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On Equalizers And Coequalizers In Comma Categories

M. IRFAN*

3 (Received February 9, 1982; accepted March 3, 1982)
Maclane [3] has discussed equalizers and coequalizers in comma categories ((2 | A) and

(T § A); we study their creation, reflection and preservation by the projection functors in the
comma categories (T | S) and (Cat - @)

" 1. PRELIMINARIES

Definition 1.1.: Given categories and functors

B—T . o« S [

the (general) comma category (T | S) has as objects all triples (B,D.f)
with B €|B|, D €|9| and f: TB —— SD; and as morphisms (B,D.f)
—— (B’,D’,f") all pairs (u,v) of morphisms such that f'o Tu = Svof..
Diagramically: '

A 18 T 1g
Objects(B Dsf) : | f ; morphisms(u,v): |[f | f
sD , SD —§¢v) T SD

The composition (u’,v’)o(u,v) is (u’ou,v’ov), when defined.
Definition 1.2: Let @ be an arbitrary category and assume that
Cat denotes the category of small categories; then the category

* The preparation of this paper was supported b); a Senior Research Fellowship of the
Couneil of Scientific and Industrial Research, India.
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(Cat*} @) known as super-comma category in the sense of Maclane 31
has objects all pairs (J,F) where J is a small category and F: J —> @
a functor; and morphisms (W, 8): (J,F) —— (J,F') are those pairs
consisting of a functor W: J —— J’ and a natural transformation §:

F'W —— F. Diagramically we have

N J S,
Objects (J,F) : IF 3 morphisms (W, g) : \\%/ '
. F F
. c , : . C

The composition (W', B') o (W, B) is given by (W'W, 8 8’ W).

The category is also known as ‘large diagram category’ in the
sense of Pareigis [4]. In fact, the concept of this category was intro-
duced by Eilenberg and Maclane [1] pp. 277-280 and later on, was
generalized by D.M. Kan [2].

2. COMMA CATEGORY (T | S)

Let us define a functer Q: (T | S) —> B X as: Q assigns to
each object (B,D.f) in (T | S} the object (B,D) in BX¢ and to
each morphism (u,v): (B,D.f) — (B’,D’f’), the morphism (u,v):
(B,D) — (B, D).

We now prove that

Theorem 2.1: Q: (T | S) —> B X ) creates equahzes if GD is a
category with equalizers and S preserves equalizers.

Proof: Let (Buth) ()

2 (B2,D2.g) be two morphisms-in
Vi.V2 ] .

(T | S) and let (K;,K;) with (kg,ky) be the equalizer of (B;,D;)



ON EQUALIZERS AND COEQUALIZERS... 17

(uy 7‘;12) : . . ) )
———3 (B3,D5) in BXP. If we consider

(visva

o Su: ,
SK — SD 2 |
2 =% SD
’ Skp 1T sy, 2
i f
! Tk

then, as S preserves equalizes (SK,; Skj) is the equalizer of Su,, Sv,
 and moreover Susf T k; = Svof T ky; therefore by definition of equ-
alizer, there exists a unique morphism, say, k: TK; —— SK;, making
the above diagram commutative. It vyields that (K;,K3k) is an
object of (T \L S) and (kg,kz) with (ul,uz)(kl,k?) = (Vl,Vz)(kl,kg), s
a morphism in (T | S). We claim that (K;,K,.k) with (k;,k;) is the

(ug,up)

2 (BpDug). Comsider (X;,Xph) and

equalizer of (B;,D,.f)
: (v1,v2)

(q092): (X1.Xp.h) —= (B,Dy.f) with (ug,up)(qr.q2) = (vi,v2)(q1:92)-

Then if we consider

s C(Kjsko) , - uyyun)

there is a unique morphism, say, (r,t): (X;,X;) — (K;,K;) making
the above diagram commutative. Moreover, we have '
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SkkTr = fTkTr = f Tq; = Sqph = Sk,Sth
thus if fellows that kTr = Sth and therefore ( r,it) € (T | S). Hence
Q creates equalizers. :
Dually, we can prove the following:
Theorem 2.2: Q: (T | S) —> BX ) creates coequalizers if B
is a category with coequalizers and T preserves coequalizers.
The following corollaries can be deduced from these thecrems.

Corollary 2.3: Q: (T | S) —> BX D reflects equalizers and co-

equalizers.

Corollary 2.4: Q: (T | S) —> BX ) preserves equalizers if Q
creates equalizers and S preserves those equalizers; Dually, for coe-
qualizers,

3. COMMA CATEGORY (Cat *| ‘(@)

Define a functor Q: (Cat -} '@ — Cat such that Q sends each
object (J,F) of (Cat *|'@) to J of Cat and each morphism (W, B):
JF— J.F)to W: J —> J.

Now we show that.

Theorem 3.1: Q: (Cat *| ‘@) —> Cat creates equalizers if @ is a
category with coequalizers.

(W1,81)
(WZvBZ)

Proof: Let (J.F)) 3 (Jo,I2) be two meorphisms in

(Cat*| ‘@) and (J;W)be the equalizer of Q (W.8,), Q (W2,8,) i.e. of Wy and
W in Cat; then WiW = W,W. Since B;: F,W; —— F, and B,: F,W,
—-> F) are natural transformations, it follows that so are 3, W: F,W; W
— BV, B2W: F,W,W —— F,W. As @ is a category with coequali-
zers, [J, @] (the category of functors from J to (9) is also a category with
coequalizers. Let (K; 8) be the coequalizer of B, W, 8,W, i.e. B BW =
B B2W; so that (J,K) is an object in (Cat *| ‘@) and (W, p): (J,K) ——
(J1,F1) is a morphism in (Cat *| ' @) with (W1,3)) o (W, B) = (W, 85)
o (W, B). Consider (J;3,F;) in (Cat '|'@) and a morphism (W3, By):
(J3,F3) —— (J1,F1) such that (Wy,81) 0 (W3,85) = (W,,85) 0 (W3,8,); i.e. ‘
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(WxW3, B3xB1xW3) = (W, W3, B3 8, W3). Hence by definition of equali-
zer there is a unique morphism (functor) X: J; — J in Cat such that
WX = W,. Replace W, by WX and for any j € Js, cons1der the fol-

lowing diagram

BW(X(J)) , B(XUJ» XU
))ﬁ: FWIXIN >
Fp W, WX A WX(D) | !
|
iol( )
¥
3(J)

Then there exists a unique natural transformation «: KX —— F;
such that « 8 X = B;. We have thus obtained a unique morphism
(X, @): (J3, F3) —— (J,K) such that (W, B) o (X, 2) = (W3, 8,)

(W,B8) (W,B,)
(J,K) — >(J|,Fl) > (J F )
(X,yd) cw3,p3)

" The following can be proved as Corollaries to the above theorem.

Corollary 3.2: Q: (Cat ‘y @) —> Cat reflects equahzers if @is a
category with coequallzers

Corollary 3.3: Q: (Cat *|* @) —— Cat preserves ' equalizers if - (@
is a category with coequalizers.
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However, the corresponding results for coequalizers do not hold.
We give an example in support of our statement.

Example 3.4: Suppose that @is the category C; éj Cy. - Let
q

1 be the unit category, and 2 the category A —f-—> B. Let W, W5: 1 —
2 be the functors sending 1 to A and B respectively; their coequalizer
in Cat is X: 2 —— N, where N has one object * and its morphisms
are the free abelian monoid on t, say, and X(f) = t. Let F: 1 —— @
send 1 to Cy; and G: 2 — — (@ be the constant functor at C;; and let
natural transformations o and B

W | W
| .I:Z | 2*2
P A
e | ¢

be given by a1 = p, 81 = q. If Q created coequalizers, the coequali-
zer of (W, «) and (W3, B) would have the form

X N
P
G/
e

This is impossible, for «. YW, and 8. YW, are different.

2
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