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RAJIV SINHA
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Let f (t) be a periodic function with period 2 = and integrable
in the sense of Lebesgue over (- =, =), then its Fourier series is

1 <«
f(t) ~—as+ 2 (a,cosnt-+ b,sinnt)=
2 n=1

\ | = A, ()

Concerning the | C,1 | summability of Fourier series Fu Cheng
Hsiang (Pac. J. of Maths. Vol. 33, No. 1, 1970) has prove dsome
therems.

Our aim is to prove the same theorems under a weaker con-
dition. Qur main theorem is as follows:

Theorem. If

3

j Mduzo (log—L)
u %

%

as t > 4 0, then thQ series

5 An (xo0)

%

is | C, 1 | summable, « > 0.

1. Let f (t) be a periodic function with period 27 and integ-
rable in the sense of Lebesgue over ( —m, ), then its Fourier series is

1.1 f(t) ~ %— aot+ 3 (a,cosnt—+b sinnt)= ) A (1)

n=1
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and the conjugate series

2 (b, cosnt-a, sinnt) = ) B, (v)

.. n=1

Suppose s, denotes the partial sum of the infinite series
Sa, and let S* and t% denote the nth Cesaro mean of order «,

(¢ > — 1) of the sequences {s,} and {n a,} respectively. The in-
finite series Xa, is said to be summable | C, « | if the sequence

{s.%} € BV, i,

2 E ols-s, | <o

n=1

We know that

(1.3) t3 = n (si50_1)

50

(1.4) T TS/ < oo

We shall use throughout this paper the following notations:
For a fixed point xo, we write
(1) = ox, (1) = f(x, + 0O + f(x 1) -2 (x)
Q1) = [ |e(w|du

and

Y R)= [ ¢ | du= [ |f(xo+ u)f (xo-u) | du

and meoreover

logkn = log (log¥~'n) and logzn = log (log n).

2. Generalizing the previous result of Chow [1], Hsiang [2]
quite recently proved the following theorems:

Theorem A. If
(2.1) D)= [ ¢ |du=0()
as t —— - 0, then the series ]

S A, (xo) [ o

is summable | C,1 | forvevery « > 0.
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Theorem B. If

(2.2) @) =0 ("_t—)
1t log* !

p=1 t

as t —-—> - o, then the series

p> Ay (xo) , (logt'n, > 0)
R ( it log" n) (log n)tte -
u:l

is summable | C,1 | for every ¢ > 0.
Theorem C. If o
(2.3) YO =/, 1d@ldu=0()

as t ——> - o, then the series

Z°° Bn (XO) ‘

- n=1 n*

is summable | C,1 | for every « > 0,
Theorem D. If

24) Y @)= j |4 () [da=0 (—t—)
° (IkIlogy' 1)

as t —-> -+ o, then the series

§ _ Bu (x9 , (log® n, > 0)
R ( T 106" n) (log* n)l+e |
p=1

is summable | C,1 | for every ¢ > o.
It is easily seen [3] that, if (2.1) holds then

TC “ <
(2.5) J de® 1 g, - (log —L),as~t,_» o 7l
& u , t
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but it is not true conversely.

On the other hand, if (2.5) is true, then

t
1
(2.6) j,l o (u) | du =0 (t logT)
and this result is best possible. Thus (2.6) is a weaker assertion

than (2.1).

The object of this paper is to replace condition (2.1) by (2.5)
which is a weaker one, in all the abqve mentioned theorems. Hence
we prove the following:

Theorem 1. If
T
t u \ t
as t ——> -+ o, then the series
by An (XO)
n®

is | C,1 | summable. for every « > o.

Theorem 2. If

1
T ol | log x
(2.8) _—t— — du=0f ———
L,_. u M(Ik 10gu_1_)

p=1

as t —> - o, then the series

An (X 0)

.Js

: T (logk nﬁ‘”,> 0)

"o (kI_I1 logt* ‘n) (log* n)1+¢
u=1

il

is | C,1 | summable, for every ¢ > 0.
Theorem 3. If
T TS
(2,9) j M du = 0 (]og 1 )
t u

Tt
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as t —— + 0, then the series
An (Xo)
> —

is | C.1 l summable for every a > O
o Theorem 4 If

- o e o (ldg 1 ) B .

2.10) j _'“p—l(l“)—'— du — 0 ( )
' (11 logt )(log n)lte

p=1 -

as't ——-'—>'::—']¥  0, then the series e

| M8
o

- B (xo) , (log* 1o > 0)
° ( II logp‘ n) (lon* n)H‘e L
w= 1
is summable | C,1 | for every ¢ > 0.

3. For the proofs of these theorems, we require the following
lemmas:

Lemma 1 [2]. Let

S Su)= X veesut
then
0 @) . (forall¥)
So () = §O(n/t) (ot >1) .

Lemma 2. [2]
_l_s : s, 1
S (t)_A (©+2)" 2 =

A*
=l + == (t > + >1)

ey (for all 1) -

*A iy a finite: constant-but is nat necevanily the same at each occuvvence
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4. Proof of Theorem 1
We have

[+ 4
A, (x0) = % j- @ (t) cosnt dt.
Let T, (x0) be the nth Cesaro mean of the first order of the
sequence { nA_ (xo) / n%} , then

T T 5 (v+2) cos (v+2)t
T htd=| 033 = @ de
2 ja =, (+2)

Abel’s transformation gives

" 1 B 1
TR = oo gr gk ses efa

©+2)°
ooy 50,
. o+l (ny3)
= Im + Izn’

say. Thus, on writing

1/n T
Im = 5 -+ J. = Isn + I4m
1/n

o

say, we see that

l/n
= 0 (m-« j lo(t) | dt) = 0 (n-*. log n)

o

by conditions (2.6) and (2.7).

o= ofd [T 0 a Lo (L [ThL ]

n% l/n t n 2—-
—_—.O;D%.(logn)g +0§—111—.n1-a.(logn)§
since JTC \ o] dt < n jn -l dt = 0 (n'-* log n)

1/n P l/n t
Hence- I, =0 {n< (log n)}
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by condition (2.7) of the theorem.

Now, as before, we write

1/n T
Izn = j. + j = Isn + Isn’
I/n

L]

say. Then,

1/n
I, — (oo j lp(t)| dt) = O (a* . log n)
and °

_obaa [T ROl 4 _ o (ne
I6n——0§n jl/n Tdtg—O(n log n),

by the similar arguments as in the estimation of I,, and I,,.
But we have to show the convergence of £ T, (xo) /n. And from
the above analysis, it concludes that

@ |T -2 < 1
E_l"‘-M" < ",;r"' ?——‘1 T {|Isn|+ |I3n|+ IIsn|+|Ien|}

n={ n

-0 %g log n g = 0 (1)

ni+e

This proves theorem 1.

Proof of Theorem 2.
Let T, (xo) be the nth Cesaro mean of first order of the sequ-
ence

gn A, (<o) | (:‘E‘yl log! n) (og* n)*+= § > o

where k is a positive integer. Abel’s transformation gives

T T 1 n
3 T, (xo)=jo *® a2, S0
: 1

dt
A ?‘ij log* (v+2) %{logk(v+2)}l+e
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m 1 S, (1)
+ j (t) oy ) —
o IT log*(n+3)} flogk (n43)}te
n=1
= L, + L,
say, As before, we write
1/n 7 :
Iln = J -+ J = I3n + I4n,
o 1/n
say, and
_¢l/n 0 o
Izn = j + j = Isn + Ism
R l/n
say. Since, for v > no,
A - < A .
: (kﬁ log“u) (logHv)lTe (kﬁl log* u) (log*v)!+€
-\ BT R il J VOB
we obtain
1 S S ® A 1 <
n+1 v=o0 k—1 N P e 1
( IT log* (v+2) (logk (v+2) ) +e
p=1 L A
A
+
t ( 11 log*"n) (logkn)!+€
u=o ~
A
<4+ « T7c (ot > 1)
t? ( I logh L)(logk —)
u=1 t \
An (for all t)
: ( T log("‘n) (logkn)!+€
l v |
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Now, by the conditions (2.6) and (2.8), we have

1/mn

I, =0 —— .( - RO
( i log* n) (log* mn)'*e
u=1
log n
=0 L .
k-1 '
(II log* n) (logk n)l+e
EL—_-—].
I, = 0 - r L0 g,
an k-t 1 *
: (II log* n) (logk m)+e
u=1
0 : log n
= -
(II1 log* n) (log* n)H'E( | logH n)
u=1 , w=1
Finally
1/n '
Tiv e e B j lp(t) | dt .
s (kI_vIlv logt* n) (log* n)lT< '
p=1 ,
log n
= 0
k1 1
( IT  loght n) (log® n)lte
LL=].
T -
6n 1 /n t

(lﬁl log* n) lo(g* n)lte
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log n
k-1 . k
( T log* n) (logk n)>+e ( 1 log® n)
p=1 p=1
Thus
3}
g T, (:1‘0) | _ ¢ {ncn, log n
n= k—
' - n ( i log“‘n) (log*n)2t€
p=1

= 0 (1)
Hence the proof of Theorem 2 is complete.
The proofs of Theorems 3 and 4 can be given on the same
lines.
The authar ii thankful to Mr. D. C. Maheshwari of Mus-
lim University Aligarh for going through the manuseript of the
paper.
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