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K-th Mean Function of E'ntire" Fuhctions
Defined by Dirichlet Series

by
J.S. GUPTA and SHAKTI BALA

ABSTRACT

Letf(s) = ¥ a es7\ be an entire function defined by an everywhere convergent
ngN
- . ‘ . e logn
Dirichlet series whose exponents are subjected to the condition lim sup —— =De
n-= 'n

R, u {0} (R, is the set of positive reals). The notion of K-th mean function I, of £ was
interduced by the first author in [2]. We generalize I, , and define I oreR,as

. 1 c e L .

I, (o) = - j I (x.f) e™ dx, Voe R, and study some propertes of I and
N 0

Ik ¢ in this paper. Beside establishing the convexity of I| we have derived some formulas

for Ritt order and lower order of f in terms of Ik and L. whmh are improvements and

generalizations of known ones.

AMS su.bJect classification number: Primary 30A64‘Se'condeiry 30A62. Key Words:
Entire function, Dirichlet series, maximum modulus, maximum term, rank, K-th mean
function, convex function, Ritt order, lower order.

1. Let E be the set of mappings f: C - C (C is the complex
field) such that the image under f of an element s € C is f (s) =

ZNa esh, with llrf sup bo gn =D <R, U {0} (R, is the set of
ng] , m- 40 n h

positive reals), and o', = + o (o is the absissa of convergen-
ce of the Dirichlet series defining f); N is the set of natural num-
bers 0,1,2, ..., <A,| n e N> is a strictly increasing unbounded
sequence of nonnegative reals, s = o -+ it; o, t'¢ R (R is the field
of reals), and <a, | n ¢ N> is a sequence in C. Since the Dirich-
let series defining f converges for each complex s, f is an entire

funtion. ,Alos since D « R, we have ([1)], p. 168), o,f = 4 ‘o
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(o,f is the absicissa of absolute convergence of the Dirichlet series
defining f), and that f is bounded on each vertical line Re (s) = o,

Let
(1.1 M (o, f)y = sup {|f(c +it)| }, V o < of,, be the
1R
maximum modulus of an entire function f ¢ E on any vertical
line Re (s) = o,

(1.2) u (o, f) = max {|a,|e*}, ¥V o < of, be the maximum
neN

term, for Re (s) = o, in the Dirichlet series defining f, and

(13)  v(ef) = max {n]u(s f) = |a,[e}, V o < of,
ngN

be the rank of the maximum term.

The first author introduced ([2], p. 520) the notion of k-th
mean function I, k ¢ Z, (Z, is the set of positive integers), of an
entire function f ¢ E and defined it as

T
(1.4) I (s, f) = lim iT_ J If (5 + it) [Fdt, V o < of..
_1

T—4-0 2

We define the generalized k-th mean function I, r ¢ R, of f as
1 o
(15)  Tee (o) = o5 j I (x,£) e dx, V o < of ,m and study
)

a few results pertaining to the functions I, and I, in this paper.
2. First we establist two lemmas that we need later.

. Lemma 1. For every entire function f ¢ E, I, is an increasing
function and log I, is a convex function of .

Proof. We adopt the method of Titchmarch ([3], p. 174)
to prove the lemma. Let o,, o, 6; ¢ R be such that O < o,
< 6, <o, Also let g: R - Cand h: C - Cbe two functions defined,
respectively, as

_|f (optity) ¥
g () = log |f (c,+it,) |’ ViR,

and
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. ;
h (s) = lim iT f log [f (s-+it,) | g(t,) dt,, ¥V s ¢ C.

T4+ 2

It is clear from the definition of h that it is analytic in the half-
plane Re(s) < o, and that |h| attains its supremum on the
boundary Re (s) = o,, say at s = o, 4 it,. Hence

I (o,,f) = h (5,) < h (o; + it;) < Iy (o5, £),
which shows that I, increases steadily with o.
We now choose g so that efo: I, (6, f) = €89, I (o, f).
Then
efo: Iy (0,,f) = eBozh(s,) < sup |eB°h(s) | < eBob(s)) < efo:
o, <Re(s) <o,
I, (o,.1),
whence
eboz Iy (o,,f) < ebo; I, (o.f).

This gives

@1)  log (%) < 8 (o - o).

Since, by definition B = - 16 log ( ;k ((T:’i,)) ), it follows, from
17°3 k M1

(2.1), that

e (1227) = 5 s (£2(229)

or

o) —G

log Iy (of) = =2 log I, (o,.f)) +
1

Llog Iy (o,,f), which

1

)
03'—' G

proves the convexity of log I,.

Lemma 2. For every entire function f ¢ E, e*® I} (o,f) is an
increassing convex function of e*® Iy (o.f).
Proof. We have
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e
d(ercIk,r (c,r)) =r + do (log I ( 7f))»

where the derivative exists almost everywhere on any interval
[0,6], o < of, since I is an increasing continuous function of .
The lemma is now obvious, since log Iy is an increasing convex
function of o.

Theorem 1. For every entire functivon f ¢ E of Ritt order p <
R*,U {0} and lower order » ¢ R* U {0} (R*, is the set ofextended
positive reals),

e . sup log, I, (s.f) . sup log, I, (o.f)
T

where log, x = log log x.

Proof. We know ([1], p. 170) that
T

a, ¢ — lim —% j et f (o +Hit) dt, V n ¢ N.

T— +0
tO

Therefore

T ‘
lan| e < hm iT j- If (o4it) | dt

-T
T
o P )
A (im f If (o + it) [k de),
-T i
where
1ifk = 1. : :

(12 + k2 (k-1) \1-1/k
A, — (_(/+,k/( )> kL

A7 T'(1 + k/2 (k-1)

by.Holder’s inequality. Hence

(2.3) (v (o)) < AX 2L, (o).

Also, from (14), ’

24  LeH < MeH~

From (2.3) and (2.4) it, therefore, follows that
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©2.5) Lim P 1&g uled) _ g sup log, I (o.f)

inf o = inf >

G4 G+

sup log, M(o, f)

But ([4], Theroems (2.7) and (2.8))

@6 dim P leMeD o, oo el

G+ G+ G

and, by definition,

P sup Tog, M(s,f)
N ol nf T oo

The first equality in (2.2} thus follows from (25), (2.6) and (2.7).

In order to establish the second equality in (2.2) we get,
from (1.5), , o ,

Ik,r (Ga f) S I, (q, f) _llT_ (1 - e—rc)-
Therefore

(2.8) lim P _IOgZ_Ik’f(G’f) < lim SYP log, Ikw(“”v f) .
G - = :

G+ lnf‘.‘ : ~ G-+ inf G .

A-nd7 for any e e R,
c+g

1 j I, (x, £) o dx,

Le 04 &) = roy
. : - ¢4

1 .-
> I, (o, f) -~ (1~e*)

Therefore ;
. sup log, I, (o, f) . sup log, I, (o.f)
@9 Mmoo ap T = moge &

Combining (2.8) and (2.9) we get the desired result.

Remarks. (i) For k = 2, we get, from Theorem 1, "~
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sup log, L, (o, 1) p.
inf — 4 = )\’

Lim

G+
a result which was proved, respectively, by Gupta ([2], Theorem 3)
under the condition that p ¢ R,, and by Kamthan ([5], Theorem
1) under the condition thatlog |a, /a_., | /(*44+, = *,) forms a nondec-
reasing function of n for n > n_. Since we do not assume any of

these conditions in Theorem 1 it generalizes and improves upon
their results.

(i) We also get, from Theorem 1, for k = 2,

Lim SUP log, I, (o, f) — p.

i
G+ s} A

This result was also proved, respectively, by Kamthan ( [5],
Lemma 1) under tne condition that log |a, /a,, 1| /(3,1 —},) forms
a nondecreasing function of n for n > n,, and by Juneja ( [6],
Theorem 3) under the condition that p ¢ R,. Obiously Theorem
1 generalizes and improves upon their results also.

(iii) Giving a very lengthy proof, Kamthan has proved ( [7],
Theorem F) the first equality in (2.2). But ours is an alternative
and shortest possible proof of it.

(iv) Bajpai has also established ( [8], Theorem 1) the result
in (2.2) but for entire functions f ¢ E of finite Ritt order. Clearly
we have improved upon his result also.

Theorem 2. For every eniire function f ¢ E of Ritt order p ¢
R*,U {0} and lower order » ¢ R* U {0},

@10) tim oo le@e(HLe ) _ F

G+ inf (o3 A
Proof. We have, from the definitions of I and I, .

I, (o, f)

fil
E,_(1.¢;—{--log I (o, ) = m—f—)‘

Therefore
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) [e3
r(o— ) + log I, (5, £)~log I, , (c0.f) = j T Gof) g
60 +
or

(s}
@11)  log I, (of) = log I, (cnf) + j my, (x) dx,
60
where

I, (:;,f)

(2.12) my . (X,f) = m - I,

increases with ¢ by virtue of Lemma 2. Thus, for s > o, (2.11)
gives

log Ik.r (G’f) - lOg Ik»r (Go’f) < (G - Go) mk,r (67f)'
Therefore

suj
fim fwp oL (0f) _ o P logmy, (of)
c>4+® inf o] 6=+% inf )

or, using Theorem 1,

@13) < hm PP logme (o)

N oote Inf o

Again, from (2.11), we get, for any h « R,

6+h
log I, (o - h,f)~log I, (00.f) > j my, (x,£) dx > hmg  (o:f),

o}

which gives

e sup logm,  (s.f)
2.14 > I . = _krlv
( ) 3 < Gl_,n:w inf p

Combining (2.13) and (2.14), we get

sup logm,  (o.,f) . P

inf p

(2.15)  lim

o>+ A

The theorem now follows from (2.12) and (2.15).



34 J.S. GUPTA AND SHAKTI BALA

Remark. Since we do not assume log|a, /a1 | /(Pasr 2n)
forms a nondecreasing function of n for n > n, in Theorem 2 it
also generalizes and improves upon Theorem 2 of [5] for k = 2.

Theorem 3. For every entire functwn fcE of fzmte Rin order,
(2. 16) S log I, (o, f) ~ log I (o, f), as 6 > + .
This follows as a simple deduction of Theorem 2.

Remark. The result in (2.16) has also been proved by Baj-
pai ( [8], p. 32). But ours is a shorter and different approach to

arrlve at 1t

Theorem 4. For every entire function f < E of infinite Ritt or-
der and = € R, if Ay, ~ Mnoinics 85 6~ + o, then

217)  lim inf 28T(=0) _

. Goto Ao,

Proof We have, from (2 3) and 2 4),
(2.18) 1 (& (o.0))k < I (of) < (M (o)~

But, for any < € R, and s > o, (&,f), we have ([9], p. 68).
219)  M(sf) < u(c + D + &f).
From (2.18) and (2.19), we get, for any ¢ € B, and s > o, (e.f),
1 -
TAF (v (o)) < I (of) < (v (s+D+ef))

Hence

(2.20) lim inf M)_ < lim inf log I (o,f)

[edmds ol )‘N(G,f) ) G oo )\N(G\,t) S0

< lim inf klog p(o+ D + ef)

G+ : )‘N(O‘,f)

But, since p = -+ ¢, we have, from the following result ([10], p. 87),
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ing logr(of) _

lim

1 1 . log u (o,f)
— < =< 1 —_
Jim_ o s =5 < im sup

G>+® )‘N(G,f)

that

(221)  lm inf 28200 _

G+ N(O,f)

The theorem now follows from (2.20) and (2.21)
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