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On The Mean Values Of an Entire Funetion represented 
By a Diriehlet Series II

JODH PAL SINGH

SUMMARY

In this note we prove a theorem which gives us Information as to how the functions 
log I§ (a) and log (a) grow relative to each other as a ^00.

Theorem. Let f(s) be an entire function represented by a Dirichlet series, then

lim
a ^00

log Ig (<’)
log J8,k (o)

X ■! (1 + k/X) (X 0)

(X = 0)

where X = lim
CT-^OO

log log Ig (a)
a

1. In the usual notation,

00 
f(s) = s

1
Sn e®^-”, (s = (j it), 0 A, (n 1)

lim
n -*oo 00

is an entire function in the sense that the Dirichlet series represen-
ting it, is ahsolutely convergent for ali finite s and possesses

where 0

lim
(7-4-00

log log M(g)
(7

X, 00, and M(ct) have their usual meanings.

The mean values of f(s) are defined as follows:

P

Z
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(1-1) Is w = lim
T-^oo

•f |f('
J —T

CT + it) Idt (s , (8 0)
1 T I

T
and

c

log (x)e,kx dx c».0 k
o

The mean value (1.1) for S = 2 was defined by Hadamard [1], 
and it is known that

P
X

lim
CT ^00

log log Ig (o)
a [2]= X

Then, following Shah [3], there exists a lower proximate
order X(ff) relative to log Ig (c;), satisfying the following conditions:

(i) lim
a

X(a) = X,
co

(ii) lim (T X'{ct) = 0,
CJ 00

(İÜ) log Is exp(r7 ) for ali large

(iv) lim
co

log iş (g) 

exp((7 X(g') )
1.

In this note we prove a theorem which gives us Information 
as to how the functions log Ig (cr) and log Igj. (a) grow relative to
each other as tj 00. In what follows we shall prove the follo-
wing:

2. Theorem. Letf(s) be an entire function represented by
Dirichlet series, then

lim log Ig (ff)
00 log Js,k('^)

J 1 + k ;x J , (X
0)

a

1 , (X = 0).

We need the following lemma for our purpose.

Lemma, For h 0,
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lim
CT->-CiO

where

S(a + h)
— exp(hX)

S(a) exp (ct X(ct) ).

Proof. By a sinıple calculation, we have

S' (<^) 
S (a)

(7 (ct) + X (ct).

Therefore, using the properties (i) and (ii), we see that for any
s 0, there is a such that for every ct <^0

- e) S' (a) m (>< + s)-

Integrating the above inequality from u to c? + h, we have

(X - s)h log
S(a + h)

S(<7)
(X + s)h.

So that

c
lim

oo
S(ct + h) 

S(a)
= exp (hX)..

Now, we are in position to prove the theorem.

Proof of Theorem. We have

log J8,k (<^ + h) =
1

k (<7 + h)

a+h
ekx dx.

1
.k (a + h)

/•cf+h 
log (x) e’^’' dx

e 0

e

log iş (g) 
k e’^’* (e^** - 1).

So that, by the property (iv), we have
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(2.1)

Put

lim
G^(X)

log J8,k (g) 
S(g)

lim
a ->00

log !§ (g)

- 1
k e'^’*

- 1
k e’'*’

log J8,k (g + 11) 
S(g)

log Js,k (g + M 
S(<7 +h)

S((7 +h) 
S(a)

Here log J§]j. (ct +h) / S(t7 +h) and S((7 + h)are rion-ne- 
gative, so we have

lim
a^co

log J8,k (g +11) 
S(g)

lim log J8,k (o +h)
(7 00 S(a +11)

exp (11 X)

by the lemma. This inequality with (2.1) will give us

lim
a -^00

log Jg.k (g) 
S{g)

- 1
k exp ( (k + X)h)

Further, we have

(2.2) lim
00

log İŞ (o) 
log Js.k (<t)

lim
(7-^00

)log (g)
* s{5r

lim
CT -^00

S (o) 
log J8,k (o)

1.
lim

(7 00

1
log Js,k (g) 

S(<ı)

k exp ( (k + X)h) , 
ekh _ I 0)

k exp (kh)
- 1 (X = 0)
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Now, by usual method of calculus we minimize the right hand 
side of (2.2). We find that its minima is attained for that value 
of h which satisfies the relation

k + X 
X

ekh _ 0X

Substituting this value of h in (2.2), we get

lim
CT 00

log Iş (g)
log J8,k (g)

X[(l + k/X)](^

The case X = 0, is obvious.

This completes the proof of the theorem.

In conciusion, I wish to thank Dr. Shankar Hari Dwivedi, 
University of Udaipur and Dr. V. B. Goyal, University of Kuruk­
shetra for useful discussions.
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INDİA

ÖZET

ve log k (^) diğerine nazaran ne şekilde
büyüdüklerini gösterir bir teorem ispatlanmıştır.
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