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On |V,)| Summability of A Factored Fourier Series

RAJV SINHA

Department of Mathematics Aligauh Muslim Uliiversity, Aligauh

ABSTRACT

_ - Let{ (t) be a periodic function with period 2r and integrable in the sense of
Lebesgue over ( -, ). Let

% 1 ©
f(x)~ZAn(x)=Tao+E (a, cos nx + b, sin nx)
1 =]

We write

e = o [f () £ () - 2 () ]

and
. .
‘D(t)=j0|<9(X)‘dx-

In this paper the following theorem has been proved which generalizes certain
results due to Verma [Abstract, Proc. Indian Sci. Congress [1972]; Liu [Proc. Japan
Acad, 41 (1965), 757-757-762].

Theorem. Let {p.n} be a positive sequence such that {p.n (log n)“} is monotonic
non increasing and X (n ., [32,) (log n)'—% <00, (0 < « < 1), thenZ(.Ln A, (V)is summable
| V, X | at every point x satisfying

(n log n)—¢
y n

n

) = < o0

(i) r _l%“” du = 0 ((log 1/t)=%) as t - 0.

t

1. Let X a, be a given infinite series with the sequence of
partial sums {s,}. Let A = {A, } be a monotoné non-decreasing
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sequence of matural numbers with A, 7:4, < 1 and A;=1. The
sequence to sequence transformation:

)

Vo ) = 7! 3 s
T r=n-},+1

defines generalized de-la Vallée Poussin means of the sequence
{s,} generated by the sequence {i;}. The series Za, is said to be
[V.n |, if the series ( [1], [2])

S | Vau ) - Va ) | < o0

n={

Let f (t) be a periodic function with period 27 and integrable
in the sense of Lebesgue over the interval (-w, ). Let

S A, () = 1/2 a0 + 3 ( a, cos nt+b, sin nt)
n=]1

be the Fourier series of f (t).
We write

o (®) = 1/2 { (xtO+f (1) - 26 () };

and
@)= [%]¢ (] du

_ 2. In this note, we tnjove the following:
Theorem 1.If { } is a positive sequence such that {u, /(logn)*}

is monotonic non-increasing X

Ba (1o nl—“<oo, (o< a <1,
*, g

then X py A, (t) is summable |V,A]| at every point.x satisfying

n (log n)-«

(ii) 57: : _I_CE_(TH)J_ du = 0 ( (log 1/t)'"%) ) as t —=> 0.
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(*)' Taking A; = n, this reduces to the following known result
for absolute Cesaro summability obtained by Verma [3]

Theorem : If {\,} is a positive sequence such that {};/(logn)*}
is monotinic non-increasing and 3 n}, (log 411)1:“ < o, (0<a<1),
n=1 ’ - : .
then 3 A An (t) is summable [C, 1| at every point t=x at which
n=1

J’TC le W 1 44 — o ((log 1/t)'"®), as t - 0.
t u

It may be remarked here that Verma’s result under the above
hypotheses is an extension of the result of Liu [5] which is further
extension of Pati [4]. It may also be noted that our result also
generalizes the result of Sharma and Jain [6].

3. We require the following lemmas for the proof of our
theorem. ' ‘

Lemma 1. [7]. If condition (ii) of Theorem 1 holds then
t : B
[t 1du =0 (e og 1" 9. @

Lemma 2. If condition (ii) of Theorem 1 holds ‘and S (x) is
the nth partial sum of the Fourler series 2 A (x) then

,S 1S (%)= £(x) | =0 (n. (log n)¢™® ), n > 0,0 < & < L

Proof First we shall estimate the order of the mtegral '

j” |<P (t) |

= dt. By integration by parts

7 /n

(32)L”l "P(t)'dt_[q’(t)]/ +2ri 20O 4

/0 v

™ When Ay = 1; (i) follows from hypothesmz " (log n)e <OO by a 1emma

due to Pati [4].



174 RAJIV SINHA

=0(1) + 0 (n. (log n)"™%) + 0 ( j:/n (log 1ty ™= dt) ,y

12
= 0 (n (log n)'"2),
by using Lemma 1.

Now consider

sin vt

2 @)y = 2 @ ek j o[V

o

0 .
4 jm? J‘ o(t) sin vt dt j o(a) smuvu du

dt + 0 (1))

= 2

v=1

+0(j o(t) SVt t)+0(l).

v=1

T n
=4./7t25 —cp—igdtjn%l—)—( pX sinvtsinvu)du

o /]

+ ( vi I (t) sin vt t) + 0 (n)

=1

=T, + 0(/T)) + 0 (n)
where

o

I

2 sin v t sin Vll) du

We shall devide I, into four parts

w/Mm w/n n/n /o n 7 [n T T
ve (T L L )

| =3 +3+7J+1-
By condition (Lemma 1.), we get

I < 2 r/n o () | dt j”/“ o @ 1( £ ) a

T

= 0 (n (log ny@"®)
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By Lemma 1 and (3.1) we get 7 ’
/0 T PR Lo
17, | g—-j o (9 |dtj Jo ()1 (z: v)'du
: ) 71:/11 B u .. \ra ‘
=0 (n (log Y oo). '
J; is equal to J,. Hence it remains to estimate Joo
' k14 ™ . ;1 : . ;
=2 e T2 o v @
™ Jamn ¢ xm " v=t ' ;
— cos v (u+t))) du
i 0 i : .
= _7%5. j 2 4 j ‘Ll(lu_) (D, (u—t)-Dn (utt))du
7 /n

n/n t

—0 (j:/n le (tt) I 'dtr e @) Jsin (412 )9 g )

- /n u |u—t ]

#0( j: )n‘l‘(‘oit#dt j:/n le l(l“)l ISf!f (n+1 lﬁ)t(uﬂ)l 1u )

— 0 (J/ + JI’4)
then

v e (] Iu_t,gn,z; # i) B

X jsin (n+41/2) (u-t) | d
[u-t |

=Ju+Jo o
By integration by parts ‘and Lemma 1 and (3.2) we-get 7

wf T8 bW,

"y

'41£(n+ l/z)j‘ Icp(t)l

t-m /o

- (r;+1/2)'\ l<P (t) | 5[@ (t+7 /2n) B cp"(t%/z;l)

e t+n/2n .o t-m[2n
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u2

+ jt+n/n e (0 dug

t-nt /o

=o(n j:/n SACH § (og(t-+r 20) '~ (log(t-n /2n) ))% at

+ 0 (n j:/n w 3(10g(t—|—r?/2n) )‘_“—(log(t—rc [2n)' %) %dt)
= 0 (n (log n)'™9),
further,

7 [2n 7
res<(f +
7 /n t+n /2n

T t-7 /n :
s [ JLACHRCY ORI
mn+n/2n Y /n t u |u-t|
= J + . ,
By integration by parts and by Lemma 1 and (3.1) we get

TR e (1) | o (1"
'y = ———d
J 421 J‘Tc /n t t g [u ju-t | t+m /211

T ¢ (11) (2]1—1:) du

J‘t—l—v-: /2n u? (u-t)®

_o@ j’”‘/z“ Jo® 1 40

7 =/n t (n-t)

1
- {2n lo ()1 lo.g (t+m /2n)
t

+ 0(1:1.J~ dt) +

7 /n

+ o (J-Tr—n/2n o ()1 4, (F 77 (2u-t) (log 1/{1)“ &u))

= [0 t t+ﬂ /2n u (u-t)2
= 0 (n (log n)'™ (log n)'* = (n. (log n)¢"®)



SUMMABILITY OF A FACNOREN FOURIER SERIES 177
J' 42, is equal to J',,,."By (3.2) and (3.1)

noe [T o | T o (u) | N
Tes= J‘“/n t a Lc/n u? d
= 0 ((log n)' % n (log n)'"* = 0 ( (log n)*¢"®.n)

Thus.we get the conclusion
Z (s () (x)) = 0 (n (log nyd~m).
vl
Now by Cauchy’s inequality we get
S s, (¥)f(x) | = 0 (n. (log n)d~®)
v-1
T : '
Lemma 3. If j ﬁ—f—:u du = 0 (log 1/t))"* as t — 0,
t
0 < @ <1, and Ty (x) = 1/n}1 kz k A, (%), then
-1

El ITe (%) | =0(@ (logn)™®), n —> 0,0 <a <1
Proof. Let
P =7 3 oa e
. Then by Lemina 1,
P (%) - f(x) | < ﬁl— él lsi (x) ~ f(fc) |

1
=0 (n+1 .. (log r;)l—?‘)

=0((logn' ™), n —> o, 0 <a < 1,"
so that . :

P (9~ =) | = £ 0 ((log K¢,

=0 (n (log n)*~%).

jTMu
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Since T, (x) = S, (x) ~ p, (x), we have
T @ 1A e @A 2 | pe (966 |
= 0 (n. (log n)™):
Lemma 4. If {u,} is positive sequence such that {u, [ (log'n)*}

n y,

v (log h)““ < oo, then

is monotonic non increasing and =

1) 3 log (n+41). Ap, = 0 (1), as m —— oo,

n=1

(i) ¥ n.lg(@t1). A%, = 0 (1), as m —> oo.
n=1

n)\zy.n, (log' n)!"®* = the con-

Proof. The convergence of %

vergence of X -%15 . For the remai-der of the proof, see [8]

and [4] respectively.
Proof of Theorem 1. It is easy to find

1 n+ti ) .
% { Qas=ra) (ken-1)+2,} a,

n*n+1 =n-,

Let V,, (A;x) denote the nth de la Vallee Poussin mean of the series
2 pn A, (x). Then we have

£ C 0 7 1 n+

S | Ve 0)-Va) | = 5[ —— 5

n=1 . n=1 . }\n)\n+1 k=n-2A,42

{ ()\n+1 - )‘n) (k_n_l) + 7\11} Mg Ak (X) I
Let £'; be the summation over all a satisfying A,,, = 1, and

%, be the summation over all n where A,., > A,. Then by Abel’s
transformation, we have
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’ ' nft [ 7
Th= T | Y B ) |
n+1 k=n-2,+2 k

= X 1 | ) (i VAV(X).Aﬁ)—
Aoty k=n-) +2 \v=! k

N 1 a1
%—_7\“_':_2— ( 3 v A, (x)) + ‘;L ( > v‘Av(‘x))|

V=1 v=2
< 3 5 1 % vA [.A‘——)—l—
7‘n+1 k=n-) +2 v=1 ‘ k .
n'>‘n+l n;(-l
Kn_n+2 Hn41
Pl TR A B E v

=X, (1) + X, @) + I (3), say.

Since the inside lower indices n— 2,42 in ', (1) are strictly
increasing, we have

‘ S A
(1) =0 %ka k| Ty (x) ] & (_k_) x X;

=0 %“ﬁ KT 1o () | = s

Using Abel’s transformation again, we get

Mx) =0 32( 2 kT (¥ I).AZ(‘%‘)

= 0 g % n2 (Iog n)l“ot . AZ (Mn)’ 2 by Lemma 3

n
=0 % $ a (log n)¢~ o, AZH%
n=]

n=1

+0 % S (log n) ¢, A“ng
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-+ 0§ b Ha (log m)'"«
n=t n

(4.1) = 0 (1). by Lemma 4 (i), 4 (ii) and the hypothe51s ).
Further, it is easy to see that

Th(2) + ZB) =0

§%|n®@=N®my

Again, Abel’s transformation gives that

N () =0 351 (él T 69 ) N (i_) g

=0 g cﬁ n (log n)d-o. A (%),g by Lemma 3.
n=1 a

8

_vog SR (logn)l““g 4ol g n(ogni= Aun‘g

n={ A2n ! n=1 7\n

(4.2) = 0 (1), by hypotheses (i) and (ii).

The estimation of X'/, is somewhat more trickly. We get,
with the aid of Abel’s transformation, that

n+
o= B S 1tk EE kAL () |
7\n7\n+1 k=n-)_+2 k

n

1 z :
o[z ) WL A1) B[+
S k=n-},+2 k

D) [Ty g, (k) | Paat2

n—i,+2
+ @) IT,,, () | Zaban

wery ]

=20+ Z, @ + Z, (), say.

Since

| A Otk 45 1= Oarne14K) B2 - i) o
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I o
we have
) = T (x) |l (B o P
n ( _k:2| k(X)l k \ % + px

1
2/’ —
n>k Aa

181

Further, since X'’ has only the indices n having the property

Aart > Ay, it follows that

v Lo % —l-zo(i).
n>k 7\zn V=1 vz 7\k

Hence

50 =0} S k1T | A (4]

+0§ S| Ty ) |._‘ﬁ§
k=2 7\1(

= 0 (1), by (4.1) and (4.2)
Also,

5@+ 5@ =0 15T, |

1l

— 0 (1), by (42)
This completes the proof.
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