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DEDICATION TO ATATURK’S CENTENNIAL

Holding the torch that was lift by Atatiirk in the hope of advancing
our Country to a modern level of civilization, we celebrate the
one hundredth anniversary of his birth. We know that we can only
achieve this level in the fields of science and technology that are
the wealth of humanity by being productive and creative. As we
thus proceed, we are conscious that, in the words of Atatirk, “the
truest guide” is knowledge and science.

As members of the Faculty of Science at the University of
Ankara we are making every effort to carry out scientific research,
as well as to educate and train technicians, scientists, and graduates
at every level. As long as we keep in our minds what Atatiirk created
for his Country, we can never be satisfied with what we have been
able to achieve. Yet, the longing for truth, beauty, and a sense of
responsibility toward our_fellow human beings that he kindled within
us gives us strength to strive for even more basic and meamngful
service in the future.

From this year forward, we wish and aspire toward surpassing our
past efforts, and with each coming year, to serve in greater measure
the field of universal science and our own nation.
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ABSTRACT

In this paper the authors have determined the degree of approximation of a certain class
of funetions by Generalized Gauss-Weierstrass Singular integrals. This class of functions contains
those belonging to Lip o and Lip (a, p) due to Hardy and Littlewood [1].

1. INTRODUCTION

Let f (x) be an integrable function belonging to L; (— o0, + 0.)
We determine the order of approximation by Generalized Gauss—Welerst-
rass singular integrals of f (x) defined as follows: -

For s > 0,

1 8 1 « 1te
ADL e 5D = —g - I j £x+8) & E gy, oot

We also define the following notations.
1
1.2) g, ) = -5 {f (x4t) +f (x-t) — 2f (x)}.
and
1.3) ® (t) = oy‘gx ) dv. _

* Supervisor,
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DEFINITION (1.1): A function, integrable L, is said to belong to
k ()
t

is

the class k (t), where k (t) is a positive increasing function,
decreasing and such that,

(@) k (xy) = k (x) K (3).

(b) [f(x+t)-f(x)]| = 0 (k).

We notice that,

@) Ifk (t) = t%, 0 < a << 1, then cur class reduces to Lip .
1

(i) if k (t) = t* P and f (x) € LP (p > 1), then our class re-
duces to Lio (a, p). (Hardy and Littlewood [1]).

1
Gii) fk(t) =¥ @)t p, ¥ (t) is a positive increasing functicn
and f (x) € L? (p > 1), then our class reduces to the class (¥° (t), p).
(Huzoor, H. Khan [2]).

2 The main purpose of this paper is to determine, by taking into
account, the more general class k (t), the order of approximation for
Generalized Gauss-Weierstrass singular integrals of f (x).

We state and prove the following theorems:

Theorem (2.1): If f (x) helongs to Ly (~—x, +) and for u - 0,
[T (40 +£ (1) - 26 (0] dt = 0 (w2 k (W)

then,

|L(x;88)-£(x)| = 0(E/k (EV9)),E >0 +
provided k (t) satisfies the following,

( t, >2 k() e— (%)S= o (1), and’
Ts) k(€ ’

@.1)
5 (FE®)=0(tk ().

Where, we break the interval (0, o0) in to, (0, t,) and (t,, o).

Theorem (2.2); If f (x) belongs to L; (— o, +-0) and for u -0,



ON THE ORDER OF APPROXIMATION TO A FUNCTION... 57

s

{2 (1) dt = 0 (uk (u)), and

A () = _f° [£ (x4t) + £ (xt) - 2f (x) | dx,
_ then,
if IL (x; £38) - £ (%) | dx = 0 (B k (£/9)), £ -0 +

Under the same conditions (2.1).
Proof of Theorem:
Proof of Theorem (2.1). Since
o i1
L (x;&8) —f(x) = Sl __E}E_L Z,H)e & dr

2 —
8

Then on dividing both sides by £YS k (£V%), we have

|1
1 . ek
s b % 6 9)-f(®)] = t, & d0 @)
EUs K (EVS) 21’—;1——22’51{(5”5) jo e
s il o _LF
+ : [_f:f(x—}—t)e Ca ] fxpe b odt
2T — 2 k@) . |
w e
- L A (x)e & dt].
= Il —I_IZ +Is +I4’ say,
ol . el
I = ° [e Eo@)-["0@md e © )]

2r 2 gk b

= L’ + 1", say.
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to [\§
et () A By
2I‘—s- ° °
= o (1).
Next, since @ (t) = 0 (t* k (1)).

e

e 2r— E:-‘*k(i’/*‘) o [feroma O )]

|t {}S

ol e
"
o[ (i) ety & a ()]

=o(l) +0()

= 0(1)for§ -0 -+

Therefore,

L=1, +1"

= o (1) +0(L)

= 0 (1)

Now,

1
L] = : P e & J, [f0x4y)] de
20— B k()
. Ms (- ) ke (7))

1 Fus ] k (V%)
2 I‘—-s—- 1% k(t,) 4 (

= o(l),for £ -0 -+
similarly, I, = o (1).
Again, k
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, s
8 f(x) o T g
LI = — | | fi e ¢ de
I‘_g_ ::2/5 k(alls)
[l
s | (x) ® t k(1) “E
= I ( [ jt _——£2/5 k‘(”s) e dt.

o

1
r — b k (t,)

f « . . e e
= _leLf E M EEHk®ET L dv
t, N
P_s_ t, k(t,) e a2/s k(EI/)
on putting T = v°.

- s | f(x)] jw Vk(v)e_vs dv
, 6

1
F—S-— t, k(t,) 2

=o(as [T vke¥ dv < +
Adding the bounds, ;
L+L+4+L +L=0(0)+o0@) +o()+o @) _
= 0 (1). '
Hence
|L(x; E58) - £ (x)| = 0 (E"° k ("))

which completes the proof of theorem (2.1).
Proof of Theorem (2.2):
We have,
o B
TR @y L0588 -f(0]dx
L
] @ | 3
1 i/s 2/s L:o dx j“o l D (t)l e d.
or— " k@) |

N
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s
- — Pe & dt| | o] dx.
21"? iz/s k (E]/S) -0 v
. Lt
= T e 8 o) dt

o .

ar —si zz/'s k (E”s)

We can write, as in the proof of Theorem (2.1),

ILi=o(@)forf -0 +

and,
. i
L +1, +1, = 1 INRYOK: dt
2F_S_ gus k(ax‘/S) °
s. M ®  t k() Lt
< : j : e & dt
~ ) /s
Lk b, & EED

=01, >0 .
Therefore,

L+L+L 41 =00 +0Q)

= 0 ().

Hence,

$2 1L (s 8 8) - £ (0] dx = 0 (EV° k (E9)).

Which completes the proof of Theorem (2. 2)

New, using the condition 0 (t k (t)) on @, (t), we have the follewing
theorems.

Theorem (2.3) : If f(x) belongs to L, (-0, + ) and for u o,
I, [ +0) +£(x-9-20(x)] dt = 0 (uk(w)),

then
|L(xs &5 )=f@)| = 0(k(E")), 50

provided that,
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)
() 2 ) oa,

ey T KED
d
i CE®) = 0 (kO)

where, we break the interval (o, ) in t,, (o,t;) and (t,, ).
Theorem (2.4) : If f(x) € L, (-0, 4+ ) and for u — o,
foa@®dt = 0(u k(u)), and

At) = i: |f(x+1t) + f(x-t)-2f(x)| dx,
then
DL &9 - fo)] dx =0k (E")), & >0

under the same conditions (2.2).

The proof of theorems (2.3) and (2.4) are similar to those of (2.1)
and (2.2) respectively.

Remark It may be remarked that on giving different values of
k (t), we get some interesting results.

() Ifk (t) = t% we have,
. 1+a
|L (3 838)-£(0)| = 0 (& °).
; 1
Ikt =t P, we get,

i i o 1
LG & 8)—£G)| = 0 (2%~ * P,
1
(i) If kt) = ¥ (t)t P, we obtain
.t 1
[IL(xs&8)-f(x)] = 0(E®% P WH(E2)).

-

The last special case has been considered by Huzoor H. Khan [3].
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OZET

Bu cahgmada, genellestirilmis Gauss Weierstrass singiiler—integralleri yardimiyla
Hardy ve Littlewood [1] tarafindan tammlanan Lip ve Lip (x,p) simflarina ait olan fonk-

siyonlar: iceren bir fonksiyon simifimin yaklagim derecesi belirlenmistir,
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