] 1 %
Py S(s) 6 S S(o) k e
kh _
@.1) e -1

v

k ekh

log Jsx (6 + h) B log Jsx (6 + h)
S(s) - S(c +h)

Here log Jg5) (6 +h)/S(c +h) and S(c + h)/S(

gative, so we have

S(c +h)
S(o)

o) are non-ne-

lim log J55 (o -+h) < lim

6 — 0 S(o)

log J5x (6 +h) -
J— > h

6 —>® S(c +h) exp (b 2)
by the lemma. This inequality with (2.1) will give us

lim log J5i (o) ekh _ 1
6 —> 0 S(o)

k exp ( (k - 2)h)

Further, we have

(2.2) lim log T (o) lim  (log 15 (o)
6 — 00 @Js,k (6) = o> S(o)

lim S (o) B

c—>00 (log Jsi (o) ’

1
=1
- lim  log J5x (o)
6 —00 S(s)
K exp ((k + Dh),
é ekh . 1 3 ()\ > 0)
k exp (kh) =
= eklﬁ— (7\ = 0)
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Now, by usual method of calculus we minimize the right hand
side of (2.2). We find that its minima is attained for that value
of h which satisfies the relation

ekt — k—~j_ A Yy 0
A
Substituting this value of h in (2.2), we get

Joglsl0)  _ - S (L + A /K)
T = M k)]

The case A = 0, is obvious.
This completes the proof of the theorem.

In conclusion, I wish to thank Dr. Shankar Hari Dwivedi,
University of Udaipur and Dr. V. B. Goyal, University of Kuruk-

shetra for useful discussions.
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OZET

Bu caligmada, log I§ («) ve log J§ ) (o) mmn biri digerine nazaran ne gekilde

bityiidiiklerini gosterir bir teorem 1spatlanmigtir.
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