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SUMMARY

In this article a Riemann function associated with the equation Azu = 0 is estab-

lished by using a suitable transformation. Also the solution of a Cauchy problem for a
class of ultrahyperbolic equations is obtained by a special method of the mean value
of a function on the spheres when the parameters are integers.’

0. INTRODUCTION

This paper is composed of two sections. In the first section
we will establish a Riemann function associated with the equ-
ation

Azu:i

=1

( &u o+ 2u 4 k; Ju

0x2; 7). I Xjin  OXjin

): 0

In the second section we will discuss the solutions of a Cauchy
problem for an equation of ultrahyperbohc type.

I. RIEMANN FUNCTION ASSOCIATED WITH A qu= 0.

We are already familiar with the method defined by Vekua
[1] in investigations of the differential equations of elliptic type.

* This study was supported by the Scientific and Technical Research Council of
Turkey (Project Nr. TBAG 114)
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In this section we will assume that k; are integers. Let n;
be the corresponding integer to the parameter k;. The solution
of the problem will be investigated for each of the cases ky=n;-1,
kj >n;-land k; < n; -1,

a) The case of k; = n-1,j = 1,2,..,,m

Let us assume that the function f, given by the initial condi-
tions, is twice continuously differentiable where it is defined.
Now let us define the mean value of f as

m -1
M (X, t; f) = ( H mnj) f f veen f.‘[ f (Xu + 11 T1,X21
=1 w2=1 o2 =1
T+ %y Liseeny Xy - 0ty tis X, F %y, Eyaeee, Xnpm %p m
ty) doy ... do, )]
where

and o, is the surface area of n; — dimensional unit sphere, dmnj
is the surface element of n;-dimensional unit sphere. Taking into
account the paper by Weinstein [3], it can easily be verified

that the function M (x, t; f) is a solution of the equation (6) with
the initial conditions (7); that is,

u (ki kb = M (x, t; f)
b) The case of k; > n, - 1

If some of the parameters satisfy k; > n; — 1 then modif-
ying the mean value (8) by the method of descent provides us
the solution of the initial value problem defined by (6) and (7).
Just for the simplicity let us assume that k,, > n_-1. The integral -

foo[ fdoy
o =1 "
which is related with k,, can be transformed into
(km - Dy —"1) / 2
® (1 - az,) f dr,

a2, <1 k, - n, +1

m

by using Hadamard’s method as in [3]. The equation (8) is
brought into the form of
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M (x, t5f) = (0 o 1 I o k+1).
m m =t

foefo Jerl Jof (o) egen, ) 2 £ dry doy o do,

m~—1 1
2
o, =1 o2, 1=1 g 2<1

This is the solution of the initial value problem for k,> n, —1.
c) The case of k; < n; - 1 and k; 5~ - 1,-3,-5,...

The relations

W (ki Ky} = wlkiyeey kg 2= Kooy 2 — k3 0T ¢079 (9)
j:
and

o .
—aTj u{kl,..., km} == tj—l u {kl" ] 12 k "I’" 2 k]+19 . km} (].O)
were obtained before [4,5] for ¥ — harmonic functions. It is easy
to show that (9) and (10) are also valid for the solutions of Equa-

tion (6). And the case of k; <n; — 1 can be 1nvest1gated with
the aid of these relations.

For the sake of simplicity we will assume that the only para-
meter satisfying the inequality k; < n; — 1 is k,. Now let us choose -
the smallest integer  satisfying the inequality k,, + 28 >n, -1,
and consider the equation (6) substituted k,, + 2 § for k,,:

m Y mot [ fu ; ou 6211\ k,+2B ou
,-i"x izl oxz; }: (6t2 +_Ei_ Ft—>+ o, T ot

m m

We already know by the cases of (a) and (b) that the solution for
the above equation with the initial conditions :

f (X119 XZ]"" Xnmm)

(km+ 1) . (km+3)(km+2ﬁ_l) .

U (X5 Xpp0ee Xy _m, 0, 0,.,0) =

0
W u (Xll’ X p9ees Xnmm’ 0,0,...,0) = 0
i

can be obtained and it is represented by

u{kl,---, kmﬁla km + 2&}
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where f has continuous derivatives upto the order (n,, -k, + 3) /2.
Applying the correspondence principle (9) to this selution, we get

k.. 23-1
Ty ™ § o {kl’-.., km~19 m—!_—'g}_ { seeey kmul’z_km_zg} (] 1)

Now let us apply (10) successively B times to (11):

2 \B ' -
(t'—matm > t;nkm+23—'l u {kl,..s, km~1’ km-+"2ﬁ} = 1 {kl,...,
km—la 2 - km}

Using (9), we obtain from this result

~

c
t, oty

g
) tmkm'ngul u {kl,...,

km—19 km + 26}

So this is the solution of the initial value problem defined by (6)
and (7),in the case of k << m, — 1. SR

Remark: The eXceptional cases of k; = — 1,—3,;.. can be
investigated, for example, as in Diaz and Weinberger [6].

u {k1,..., k,} = tmlwkm (
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OZET

Bu yazinm birinei kisminda yygun bir doniigiim kullamlarak Ay; u = 0 denklemi
ile ilgili bir Riemann fonksiyonu elde edilmi§tif {kinci kisminda ise parametrelerin
tam sayilar olmas: halinde, ultrahiperbolik bir diferensiyel denklem smifi icin Cauchy
probleminin ¢bziimii, fonksiyonlarm gegitli kiireler iizerindeki ortalama degerlerinden

yararlanarak, bulunmugtur.
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