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On The Integral Modulus of Continuity of
Fourier Series III
by
BABU RAM*
(Received June 12, 1974)

1. Definitions and Notations: Let F (x) be a function with
period 2n in L, (1< p < o0). Then the L ;~modulus of continuity
of order k > 1 of F is defined by

o, (8; F) = sup | A% F (x) | Lp,
0< t]|<?d
where
.
AF R = § ()t OF (x4 1)
y=° Y
and |. | denotes the norm.

Let f and g be even and odd integrable functions respecti-
vely with period 2r and let

=]
f(x)~%a + X a, cos nx,
n—l

g (x) «~ ) b, sin nx,
n=1

Throughout this paper the letter C with or without subscript
denotes an absolute constant which may have different values in
different contexts and depends on the subscripts.

2. Concerning the integral modulus of continuity of order 1,
Aljansic [1] proved Delete the following theorem.
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128 RABU RAM

Theorem A. Let {a,} be a sequence which is monotonically
decreasing to zero and such that for a fixed p (1 < p < )

[=-]
2 nP2a < oo

n=1
Then
n—1 1 /D
o, (1/mf) < C, n-1} X v2P-2 af ]
v=i
1/,

+ Cp[ $ v a“v]

v=—n

The result holds for sine series also.

Later on Aljangic [2] generalized Theorem A for higher order
of integral modulus of continuity in the following form:

Theorem B, If a, { o and

£ mzar, <@ (I<p< o)

m=1

then
-1 /P

o,f (1/n; f) < Cy,y [n—k ( S meroe-2 a"m)

by §

I/D

=]

- ( 2  mP-2 apm) ] .
m=—=n-.1

An analogous result holds for g also.

In (1968), Izumi [6] generalized Theorem A in the sense that
they replaced its conditions by a weaker condition

P

%npﬂ(% |Aam|)<oo.
n=l m—n

They established the following theorem:
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Theorem C. If

: p
p nw( £ 1 Aa, |) < o(l<p< o
n=l1 m=—n

then \

o
o, (hf)® < C, h» 3 nzv—z( $ | Aa, | )
nsl/h m—n
P
4+ G, Z n"—Z(Z]AamI).
n>1/h m=n

The result holds for g also.

3. The object of this paper is to generalize Theorem C for the
integral modulus of continuity of higher order. In what follows we
shall establish the following

Theorem. If

P

(3.1) §nv—z< z°°|Aam|) <o (1<p< o)

n=t m=—n

then

D

(3.2) @k ((1/n5f)? < Cy,p, kP T v&+DIP2 ( o) | Aa,, | )

v<n m=v

ol

4+ Cp 3 VP_Z( p IAaml).

V—n m=—l1
The theorem also holds for g.

The following corollary is a consequence of our theorem.

Corollary. If

33 S | Aa, | <Clal 5 v2la P< o
m—y prnd

then

(34) o (I/msf)? < Cy,p, nkP X v&HlP2 | g [P
VSH

+ Cop S VP a7
>l|

Analogous results holds for g.
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This corollary is a generalisation on Theorem B, since the
conditions of Theorem B imply (3.3).

4. Proof of the theorem. Let {a,} be the sequence of Fourier cosine
coefficients of f and a (u) be the function defined on the interval
(1,c0) such that

a(n) = a, (n=12,.)

and a (u) is linear in each interval (n, n+1) and further a (u) is
continuous in the whole interval.

The differential coefficient a’(u) exists for all non-integral
uand a’ (u) = -Aa, forn <u <nt+l (n==12,.).

Under the assumed hypothesis it follows that
N-1 - N '
j fa(m [du < X [an|§Cj. ja (u) | du.
M =M M
Hence the condition (3.1) reduces to
<« -~}
(4.1) j w2 ( j [a' (v) | dv)° du < oo
1 u

and the inequality to be proved is equivalent to

1/h ®
(4.2) w,* (hsf)? < Cy,, h¥P I uk+1HP-2 ( j | a'(v) ldv)" du
0 u

+ Cop [ v (| W) dv)? du
1/h u

= Ll + L29

say. Let h = w /n. To prove the theorem it is sufficient to show
that

™
(4.3)1:j | Aky, f(x) | ? dx < L; + L.
0

for t < w/n.
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We may write

(k+Dr/n

(44) T = . | A%+, f (x) [P dx
Tt .
j | Ak, £ (x) g° dx
J(k+lmm- :
= 1, + I,

say. We shall evaluate I, and Iz separately Firstly to estimate
I, we see that

{k41)x /n
(4.5) I, < j > a, A+ cos vx | P dx
7v§n>/‘[(k—'|~1)1r]
(K—!—].)TC /I]. : . ok .
NS j T . L DY “a, cos vx [Pdx
0 n/[(k+1)n<v§”x
(k-+Dx /n T
_ j » | Ak, ) - a, cos vx |P dx
/0 T -

— L+ L + I,
say. We estimate I, first. Since
Aks, cos vx = (-DF [R [e% (l-e—+")<]
= (—1)k 2k sin* (vt /2) cos[Vx;E’kvt/Z—l—krcﬂ],

using the mequahtles [ sin x| < |x| and [eos x| < 1,it follows
that
z a, A¥t, cos vx | < t*  v&a, |
v<n/[(k+Dr] v<n/[k+D)r}

Therefore we have o
(k4+1)m/n

j 5
0 v<n/ [(k+ 1)r]

= Gy kot ( v[:)1/[(1§-l-1)ﬂ:] . v[a'(u')'ldu)p. ,

I, = Cyp 00 VE [ ) dx



132 BABU RAM

Applying Holder’s inequality, we have
n/[(k+Dr]
0

n/[k+1)r]
> < ( jo

(4.6) 1,<Cy,, n-*v-1 j

P/2

J-n [[(k+1)=]
0

IA

-k
Ck’p n-xP
L,

— 1

Now to estimate I;, we have

| a (u) [P u&+hP—2 du

W du) (Up + 1jg = 1)

[ a(u |°Pu &DP-2 du

(k) fntye
(4' 7) L< X (Yk) j | 5
+yt n/[(k+Dr]<v<l/x
a, cos vx |P dx
@kt Dm/n
< 2t j )X a, cos vx | Pdx
0 n/[(k<l)n]<v<l/x
~(2k+1rm/n
= G > &, P dx
70 n/[(k+Dr)<v<1/x
(k1) /n 1 )
< Gy dx(j |a(u)|du)
0 n [ [(k+1)r]
(2k+1)c/n
< G | a (1/x) |° x? dx
J0
= Ck n | a u) 1? uP-2 du
‘n/[[2k+1)x]

e

Jupe)

n/w
C
) ( jn/[(21<+1)nfr
<L + L,
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Let © = [1/x], that is, the integral part of 1 /x. Then to estimate
Is we use Abel’s transformation and observe that

2k+1rx
(4"8) Is < Ek (k) [ 2 j( - ) /nl acy Doy (X)
Y= ¥ 0

+ X A aD, (x) [P dx]

v>141

(@1 /n
9k+1 j | ace Deus () |P dx

0
k41 /n ,
+ 2k+1 j > A aD, (x) | dx
0 v>1+1
= S; + S,
say. Then

(4.9) S;=2k+1 3

. 2k fme)
j | ace Dewt () I dx

m=ati (k4 Ty fm
o (@) ()
<¢ £ j | I 1/x a (1jx) P dx
R e
(2k+1)x/n
= Gy - jo xP |a(l/x) |Pdx
< Gy j | a(a) | 2,P7* du
n/[(2k+1)r]
n/w «
= C
- [ j‘n/[(2k—}—l)7r] * j‘11/7'c ]
< Ly -+ L.
Moreover,

. 2k+Dr/n

4.10) S; < X (¥ 2 | AaD,x)|Pdx

{ |\ (
Y~ ¥ 0 v>1+1
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o cCREDT (-1 0 e s
e s [ ]
x

m=rtt J (2k4-1)x fm
—-Cy . j n/‘[(z"k_H)ﬁ]Xp-_z [JX | (@) | du].p
I
= C, [ La/[(szrl)n]Jr jnhr ]

< L, + Lo
Combining (4.9) and (4. 10), we have
@11) Iy < Ly + Lo,
Recalling (4.6), (4.7) and (4.11), it follows that =~

(4.12) I, < L + L.

© "It remains to estimate I,. We write

7
(4.13) I, < , j I X a, A+, cos vx | Pdx
) (k+l)r/mn  v=r S
7
j | A¥+, X a, cosvx|P dx
(k+1)/n - VT .
= I+ I,

say. As in the estimation of I, we have

T
(@.14) I < C, n—*® j ( 2V Ja) )P dx
(bDmfn N ver
Cy n-vp X du)e d
= j(k+1)w/n ( p Vel “)X

P

T
’g.(]knfkp J(k_{_l)n/nx»kp (Jl la (u) |.du) ““du;
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which by means of Hardy’s inequality [5, Theorem 330)] is

T
< Gy nk® j x-®&+hP | g (1/x) |P dx
(k1) /n
n/[(k+1I)r]
< G, n-ke j | a (u) [P ubsbp? du
< L.

Moreover, by virtue of Abel’s transformation

S 3 TE:EYI’,
@5 L < 3 @ j | AaD, (x) |* dx
y=0 k+Dr/ntyt v>T
" k -yt
+ X j | atey Doy (x) P dx
=0 (k+1)x /nFyt
= 83 + S,

say. Then we have

3 | o
416) S. < C, j T Aa D, (x) |? dx

mn v>t

© S
< Gy j x-P | j a’ (u) du | dx
T /n 1/x

n/n e
< G J vPTZ | j a’ (u) duif® dv.
0 v

Since 2-p < 1 (1 < p < o) it follows by measn of Hardy’s ine-
quality [5, Theorem 328] that

n/n
@17) S, < C, j V=2 Ja'(v) P dv < L; + Lo

0

On the ‘ other hand

(4.18) Sy < €

-tk [n
J [a (/x) |°P xP dx

T /n
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nj/mw
< C, j la(u |P ™ du < L.
0

Thus by virtue of (4.15), (4.17) and (4.18), we have

(4.19) I, < L: + L.

Combining (4.14) and (4.19), we obtain

(4.20) I, < L; + L.

Hence, the inequalities (4.12) and (4.20) imply that
I <L + L,

This concludes the proof of our Theorem for f.

The proof for g is similar. So we omit it.
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