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SUMMARY

In this study, comparison and oscillation theorems are given for a class of singular ultra-
hyperbolic partial differential equations in a domain HxG < E™+%, where H is the domain
bounded by twe concentric m-spheres having centers at £ in E™ and G is a bounded regular do-
main in E*. By using a suitable coordinate transformation the considered equation reduces to
a singular hyperbolic equation.

1. INTRODUCTION

The Sturmian comparison and oscillation theorems for ordinary dif-
ferential equations have been extended extensively to partial differential
equations of the elliptic type. For example, see Kuks [1], Swanson [2],
[3], Diaz and McLaughlin [4], and Kreith and Travis [5]. to mention
only a few. In [6] by employing Swanson’s technique, Dunninger
obtained a comparison theorem for parabolic partial differential equ-
ations. His result was recently generalized by Chan and Young [7]
to time-dependent quasilinear differential systems. However, for par-
tial differential equations of hyperbolic type very little is known. In
fact, as far as this author knows, the only comparisoon result known
for hyperbolic equations were obtained just recenily by Kreith [8],
Travis [9], Young [10] and Travis and Young [11].

In [8] Kreith proved comparison and oscillation theorems for solu-
tions of an initial boundary value problem for the damped wave equation
in two variables. His results have been recently extended by Travis
[9] to the normal hyperbolic equation in n space variables, and
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by Young [10] to singular hyperbolic equation in n space variables.
Other oscillation results for solutions of hyperbolic equations have also
been obtained by Kahane [12] under somewhat different conditicns
and by Mamoru Narita [ 13] for solutions of semilinear hyperbolic and
ultrahyperbolic equations.

In this paper, we shall present some comparison and oscillation theo-
rems for a class of singular ultrahyperbolic equations.

Let us consider the pair of singular ultrahyperbolic equations

n

Lu = Z (uxixi + ocig Uy, ) - Z D[ a;;(r,y) Dju]+ p(ry) u=0
= i )

and

My = > (V"i"i + x?)—iE. in) = 2, Dylbyy)Div] + q(ry) V=g
i=t L= 1j=

2)

where o; and B; are real parameters, — oc <a; <oC, - oC < f; <oC, 1 =

1

1,..., m. As usual x = (x;,...,x,) and y = (y,»---yn) denote points
in E™ and E", respectively, and D; denotes partial differentiation with
respect to y;, i = 1,...,n. The notation | x| will ke used for the Eu-

clidean norm of xeE™. It is assumed that the coefficient matrices (a; ;)
and (b;;) are symmetric, positive definite and of class C' while p and q
are simply continuous with the elements r = |x-£| and y in a do-
main ’

Qpe,r1 = Henn X 6

where G is a bounded domain in E® with smooth boundary and Hp,
is a domain bounded by two concentric m spheres having centers at

£ = (fposky), defined by
He = {x e E™ ¢ <[ x-&| < T}

e>0,T <o, and | x-£| = r is the radial variable. We shall also
use the notations

Hep ={xeE™e < |x-§| <T}
and

S, = {x e E%: |x - &| = r}

By a solution u(1/(x,~£,)* + ... + (X;= )% Vioeees¥a) = u(ry) of Lu=0
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or a solution v(+/(x,~£,)* -+ ... F (X&) ?5¥ 15 oo Yn) = V((r,y) of Mv=0
we shall mean a function of class C2(Q¢, ) N C! (Qg,p).

In section 2 we shall present comparison theorems for the singular
ultrahyperbolic equations (1) and (2), using the method of proof given
in [10] by Young. In section 3 we shall present oscillation theorems
for singular ultrahyperbolic equations using a technique developed
by Noussair and Swanson [14] for systems of ordinary differential
equations. This technique was applied to hyperbolic equations by
Travis [9] and to singular hyperbolic equations by Young [10].

2. Comparison Theorems.

Let us observe that the operators which are on the first parts of L
and M, can be expressed in the radial variable r = [x - £] as follows,

m
&
I

m
= e _
L1 u = ; (uxixi +E 'llxi ) = W, + u,
m m-1 -+ z B
= B ‘ =1
M; v = 121: (vxixi -+ X-E, vxi) = Ve + T Ve
m m
We want to point out that, it will be needed to take Z o = B
1 1

in order to prove our theorems in this paper. For brevity we define
the parameter ¢ by

m m
55=Z°C1= Bi
“i=)

i=1 i
We treat first the case when I and M have the same principal
parts, that is, a;; = b;;, fori, j = 1,...,n. Let us consider the singular
boundary value problems

n

Liu- > Dyay D) + pu = O in Q. @
ij=1
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0
6—2 + s (ry)u = O on Hy, iy X 0G

and

n

My - > DyayDy) + qv = 0 in Qo

i,j=1

‘ @)
ov 0
o0 + tmy) v = 0 on Hyp,y x G
where s and t are functions of class C'(Hp, 1 X ¢G) and is the

transverse derivative defined by

8 n
I Z a;(r,y) v; Dy

i,j=1
(Vysee>U,) being the outward unit normal vector on &G.
By setting @ —1 -+ m = k, the theorems 1,2, corollary 1, and
theorem 3, given in [10] by Young for singular hyperbolic equations,
can be generalized to the singular ultrahyperbolic equations given above,

in the following theorems. Since the proofs are similar to those given
in [10], they will be omitted.

THEOREM 1. Let @ > 1-m, and assume that
p<qs<t in G . ()

If tkere exists a solution u (r,y) of the problem (3) which is positive
in Qq,;, such that w(T,y) = O, tken every solution v(r,y) cf the
prcblem (4) has a zero in £ 1

THEOREM 2. Let @ < 1-m and suppoée that the condition (5)
is satisfied, If u(r,y) is a solution of the adjoint of Ln = O, thatis

L*a = u, ~ (Tu)r - ZDJ(% D) + pu = O in O,

i,d=t

which is positive in Q¢ and satisfies



COMPARISON AND OSCILLATION... 51
u(o,y) = u(r,y) = O for y € G,
Zn + s(r;y) u = 0 on Hyy, X 4G,

then every solution v(r,y) of the problem (4) has a zero in- Q, r]
If we consider the problems (3) and (4) in the domin Qp where

€ >0, then a combination of the conditions in Theorems 1 and 2 leads
to the following result which is Vahd for any value of the parameter 9.

COROLLARY 1. If there exists a solution of Lu = O in Qpe, 11
which is positive in Q¢ such that

ufe,y) = u(ly) = O in G

0 , .
-511—1— + s (r,y) u = O on Hp, ; X 9G,

then every solution V(r,y) of Mv = O in Q[E,I,] satisfying the condition

v ~ |
—a‘T + t(r,y) v = 0 on H,g X G

has a zero in Qp 4

The results given above, for the case aj; = b}, can be extended
to the cese when a;; < b,j, i,j = L,...,n, provided that the coefficients
a;5, P, 8 and by, g, t are all independent of the variables XiperesKpyy 50
that L and M are both seperable into their variables.. Theorem 3 below
includes this case.

-THEOREM 3. Let u(r,y) be a nontrivial solution of the>pr0'ble-m

n

Lu- Z Dj[a;;(y) Diu] + P(X)“,:V 0 in Qo

ij=1
Ju
—é;—» + S(y‘) u= 0 on H[O,I‘] X oG
a L

such that u(r,y) = O forv, @ > l-m or w(O,y) = u(r.y) = O for g <

l-m, where p > O, s > O and p and s are not both identically zero. If
P(yY) < q@), s(y) < Uy)s (aiy(y)) < (biy(y))s

where at least one strict 1nequahty holds throughout G, then every so-

lution v(r,y) of o PP B e
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n

My~ > Dylb,y) Div] + qy) v = O in Q,

ii=1

Zv 4+ t(y) v = O on Hp,y x 8G
ny,
where
0 0
= . D, = b.. D,
on, Z a5 vy Yy on, izj: 5 Vs Y

has a zero in Q.

3. Oscillation Theorems.

We shall denote by Qs the infinite domain

Qs = {(xy):d <] x-&] < oc,yeG}, 8 > O,
where G is a bounded regular domain in R", and denote by Q the do-
main Q, for § = O.

The elliptic operator P will be defined by

n

Pu = - z D;[aj(ry) Du] + p(r;y)u

ij=1

where x,y, r and D, are defined as before in the introduction. We assume
that the coefficients a;; are in C}(Q) and that p(r,y) is continuous in (2.

DEFINITION 1. A function u: Q — R is said to be oscillatory in
Q if u has a zero in Qg for any § > O.

DEFINITION 2. The differential equation Lu = O is said to be
oscillatory in Q if every solution u of Lu = O, which vanishes on the
lateral surface of Q, is oscillatory in the interior of Q.

In this section we shall give oscillation theorems for the singular
ultrahyperbolic equation

Lu=Lu + Pu=0 (6)

where the operator L; is defined as before:



COMPARISON AND OSCILLATION... 53

m
n m-1+- Z o
L . a‘i 'i=[
b= uxixi + xi—ai 'tlxi = Uyy T U,

i=1
We first establish an oscillation criteria in the case when the matrix
(a;;) of L is independent of x.

THEOREM 4. Let p(y) > O and s(y) > O in G and they are not
both identicially zero. If p(y) < q(r,y) in Q and s(y) < t(ry) onm
Hyg,. ) X 0G, then every sclution v(r,y) of ‘

m-1 4 g
r

Ve + v, — z Djfa;;(y) Div] + q(ry) v = 0

i,ji=1
satisfying % + t(r,y) v = O on Hp, , X 8G, has a zero in Qj for

every 8 = O. That is, the given equation is oscillatory in Q.

Proof. We shall give the proof only for the case Xa; = @ > 1-m
since the proof for & < 1-m is similar. Let V" > O be the eigenfunction
corresponding to the first eigenvalue A, of the problem

n

- Z D;la;(y) Diw] + p(y)w = Aw in G

=1
‘(:’) W O on 63’
311

Then for k = m -1 4+ @
u(wy) = 492 I (vigr) W)

is a nontrivial solution of problem (3) which vanishes at the sequence
of points 1, <1, <... <r, <..., T, = 7,/ 4/hy (0n>1), where z, are
the zercs of the Bessel function Ji_,,/, (z). The theorem then follows by
applying Corcllary 1 to each of the domains
Q= {xy):r < |xEt| < ryp y6Gln > L
Now we introduce the following notation:

<u(y), ¥v(y)> = j¢ u(y) v(y) dy-
THEOREM 5. Suppose that v(r,y) is a function in C'(H, ., n G(G)
such that v(ry,y) = v(r,y) = O and that h(y) is a positive function
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in ((G). If u(r,y) is a solution of (6) such that < u(ry), h(y) >
# O for x € Hjr,r,] then

r]
j P <y h>? - Cvh> <Pub> <wh>) de > 0.
T

0
Proof. If < u(r,y),h(y)>> is not zero in Hp, ) then there exists

a continuously differentiable function w(r) such that

Lv(r,y), b(y)> = w(r) <u(ry)h(y)>.

The following identity can be established by differentiation:
, > d
FIWE) <ub>] i () <wh)> <rfu b
= 1 {<vpbh>? - <v,b > < Puh> <uh>""}

Integration of (7) in Hy, »y gives

Y

rl
j ™ (v bt - <y <Puh> <ub>) dr

0

r
- j YO W) <uwb>T dr> O.

rO
The proof now follows.

We now define an admissible function u(r,y) as a continuous function
which is positive in Q for large r and vanishes on the lateral boundary
of Q. Let h(y) be a fixed positive function in C(G) satisfying <h,b>=1
and let Q(r) be a continnous function satisfying the inequality

< Pu,h’> 8
<u k>
for large r and all admissible functions u(r.y).

THEOREM 6. If the equation

i (me T X;ig— in) + Q) 2 =0 ©)

i=p

Q) <

is oscillatory in Hg _,, then the ultrahyperbolic equation (6) is
oscillatory in Q for r = [x-£| > O.
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Proof. Suppose (6) has a solution u(r,y) which is positive for large
r and vanishes on the lateral boundary of Q; that is, u(r,y) is an ad-
. missible function. Now since (9) is oscillatory there exists a solution
Z(r) of (9) such that Z(r)) = Z(r;) = O where r, and r, are arbitrarily
large. We know that the equation (9) can be written as

Zy + L, + QW Z =0 k=m-1+> o (O
1

If we let v(r,y) = h(y) Z(r) then v(r,,y) = v(r;,y) = O and

rl P v > - v CPuh> <wh>} dr

0

IA

r, ' r, ‘
j *(ZP- QZ) dr — J (% ZZ'y dr = O
rO rO
This is in contradiction to Theorem 5.

DEFINITION 3. The elliptic equation

n

- > Dylayy) Du] + p(y) u = O (10)

ij=1
is called disconjugate in G if the first boundary value problem for (10)

is uniquely solvable for every smooth subdomain G’ <G.

The above condition is clearly equivalent to the positivity of the
first eigenvalue of '

- Z D;[a;(y) Diju] 4 p(y) u = 2 in G

i,ji=1

u = O on 0G.
THEOREM 7. The ultrahyperbolic equation

z (uxixi + %_“xi ) - Z D;[a;y) Dju] +p(y) u= 0 (11)

=g i i,j=1
is oscillatory in Q if and only if the uniformly elliptic equation

n

= > D,ayy) Dl + ply) u = O a2

i,j=1

is ‘disconjugate in G.
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Proof. Assume that the elliptic equation (12) is disconjugate in
G, and let h(y) ke a positive eigenfunction corresponding to the smal-
lest positive eigenvalue 2, of

- z D;ja;(y) Dju] + p(y)u = duin G (13)
ij=1

u = O on 0G.

Then if u(r,y) is an admissible function we have

< Pu,h>
b E s

It follows from Theorem 6 that equation (11) is oscillatory.

If equatio;l (12) is not disconjugate in G, let h(y) be a positive
eigenfunction corresponding to the smallest eigenvalue 2, of (13),
which by assumption will be negative. Then

ulry) = 092 Ty, (v-2or) h(y)
is a solution of (11) which is not oscillatory. Here the function I is a
modified Bessel function of the first kind of order k.
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OZET

Bu ¢ahgmada singiiler ultrahiperbolik kismu tiirevli denklemlerin bir siufi i¢in HxG <
E®42 hilgesinde karmlagtirma ve salmm teoremleri verilmistir. E™ de, £ esmerkezli iki kiire
tarafindan sinirlanan H bélgesinin noktalar | x-& | = r yarigap degigkeni cinsinden ifade edi-
lerek, gdzoniine alnan denklemin singiiler hiperbolik denklemlere bir doniistiirmesi yapldiktan
sonra, suirl bir bolgede karglagtirma teoremleri ifade edilmig ve sonsuz bir bélgede salmim te-
oremleri ispatlanmigtir,



