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ABSTRACT

In this paper by deleting certain lines of the real affine plane and adding some new
broken lines to it the concept of optical fragments of real affine plane is defined. Then
itis shown by an example that such a fragment corresponds to the motion of light rays
in a two dimentional space which consists of two distinct mediums separated along a
straight line from each other.

Menger [3] defined the self-dual fragments of the real affine
plane by deleting all the lines parallel to the y-axis or an ordinary
point P and all the lines through P. In a self-dual fragment point
and lines play precisely equal roles in contrast to the affine plane
itself. There is a complete analogue between the self-dual fragment
of the affine plane and Galilean kinematics of the uniform mo-
tions in a one-dimentional space embedded in a two dimensional
space-time world. Briefly, the self-dual fragment of the affine
plane represents the Galilean kinematics of the uniform motions
in a one-dimensional space (see Blumental-Menger [1, §. 5.4]).
Very recently, Seall [5] used the self-dual fragments to develope
projective planes over superasociative systems. The concept of
affine planes with broken lines has been introduced by Moulton [4 ]
to show that Desargues’ theorem is not a consequence of certain
axioms of Hilbert [2] for the plane geometry.

In this note using the idea due to Menger and Moulton some
new fragments of the real affine plane are defined for which
following postulates are valid: ‘

FLIf P and Q are two distinct points, then there exists at
most one line that joins P and Q.
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F2, If 1 and m are two distinct lines, then there exists at
most one point that is on both 1 and m.

F3. If 1 is a line and P a point not on 1, then there exists a
unique line that is on P and parallel to 1.

Obviously, F2 and F3 are the axioms of an affine plane while
F1 is weaker than than the corresponding postulate for an affine
plane.

Definition: Let A denote the real affine plane and let k be a
given real niumber with k > 1. Let us delete all the half-lines
with the slopes in the intervals (0, + 4/ k2 —1] and [- 4/ k2—1,0)
from the lower half part of A, but retain the points on the deleted
half-lines. Where with lower part of A we mean the part where
y <0. Let new lines of the deleted A have equations as follows:

m (x — n) ifm>0andy> 0
Y T l4+vE@mM+1)-1(x-n) ifm>0andy <0

m(x-n) ifm<OQandy_>0
Y = eV ER@mM+1)-1(x-n) ifm<0andy <0

and x = aif m - oc; y = b if m = 0. The collection of points
and lines thus obtained will be called an optical fragment of A and
denoted by F.

Proposition: The optical fragment F satisfies F1, F2 andF3.

Two distinct lines in F are said to be parallel if and only if they
have no point in common. Thus the refracted lines are parallel
if only if they are parallel in the upper half plane in the euclidean
sense. Every line has a continuation in the lower part of F. Since
for given m; and m,, m; 7 m,, only one of the points

((m1 n; —m; n2) (m1 - mz)—l, m; m; (n1 - Ilz) (nl - nz) (ml - mZ)"l)
and

([ne S (m,) = m, S (m2)] [S (mi) - S (ms) ],

[S (my) S (m2) (n; —n2)] [S (my) — S (m,)] ™) is meaningful, any two
lines with distinet slopes meet or do not meet in the upper half

of F if and only if refracted parts of them do not meet or meet in
the lower half of F respectively. Where S (m;) denotes the cor-
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responding slope of the continuatuion of the line with the slope m;.
Thus, F2 and F3 are satisfied.

For any two points in the upper half of F there exists exactly
one line joining them; while any two points given in the lower
half of F, say (xi, y1) and (x, y,) with v ¥2 < 0, x; 5% x; and
¥1 7 y2, there exists no line if 0 < (y, = y1) (x2—x1)™ < + v/ k=1
or — v/ k2~1 < (y2-y1) (x2- x1) ! < 0, and a unique line if this
© is not the case, that is, if (y2 ~ yi) (xo— i)' > y/ k2—1or

(y2 - y1) (x2-x1)™" < -~ 4/ k2 - 1. Let us consider the case where
X1 £ X2, 71 >0,y < 0and (y:-y:) (x2-x1)"! > 0. Hence m is
to be positive and satisfies the equation

+vkm+1)-1[x-x)m+ y]-my,=0 (1)
A positive root of Equation (1) is necessarily between

= ¥1 (x2 - x1)™" and (y2 — y1) (x2 — x1) 7L Let
fm)=+ vVE @+ 1)-1 [(x2 - x;)) m + yi] - my,.

Since f (-y; (x,x,)™") > 0 and f ((y2 - y1) (%2 — x1)*) < O there is
at least one root of Equation (1) between — y: (x, — x;)™! and
(y2=y1) (x2=x1) 7" If there were more than one positive root of Equ-
ation (1), in the above interval, two distinct lines would have met
on two distinct points which is contrary to F2. Hence there is
a unique line that is on both (x,, y;) and (xz, ;). A similar proof
can be given for the case where (y.—7yi) (x;-x)"" < 0. The
other cases are obvious and thus F1 is satisfied.

An Example For The Optical Fragment

Let us consider a two dimensional space which consists of
two distinet mediums separated along a straight line from each
other. In such a space the paths of the light rays moving from the
first medium into the second, such that refractive index of the first
medium is less than that of the second medium, can be taken as
lines of a fragment F of the plane. This fact is obvious from the
well known Snell Law: For the light incident on a boundary between
two media, the ratio of sine of the angle of incidence (the angle bet-
ween the light ray in the first medium and the normal to the boundary
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surface) to the sine of the angle of the refraction (the angle between
the refracted ray in tde second medium anh the normal) is a constant,
being equal to the inverse ratio of the refractive indices of the two media.
For instance, if the first medium is air and the second medium wa-
ter both having the temperature 20 °C for the sodium light with
the wave lenght 5893 Angstrom the ratio of the feractive indices
is 1.33299. By taking k = 1.33299 and using the Snell Law it can
be easily calculated that no refracted light ray makes an angle
with the boundary line in the intervals (7, 7 + «) and (2 ©— «,2 ),
where cos a = k!, 0 < a < /2, and therefore « = 41° 24’.
Clearly, the x — axis of the fragment, that is, the line which
separates the two mediums is an exception and it is defined es-
pecially as y = 0 for the fragment.

An optical fragment of three dimensional real affine space (can
be obtained by deleting certain half planes and certain half lines
from the space and defining new planes and lines in a similar way
to that of two dimensional case. Beside this, it is also possible to
define the so called optical fragments for 0 < k < 1.
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OZET

Bu makalede gercel afin diizlemden bir takim dogrularin gikarilmasi ve ona kink
cizgilerden meydana gelen baz1 yeni dogrularm katilmasiyla gergel afin diizlemin optiksel
parcalar kavramm tamimlanmaktadir. Daha sonra bunlann bir dogru boyunca aymlan
farkh iki ortamdan olusan diizlemsel bir alanda 1smlarn hareketini temsil ettikleri 6r-
nekle gisterilmektedir. Dolayisiyla, boyle bir ortamda sk inlarimm geometrisi belir-
lenmektedir. :
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