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SUMMARY

In this paper we give sufficient conditions for the series T X to be - |Coo !P summable.
In addition, if
P
Pk | <o (O<a< )
koo

k=1

then we observe that the series Txgis - | G 'P summable, where sy is the partial sums of
the series Zx; . Using this result we prove that the Jacobi series of ‘which generating function
belongs to a certain Lipschitz class is | C,1 |p summable at the point x = 1. Furthermore we
are giving the ¢ - | C, o IP summablity factors for this Jacobi series. ‘

1. INTRODUCTION

Let A = (a,) be an infinite matrix of complex numbers a, (n,
k = 0,1,...) and (gp,) be a sequence of complex numbers. Let Ix,
be a given infinite series of complex numbers with partial sums s,. We
denote the A transform of the sequence s = (s,) by A,(s) which is given
by : i

o
An(s) == Z AnkSk
k=0
If =) _ » .
D | 9BAE)] < (1)

n

i

1

for p> 1 then the series X x, is called ¢—| A |, summable where
ZAn(S)A = Au(s) = A,1(8).

If we take o,= n'® ' and g,= nY+®' then - | A,
summability is identical with | A|, and | A,y |, summability, respec-
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tively, [6], [2]. Moreover, if we take ¢,= (logn) 17! we obtan a
summability method which is stronger than the summability method
Al

The series & x, is called [ B,r,,a], —~bounded if

n CPS
> | o

v=1

"~ 0(@) (-0 @)

where (r,) is a non-decreasing sequence of positive numbers and « is a
real number. In particular, it is easy to show that if r,= logn, @,=:
ni~P ! and « = 1 then the [B,r, ¢, 1], -boundedness is equivalent to

[R, logn, 1], ~boundedness.

For any sequence (),) we use the following notation:

0

As)‘n = z (—l)k (i) )‘n+k

k=0

As we know a sequence (1) is said to be soncex if A, = 0 for
every positive integer n.

Let s*, and t%, denote the n-th Cesaro means of order o (a>-1)
of the sequences (s,) and (n x,) respectively, i.e.

n o
1 < o
%, = Ex 2 o UX,,
. n oo v
where
'n +o 4+ 1) n®
. fnto} __ ~ 1 - .
E“"_(n)‘rkn+1)1‘(a.+1) T 71 @ @ # %)
Since

tmzn(sm—soc ):a(su‘l—sa) 3
n n n-1 n n

[3], the series Zx, is o-| Cyx |, summable whenever

=t
p

P O v @)

n n
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The Jacebi polynomials P *%)(x), (r>-1, s> 1) are defined by the
following expansion:

2+5(1-2xt 4-47)~1 2 [1-t |- (1-2xt 1) 2]7F [1 -t (1-2xt 12! 2]-5 =

==}
> P | 5)

Let f be a function defined on the interval [-1, 1], such that the

integral
[ 1" 408 £(x) dx

exist in the sense of Lebesgue. The Jacobi series corresponding to the
function f is given by :

_ ) | '
) ~ > a, P¢D(x) ©)
where |
o — 2n +r +s +1 Pm+1D)T'(m+r+s41) X
" 2r+8+1 F'm4+r+1)T (m+sF+1)

| (1)1 v P,o9) £ (t) dt. )
-1
Legendre and Ultraspherical series are particular cases of the series (6)
when r = s = o and r = s = A-1/2 respectively.

If f has domin D contained in R™ and range in R® we say that f
satisfies the Lipschitz condition of degre § if there exists a K> 0 and
a 3>0 such that

I ) - fw) || < K || x-u |2
for all points x, u in D. If the function f satisfies the Lipschitz condition
of degre 3§ then we shall write feLip 3.

We write
O(w) = f(cosw) <A

where A is a fixed constant.
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In this paper we shall generalize a theorem which is given by
Szalay [5] for the | C,a|, summability to the ¢ —| C,« |, summability
and furthermore we shall investigate the ¢ —| G,z |, summability fae-
tors of the Jacobi series at the point x = 1.

2. LEMMAS

Following lemmas will be used to prove the theorems.
LEMMA 1. Let d, >0 an d 1,>0 (n = 1,2,...) be given sequ-
ences. If the triangular matrix C = (c,,) satisfies the condition
0<<e,;( <Q.ch (0<k <n <m),
where Q denotes a positive absolute constant, then for any p>>1

n R

e - p e 1-p e p_D
Z ]'n ( Z cnkdk ) < Qp(p_l) pp Z ]'n ( z 1kckn ) dn (8)
n=1

n=1 k=, ¥<=n
[4].

LEMMA 2. Letp > land 0< o < 1. Let (p,) be a sequence
of complex numbers for which there exists any ¢>0 such that
(n°—P-%+1| @ [P) is non -increasing. If (o) a positive sequence such
that the sequence (| A 2,|) is non-increasing,

o A
P 5 o P
Z . <o
n
=1 ®
and
<0 “a |p
Z P Mty | <0
a=1 (10)
then the series £ A.x, is ¢ — | C,a|, summable.

Proof: Let T% be the n—th Cesaro means of order o of the sequence
(n A,x,). Obviously it will be sufficient to show that
==}

S

n=y

P
<

e .,

(11)

to prove the lemma, Since

n—1 n—k .
3 1 o o -1 —o-1
Ty=t, 0 + T Z E¢ 4 ZEn—k»—v E, Ay
1 k= y=0

we have that
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o 1 i o o nTk a1 — 01 .

[ Th | < ta 2 +W2Ek|tk-|| ZEnfk—v E, Mcts |
n k=1 y=0

Thus ‘

n—q |
1 o o
| T | <] ta®* Aq) —l_E_“ Ep| tef| AN
n gk
since (| AN ) is non-increasing. Hence

k=1

*. o b ® o e
P opa #n_

> P, ng oty |

n=1 n=1
o0 P n— P

(P 1 o o

KD |- (E EEkl‘kAM)

n=1 n

and the lemma will be proved if we can show that the second series on

the right-hand side converges. By Lemma 1, we have that
% P

n—1 P

Pn 1 o @
n ( Ea« Ek e AMJ )
n=y n k=1 -
o P(1_D) co P ’ p
Pn ‘(P lp 1 o

=K z n n“P( Z kp+;—1—c‘ © Tiee t, Aka

n=j k=n

co p .

«

<K Z 2.t Al *

n=i

So the proof is completed.

LEMMA 3: Let p>1 and 0 < « < 1. If there exists any ¢-> 0

such that the sequence (n° 7%+ | @, |P)is non—increasing then

p
PySy

) o
= p
> | [ -l

v
then ¥ x, is ¢~|C,a|, summable, where s, = Z Xy
k=

* K denotes a positive constant, not always the same

39



40 MUSTAFA BALCI

Proof: First, we assume that 0 << « < 1. It will be enough to show
that

o
Pn_ 4
n n

8

<o .

E
]

1

Using (3) we have

1 n
ST,;FFE

v=0

o
-t

-3
E
n n—y

1 = o—1
Isy| + Ee Z En_v syl
y=0

By Lemma 1 we write .

x (P 8 P * o
: n°n -?
= K Z n% ( Z En—-k ‘ )
n=1 n=,
o0 p
S
< K %a = < ¢
n=g n

Similarly using Lemma 1 we get

SIS TR I
Z ( n%an Z En:: lsv|)

n=1 y=0
oo P(1-P) ) o PP E*-1
K Z Pn k k—n I s ID
= Y E*
n=) k=n k k
kSl (S Jal Gty
S 2‘ n kP+a—e~1 kl+¢
n=1 k=n i
=]
< K Z <Pﬂsn p
< e
n=1
Now let &« = 1. Then we must show that
® 1
z .&‘t_" ° <<oC.
n
n={

By (3) we get
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| ' n
tn—mgsv+‘msﬂ°

So the problem reduced to the convergence of

ol 1S v e e L[ Y
Z( n n+1zlsvl) SKZ % ®n (j x1+°)
n=1 y=0 n=; | B n ;

== % p

nSn
SEZ|N

which completes the proof.

3. MAIN THEOREMS

THEOREM 1. Let p>>1, 0< o <1 and let (r,) be a positive, non
—decreasing sequence such that Ar, = O(nlr) (n = 1,23,...,
# = mn,n 4 1,...,2n), and (p,) ke a sequence of complex.numbers
for which there exists any ¢ >0 such that (n°-P-2+!| ¢, |®) is non-incre-
asing. Let (A,) be a positive, non-increasing and convex sequence such
that

@ b
Z M| Al <oc .

n=1 ‘ 13)
If
@Vtg’ ,p — O
Z R (xa) w

then the series Zh\xy is ¢ —| C, o |, summable.

Proof: Under the hypothesis of the theorem we will show that (9)
and (10) are satisfied. By (13) and (14) we have that

n

2

v=1

B 2% | vt anele

v=1
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n—-i

o O i . b — o
_ Z Aw(; kot )+ 7, gl@kk Ly |P

= O(1) + OL) > 1] Ax| = OQ) .

Using the Abel transformation we get

=}

n-t

: o
> 1o Al = 2, A Z latel” + A0 > loutil?
v=1

=1

n—i

= oM 3 S AR A, + (A”m wr, ;

v=1

n
p
= 0(1) + O@) > Al 4G 5)] -
. v=1
Therefore we know that

e p
z (AXWI)I AP T, )l <co

[5]. So our proof is complete.

Using Lemma 3 and above theorem we can state the following
corollaries about the | C,a; y|, summability.

COROLLARY I. Let p>1, 0<a<1, y >0 and yp<a, and let
(2a) be a positive non-increasing and convex sequence, (r,) be a positive
non-decreasing sequence such that Ar,= O(lry) (@ = 1.2,...,
@ =mnn + 1, ....2n). I

ZMIA | <
and

nYPHP-1] g% s¥ 1 |° = O(r,)

NYE

n=i

then the sequence (\,) is a | C, «; y| , summability factor of the series
Xy, :



ON ABSOLUTE ¢ SUMMABILITY FACTORS 43

COROLLARY 2. Let (3, and (r,) be sequences satisfying the condi-
tions of Corollary 1 and let

n

______Isv ° = 0 (r,)
Py D + 1 T n’

v=1
then the series Z)x, is| C, a;y |, summable.

It can be easily seen that the teorem given [ 1] is the special case of ,
Corollary 2 for « = 1 and r, = logn.

THEOREM 2. Letp>1,0<a <1,-} <r <3,s>-1 andlet (3,)
be a positive, non-increasing convex sequence, (¢,) be a sequence of
complex numbers. If there exists a ¢ belong to interval (0, «] such
that the sequence (n° " %+ |p, |?) is non-increasing then (2;) is a

[==]
¢ —| C, « |, summability factor of the Jacobi series a, P (x) at
n=i
the point x=1, provided that
> T
< @b e < o ’ J5)
d(w) e Lipd (@>r +3) ‘ (16)

and the antipole condition that

ot 85
j w | O(r-w)| dw <oc, (t—>0)
° (17

is satisfied. If s > r no antipole condition is required.

N8

Proof: Let s, be partial sums of Jacobi series a, p®¥ (%)

]
Il

0

at #the point x=1. Under the hypothesis of the theorem we have
' s, = O 4 O(n"-12logn)

and Z [s;[ is convergent [7], where

min (3, 1-r +5s, 8-1-1/,, 1-1) , if s<r
a- |
min (3, § -r-§, {-1) , if 8 >r
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Therefore-

It is easy to show that

p
= 0 (nPu"®+a=c)

n

2

v=1

Py ASv «

and

A nD(I_OC)-HX_c

1y
2.

By Theorem 1, the series X hnén P, ®9)(x) is - |C, o |, summable at the
point x = 1.

. m ) ;\np
=0 ( Z a® D@ DS ) :

n=1

If we take ¢, = nY+1"®"! we can choose ¢ = o —yp, whenever
vp <¢. Now we can state the following corollary about the |G, «3v],
summability of Jacobi series.

COROLLARY 3. Let p>1,0<a <1, y > 0, yp <« and let (A,) be

a positive non-increasing and convex sequence such that

ol r

D, T
D~

n=|

o
If Z a, P,"9(x) satisfies th conditions of Theorem 2 then (%,) is a

n=

—

| G5y |, summability factor of the jacobi series T a, P, % (x) at the
point x=1.

Using‘ Lemma 3 we can state the following corollary about the
|C,1|, summability of of Jacobi series.

COROLLARY 4. Let p>1, — 3 <r<#, s> —.1. The Jaccbi series
(6) is | C,1|, summable at the point x=1 provided that (16) and (17)
is hold. If s>r no antipole condition is required.

The special case of this corollary was given by Yadav [7]forp=1.
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OZET

Bu calismada X)x, serisinin o-] C,n|, toplanabilmesi- igin
yeter gartlar verilmistir. Buna ilaveten, 0 << o < 1 i¢in

[==] B
PySy - .
Z oa | =%
v=1

oldugunda ¥ x, serisinin ¢-| C,o |, toplanabilir oldugu gosterilmistir.
Bundan faydalanarak, ana fonksiyonu belli bir Lipschitz siufina ait
olan fonksiyonlarm Jacobi serilerinin o-|C,a |, toplanabilme faktérleri
verilmigtir. Ayrica bu serilerin | C,1|, toplanabilmesi ile ilgili bir sonug
elde edilmistir.
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