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DEDICATION TO ATATÜRK’S CENTENNIAL

Holding the torch that was lift by Atatürk in the hope öf advancing 
our Country to a modern level of civilization, we celebrate the 
one hundredth anniversary of his birth. We know that we can only 
achieve this level in the fields of science and technology that are 
the wealth of humanity by being productive and Creative. As we 
thus proceed, we are conscious that, in the words of Atatürk, “the 
truest guide’^ is knowledge and science.

As members of the Faculty of Science at the University of 
Ankara wc are making every effort to carry out scientific research, 
as well as to educate and train technicians, scientists, and graduates 
at every level. As long as we keep in our minds what Atatürk created 
for his Country, we can never be satisfied with what we have been 
able to achieve. Yet, the longing for truth, beauty, and a sense of 
responsibility toward our fellow human beings that he kindled within 
us gives us strength to strive for even ınore basic and meaningful 
service in the future.

From this year forvvard, we wish and aspire toward surpassing our 
past efforts, and with each Corning ycar, to serve in greater measure 
the field of universal Science and our own nation.
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ABSTRACJ

lu this paper the authors have determined the degree of approximatîon of a çertain dass 
of functions by Generalized Gauss-Weierstrass Singular integrals. This class of functions contains 
those belonging to Lip a and Lip (a, p) due to Hardy and Littlewood [1].

1. INTRODUCTION

Let f (x) be an integrable function belonging to Lı (— oo, + oo.) 
We determine the order of approximation by Generalized Gauss-Weierst- 
rass singular integrals of f (x) defined as follows:

For s > 0,

(1.1) L (X, s) =
.eo1S

12 r —

|tl»
f(x + t)e- i at, ^,^04.

_ 00s

We also define the following notations.

(1-2) i,t) = {f (x-|-t) 4-f (x-t) — 2f (x)}. 
tu

and

t
(1.3) O (t) = J 0^ (v) dv.

0

*
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DEFINITION (1.1): A function, integrable L, is said to belong to

the class k (t), where k (t) is a positive increasing function, 
decreasing and such that,

(a) k (xy) = k (x) k (y').

(b) |f(x+t)-f(x)| = 0(k(t)).

k (t) .-----— ıs t

We notice that,

(i) If k (t) = t“, 0 1, then Gur class reduces to Lip a.

(ii) ıf k (t) = t a-
1
P and f (x) e L’’ (p 1), then our class re-

duces to Lin (a, p). (Hardy and Littlewood [1 ]).

1
(İÜ) If k (t) = T*  (t) t p , T" (t) is a positive increasing function

and f (x) e L* ’ (p 1), then our class reduces to the class ('T (t), p).
(Huzoor, H. Khan [2]).

2 The main purpose of this paper is to determine, by taking into 
account, the more general class k (t), the order of approximation for 
GeneraUzed Gauss-Weierstrass singular integrals of f (x).

We State and prove the foUowing theorems:

Theorem (2.1): If f (x) belongs to Lı (—oo, +c») and for u -> 0

f [f (x +t) -b f (x-t) - 2f (X) ] dt = 0 (u^ k (u)) 
O

then,

I L (x; s) - f (x) I = 0 (Ç'^^k (Çi/^)), Ç 0 + 

provided k (t) satisfies the following.

(2.1)

k(t„) 
k (^Z’) o (1), and

A (t^k(t)) = o(tk(t)).

Where, yfe break the interval (0, oo) in to, (0, t,,) and (t^. oo).

Theorem (2.2); If f (x) belongs to Lı (— oo, + oo) and for u -> 0,

%
s

2

a

srjioLv 
e

9
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u
J" X (t) dt — o (+ k (u)), and O

X (t) = J |f (x+t) -|- f (x-t) - 2f (x) I dx.
—co

then,

7 |L (x; s) - f (x) | dx = 0 k (^’^^)), ? 0 +
~ 00

Under the same conditions (2.1).

Proof of Theorem:

Proof of Theorem (2.1). Since

L (x; s)-f(x) =
2r —

1
Çl/S

CO |t|'’
(f) e dt.

Then on dividing both sides by Ç*' ’ k we have

[L(x;Ç;s)-f(x)] = ’t.
|t|^ 

5 d d» (t)1
k (Ç'/«)

S
1
s

o

s
2 r A (çı/s) 

S
e

O

|t|«
s

|t|s

+ 2 r A ^2/s (^ı/s)
S

r f (x + t) e di + J f (x-t) e dt
L ®

_!1I! 1
I 2f (x) e dtj. 
J to'O

^1 + ^2 H" ^3 4" ^4’ ®ay,

11 =
2 r A ^2/^ k (^1/’) L 

S

|tol’ 
e’ -(e’ )]s

= I)' +11". say.
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r. = S
1

tp 2 s

2r—s
k(to) 
k(^'/’) e (^) (tp)

V k (t„)

= o (1).
Next, since O (t) = 0 (t^ k (t)).

I 1
t.

2r— 6
“t-' kCt) d

ItV[S
s O

o

2

= o [() k (Ç‘/9 +
s

o Ok(t) 
k(Ç‘^’) (»]■e d

= o (1) + 0 (1)

= 0 (1) for Ç 0 +
Therefore,

I, = 1'1 4-1", 

= o (1) 4- o (1) 

= o (1) 
No w,

|i»l
Itpl’ 

e 5
2r—8

'o

M. s
2rAt^„k(tj 

o

tp
Çl/3

kfa) 
k (V’)

.-(W

s X
/t |f(x+t)|dt.

2
s

= o (1), for Ç -*  0 + 

eimilarly, Ij = o (1).

Again,
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I s I f (x) I
r-L Ç2/S ]5.(çı/s) J'.so

t. e
|t|-^

dt.
'o

s I f (x) I 
r -J- t„k(tj

eo

‘o

t k (t) 
^2/’ k (’'®) e

|tl^
dt.

s I f (x) I 
r-1 t;k(t„)

cc

t,o

s I f (x) I
1

r— tok(tj

= o (1) as J’,, co
o

1/S ^1/S , .
(^ v) k (E ) k (v) e

co

t»
^Hs

2/S

-s“V*

1/s.k(r)

t®

1/s
E dv

on putting ■ : = v’...

V k (v) e

V k (v) e' dv

■s
dv

+ 00

Adding the bounds.

Ij + Ij M- Ij + I4 — o (1) + o (1) + o (1) -t- p (1) 

= o (1).
Hence

lL(x; Ç;s)-f(x) | =

which completes the proof of theorem (2.1).

Proof of Theorem (2.2):

We have,

1
^1/5 t

.COJ | L (x; s) - f (x) | dx _co

s
î/s1 1/s 2/s

2r— E k(E )S

f dx j; | 0, (t) (
—o

|t|" 
e dt.
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s
2r-^ k (^>'0

.00
*’ o

00
e

_ LLÜ
’ dt ; I 0x (t) I dx.

-00

S
2r-^ k(Ç‘'^)

.00 

o

I tj» 
e X (t) dt.

We can write, as in the proof of Theorem (2.1),
11 = o (1) for Ç 

and.
0 +

12+13+14 =
,00

Jto

|t|".
e dt

<
2r4t„k(t„)

= o (1), ç -> o + . 

Therefore,

co

t.'o

t. k (t) e dt.

s

2r— k(^i''®)s

11 +I2 +I3 +I4 = 0(1) +0(1)
= 0(1).

Hence,

I L (x; s) - f (x) j dx = 0 ( k (^‘'^) ).

Which completes the proof of Theorem (2. 2)
Ncw, using the condition 0 (t k (t)) on 0^ (t), we have the follcwing 

theorems.

Theorem (2.3) : If f(x) belongs to Lj (-00, + co) and for u 

J" [f(x +t) +f(x-t)-2f(x)] dt = 0(uk(u)),

o,

then

!L(x; s)-f(x)| = 0(k<^'/’)),

provided that,

o
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s
k(.t„) ,■ v;

(2.2)

tp
^l/s = O (1), and

d 
dt (t k(t)) = 0 (k(t))

■where, we break the interval (o, oo) in t^, (o, t„) and (t„, oo).

Theorem (2.4) :x If f(x) 6 Lj (-oo, oo) and for u 

X(t)dt = 0(u k(u)), and

.coX(t) = J |f(x + t) + f(x-t)-2f(x) I dx, —00

then
.00J I L (x; s) - f (x) | dx = 0 (k (*̂'^) ), E -> 0

—00

under the same conditions (2.2).

The proof of theorems (2.3) and (2.4) are similar to those of (2.1) 
and (2.2) respectively.

Remark It may be remarked that 
k (t), we get some interesting results.

(i) If k (t) = t“, we have.

on giving different values of

|L (x; Ç; s)-f(x)| = 0(Ç

1

1+a

. • ).

(ii) If k (t) = t , we get,P

1 a
s S|L(x; ?;s)-f(x)| = 0 (r ’ 

1 
^).

(İÜ) If k I^t) == 'F (t) t
1

P, -vfe obtain
1 1

|L(x; Ç;s)-f(x)l = 0 (^
1
S «P Y(Ç® )).

The last special case has been considered by Huzoor H. Khan [3].
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Hardy

ÖZET

Bu çalışmada, genelleştirilmiş Gauss Weierstrass singüler integralleri yardımıyla
ve Littlewood [1] tarafından tanımlanan Lip ve Lip (a,p) sınıflarına ait olan fonk-

siy onları içeren bir fonksiyon sınıfının yaklaşım derecesi belirlenmiştir.
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