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On the Analysis of Multiple Regression In T-Categories
M. ORUG and F. AKDENIZ*

Dept. of Mathematics, Faculty of Science
(Ankara University, Ankara, TURKEY)

SUMMARY

This paper examines the formal procedures for testing the constancy of the entire
set of coeffecients in a regression equation.Then we are interested in asking if Bin equation

Y=X 8 + U remains constant over T periods of time. Thus, the appropriate test statistic
is provided for the null hypothesis. The distribution of the residuals and subsampling in
the general linear model is discussed.

I. INTRODUCTION

Consider a system of T regression equations of which the
typical j’th equation is

Y= X8+ T (j=12..,T (1.1)
where Y; is a Njx 1 vector of observations of the j’th dependent
variable, X is a N;xK non-stochastic matrix with rank K of ob-
servations of K independent variables, (N,> K), B, is a Kx1 vec-

tor of unknown regression coeffecients to be estimated, and U,
is a N;xl1 vector of random disturbance terms with mean zero.

The system of which (1.1) is an equation may be written as

“Y, ] TX 0 .07 [U -
Y, |=|0'X, ..o 5 | +| Ul

’ L ) : 1.2)
Y. |l Lo . . oix. |lLed Lu

or more compactly as

* This paper is a part of a thesis submitted to the Faculty of Science, Unyver-
sity of Ankara in partial fulfillment of the requirements for the degree of Doctorate
(Ph.D) by Fikri Akdeniz.
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Y=XB+ T (1.3)

where Y; = (Y';, ..., Y'ij )5 Bi= (B'j100es B'ix)

) T X% - Xkl
sz(Ujl,...,Uij ) and X;=(x;,) = Xy Xpjpeer Xkip
— XNy e XxiNy

and X represents the block-diagonal matrix on the right hand
side of (1.3). The ( 'Zr] N; x 1) dimensional disturbance vector
=1

in (1.2) and (1.3) is assumed to have the following distribution:
U~ N(@O, *1) (1.4)

T T
where I is a unit matrix of order X N; x X Nj. Consider the
1 1

the two hypotheses, one of which is the null hypothesis:
HyB= 8, = ... = B

or equivalently

By=B. = (By= seer = Pog)’ G = 12,..,T)

and the alternative one is

H:B,# 8, # ... # B

Under the null hypothesis: §,=8,= ... = B; the system in
(1.2) can be written as

(Y pporer Yg) m= (X vy Xig) B (U, U')’ (1.5)
on

Y=XB+TU . (1.6)
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If the null hypothesis is true, the least squares (also maximum
likelihood) estimator of B. denoted by b, becomes

be= B+ (ZX,X)" £ XU, . 1.7)
i=1 i=1

The residuals from. the regression are
e=MU , (L.8)
where M =1 -X (X'X )X, (1.9

The sum of squares of the residuals under H, can be exspressed

2

T Ni 2 T i K
Q=2 :§1 Y- & 2 ViXpb. (1.10)

i=1 i=1 t=1 k=g

According to the statistical theory, the best linear unbiased
estimator of f. is given by (1.7). If the alternative hypothesis is true
we will go back to the model (1.2) and the least squares estimators
of 8,,8,,..., Brare

~ b T[T (X, X, ):1 XY ”
b, = 0. X)X, Y,
_ by _ - (X X)Xy Yy
or
b = (X’ X)"1X"Y. (1.11)

The residuals under H, become

B € - B [ I"‘X1(X11X1)—IX’1 ]Ul N

M, U, T

(1.12)
. €p _ _[I _XT(X,TX’i‘)~1X,T] Up _| _MTUT_.

Similarly, the sum of squares of the residuals will be
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Q=% Y, MY= X UMU, o .13)
i=1

i=1
2. TESTS OF EQUALITY BETWEEN SETS OF COEFFE-
CIENTS IN T LINEAR REGRESSIONS

Theorem 2.1 Under the hypothesis Hy: B';= 8. = (B'.5--s8":x)
suppose U,, U,,..., U, are independent and U;’s are distributed as
N (0, ¢*I), where U; is an N;-component disturbance vector. Let us
write C=Y'X H™!, where H=X’ X and is nonsingular and

symetric matrix. Therefore, o Y, Y~ CHC' is distributed as

i=1

Tyj W', W,+ W*, W*_, where the W, are independently disribu-

=t
ted, each according to N (0, ¢ I).

Proof:

Let Y'Y-CHC' = Q, be, hence Q, = Y’ (I-X (X' X)—1 XY
Y=Y'MY. Since PMP’= D and M=P'DP, we have (MU)'(MU)
= UM U = UP'D P U; where

=1 f 2.1)

and
PP=PP=1L
Now let us write

W = P U. 2.2)
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Clearly, W is

W1 3 PV N.Ui

N

[}

i

WT 21:‘ PNTNiUi

On the other hand, the orthogonal matrix P can be written as

P = [Pny]
where
_Pi'—l .i—l e s Pi_l . j_l -
2 Ne+1i2 N1 2 Ne+N;j 2 Ne+1
k=1 k=1 k=1 k=1
P =
Nle . - .
Pi_l i<t Pi—l N st §
2 NAH1L; X Nk—I—N]- TN AN j = Nk—{rNj
k=1 k=1 k=1 k=1 :

Furthermore, Q, can be clearly written as

-1 — INg-K ON-KK ™
Ql - 2 Wi, Wi —'— W/T WT . (23)
=1 _ Og,Np-K Og
Let W, be partitioned as A
- W, ~
W, = (W N-K x 1, W**: K x 1) (2.4)
W

then, we have

Q =% W,Wit Wp* W* .

i=1

When both sides of this last expression are divided by ¢, we get
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1 N Np-K
Q,/o*= j§1 Z’;‘ (Wyy [e)*+ El (Wy, /o). (2.5)

Now, let us consider W = PU which is given by (2.2). Wis a
vector of mnormal wvariables, since each element is a linear
combination of normal variables (see [1] pp. 51). Thus the W,’s

(i=12,.,T) are independently distributed, each according to
N (0, ¢?I). It is clear that

E (W) = 0,
and (2.6)
E (PUU'P) = P &Iy P’ = ¢l

Finally, (2.5) is evidently the sum of squares of independently
distributed standart normal variables, then Q, /¢ is distributed as

T
¥*(Z  N;-K) with rank (M) degrees of freedom. This completes
i=1

the proof.
Considering (1.13) again, since
E(U) =0
and
C}'Z]:N'i i:j
E (U,U)) = (L,j=1.2,....T),
0 i#]

Q, quadratic form has rank 5 N; ~TK. Under the null hypot-
1

hesis, the sum of squares in (1.10) will also be written as

Q= (Y-Xb,)(Y-Xb)
= [ (Y -XDb)~Xb-Jeb)J[(Y-X b)-X(b-Jxb,) ]
= (Y -XDb)(Y-Xb) + (b-Jg b)) X' X (b-Jcb,)

Q, + Q, 2.7

I

where
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Jx= I®jx
is a column of unit matrices, and rank (Q,) = (T-1) K, A ®B deno-
tes the Kronecker product of matrices A and B ( see Graybill [3] ).
Furthermore M=I-X (X'X)"X’, M=I-X(X'X)"'X' and X=X.
J. Hence, we have M=I - X J (I XX J ) JX'. Note
that M — M is symetric and idempotent, i.e., M-M = (M-M)’
and M-M = (M-M)>

If M and M are written in terms of X and Ji, then M-M

becomes

M-M = X (XXX XTI (I X X T )X = (M-M)
We now consider the product M M, then we obtain

MM= M (2.8)

Recalling that e = M U, ¢ = MU, Q= e’e, Q, = ¢'¢ and
taking v = (M-M) U, we have Q,= Q,— Q,= v’v. The quantity
Q, /c%s distributed as y*[ (T-1) K], and the quantity Q,/¢” is

distributed as ¥2 ( i N;- TK).
=1

The preceding brings to mind another theorem in Searle [5]
and Wallace [6]. Independence of two quadratic forms invelving
a multivariate normal vector mean zero and variance-covariance
matrix ¢2I requires that the product of the matrix of one quadratic
form times the matrix of the order quadratic form yields the null
matrix. Thus, we have,

M (M-M) = 0. (2.9)

herce, the independence requirement is satisfied and it is provided
that Q, and Q, are independent. Further,

E (v v) = trace (M-M) o= o*(T-1) K,
v'v |62 is distributed as y*> with (T-1) K degrees of freedom, and

é¢'¢ [c* is distributed as y* with 3 N; -TK degrees of freedom.
=1



28 M. ORUG AND F. AKDENiz

Then, the statistic

v'v §T] N; -TK
=1

F=—5 TR - (2.10)
T K N T
DD YD ViXjie(by;—b.)) 2 N, -TK
i=1 j=1 t=1 1
- T N T g N; )
2 Xyh,-X X X YieXjieby; (T-1) K

=1 t=1 i=1 j=1 t=1

is distributed as F with (T-1) K and % N,-TK degrees of
=1

freedom.Thus, we can test H, by the F ratio.When the null hypot-
hesis is true, " has the analysis of variance distribution with tr(M)

—tr (M) and tr (M) degrees of freedom; where tr (.) denotes the trace
operator. (see Chow [2] and Kullback and Rosenbaltt [4] ).

Theorem 2.2 Under the hypothesis H, the best linear unbiased
estimator (BLUE) of 8 is b = (X’'X)™'X’Y. Under the null
hypothesis H,: ;=8.=(8". ,..., B".)"the BLUE of 8. is b,=(X'X)!
X'Y. Furthermore, let Ab= v, H = X'X, M = I -X (X’X)'X’
and M = I- X (X'X) 71X’ then the statistic

_ YCAHTAYY [ Jor (M) —tr (M) ]
' YMY /tr (M)

(2.11)

is distributed as F with (T-1) K and ¥ N-TK degrees of

=1
freedom.

Proof:

The restrictions given by the null hypothesis can be expressed
as follows:

AB =0,

where
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A= . o . 2.12)

The unit and zero matrices in (2.12) are of order KxK. Let

p = (T-1) K, g=TK and N= 3 N,, we have seen that

i=1

e'e — ¢&'¢

- _P _
s = ne F (e N (2.13)

Furtheremore, y is obtained as
(X X)X, Y - (X,X,)TIXLY, -
L .
(X X )X Y (X X)X Yy
and we have A J = A. (I ® ji) = 0. If we write
R = H (I~ J( I H J) T H ) (2.14)
then we get
Q= YM-M) Y
= b'H (I~ J (" HI) T H) b
= b'R b.

Finally, premultiplying both sides of the equation (2.14) by AH™

we obtain

AH R = AL (I-J (JxH J )T H). (2.15)
Next, postmultiplying both sides by J;, we see that

AHTR Je= A T,(IJxTcIy).

This shows that
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A H'R = A,

Since we accept A HT'A/(A H'A") 1A = A, we get R = A’(A H™
A)T'A. If R is substituted in (2.14) we obtain
Y'(M -~ M) Y = b’A'(A H' A)' Ab
= v(A HT1A) 1y, (2.16)
The numerator in (2.11), when divided by 6? is a y* variable
divided by its degrees of freedom, the denominator of (2.11) when
divided by ¢ is distributed as y* with (N-TK) degrees of freedom.

Since the quadratic forms are independent, the statistic w is dis-
ributed as F with p and N-q degrees of freedom.

3. EXAMINING RESIDUALS

Under the null hypothesis H, suppose ¢ = MY, that is, a
random. variable, let rank (X) = K, it follows that M has rank

T
X N;~ K. Therefore, there exists an orthogonal matrix P such

i=1

that P'P = PP’= I and

1o -
PMP—=| ©

k2

0 0 _

T
where N = ¥ N, Further, let P be partitioned as
=1

P — (3.1)

so that

PM P = 1Iyg P, M Po= 0Oy PP,= Oy gx PP'= O i
Where P, and P, are (N-K x N) and (KxN) matrices respectively.
It is casy to show that M=P' P, If w = P, e,then ww'= P ee’
P’, But since E (¢) = 0 and E (e ¢’) = ¢’M, it follows that, E
(ww') = &P M P Iy  Under H,, w is distributed as
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2
w ~ N (0, 6 Iy o). (3.2)

Considering Q,, where Q, is a quadratic form, and has rank
N-K, such that,

Q= ww=YMPPMY = UMU (3.3)

Now let 0 be orthogonal matrix that is partitioned as follows:

0, -
0 = (3.4)

_ 6, _
such that 0 M 0" = Iy o OM 0,= Op 0,0, = Oy ¢

and M = 6’8, where M = I - X (X'X)™'X’ and 6, and 0, are
(N-TK x N) and TKxN matrices respectively. Also, if w=0, ¢,
then w w'= 0, ¢ &0’ From statistical theory, since E (¢) = O and

E (¢ ¢') = ¢®M, we have E (W w') = 6®0, M 0, = &*Iy_p. Hence
we get

Q= W'w = &0'6¢6=UMU. (35
When Q, -Q,, is written, we get
Qn: Q11_ Q21:U, (M- M)U (3.6)

We know that, M (M ~ M) = 0, then Q,, and Q,, quadratic forms
are independent. Consequenty, the statistic

p _ _Quf w (N)-tx(in
Qur/ tx ()

is distributed as F with p and N-q degrees of freedom.

4. THE REGRESION ANALYSIS OF POOLING DATA

Unequal Subsample Size. Let us take the matrices X;=
x5 ] G = 1,2,...K, j=1,2,...,T, t = 1,2,...,N;), and the vectors
Y, of model (1.1). In this section, we set up T = K and consider
the regressér matrix as follows:
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X

* 11 12 1K
X* = X X XK (4.1
_ Xg1 Xg2 - Xgx _

for which rank (X*) = K. We now consider the set of equations

Y, = XJBJ + U j = 12,...K 4.2)
where
X5 X, R -
X, = X, Xy, R (4.3)
_ Xy, Xy, I e

The system of equations (4.2) can be written in the form

-Y, | %X 0 ... 0 |87 [U-~
A N R
Y, 00 . X | Be _Ug

or more compactly
Y-—Xp+ U (4.4)

where }? represents the block-diagonal matrix on the right hand
side of (4.4). If the null hypothesis H, is true, then (4.4) can be

written as
(Y'l,...,Y’K)’ = (X’l,...,X’K) B8,+(U,...U%)". (4.5)

This model shows that we have ocbserved the response y; N;
times for each set of x;” a row of design matrix or each “treatment
combination” is sampled K times and included in the model. Let
X* be a KxK with rows x’; in equation (4.1), Y'= (Y',..., Y'g)
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K
be aIx 2 N, vector of observations and B';= (8.,..., B.x)-

i=1

Then, the linear model (4.5) may be written as Y = X** 3, + U
or clearly,

B %1 B - le @ le -
2 | = j ® X,
N Bot U (4.6)
. YK_. - jNK ® x'x_

where all N; do not have to be different, and jy. is (N; x 1) column

vector of unit elements. The value of 8, that minimizes
W= (Y-X**B,)(Y-X**p,)

2
o

is given by the solution to (W,) = O. Under H,, the least

squares estimator b, for B, is given by
b= (X*¥* X**¥)7T1X*+Y. 4.7

The sum. of squares of the residuals can be expressed by

~ K i X Ni K
le Z Z y2ij-2 E 2 E XikYijb.k
i=1 j=1 =1 =1 k=1
K K
- % 2 NxA b, -
=1 k=1
K K X
) 2 2 Nyxpxb by
i=1 V=1 k=1

If we take the derivative with respect to y;; and the result set
equal to zero, we get
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N awl Ny K

> ;- N X b
P 8}’13 =1 Yii 1 X1kP.x

== 2
=0 (4.8)

NK aw NK K
Z : %oy - Ng § Xk k
j=1 aij =1 k=1 }

or
Y = Y = X*,.

Corollary. Under the hypothesis A 3 = 0, let us consider the gene-
K

ral linear model y;;= X x;B,+u;(j = 1,..,N; i = 1,..,K).
k=1

Hence we can write

K
],NiYi: Ni}EI Pt J,Ni U,
or s
14 1 N;
Y= 2 xPit ~. 2wy
k=1 i j=1
where jy is the unit column vector of N; elements, and Y, is the
1

observed mean of Y; The disturbance vector U is assumed to have
the following distribution:

U ~ N (0, ¢*I).
Then the solution of the system

7=

K
§=

xyb ; (i=1,...,K)

-

gives the least squares estimates b.; of the coefficients f.;.
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OZET

Bu galigmada T zaman arahfinda regresyon denklemindeki katsayilarn titm kiimesi-
sinin degismezlik testi igin yontemler aragtirildi. Sifir hipotezi i¢in uygun test istatistigi
verildi. Kalanlarm dagudmmi ve genel degrusal modelde alt rnekleme incelendi.
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