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On The Radius Of Starlikeness Of Certain Analytic Functions
With Integral Representation

By
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ABSTRACT

In this paper we study some classes namely $* (1), K (2), V (3) and S (m, M) of functions

of the form
f(z) =z a,22+ ....
regular and univalent in the unit disc D = {z: |z] < 1} and also a class P (p) of functions
of the form
p(@)=1+az-+az®+ ...

regular in D.

For suitable restrictions of real constants ¢ and 3 we obtain the radius of starlikeness of

order v of normalized analytic functions f in D defined by the general integral operator of the form
z

at+B 1 /e,
F(z) = [ —j. h (t)8-1 £ (1) dt]
g2)f Jo

where F€5* (1), g€5* (i) and (i) h€ S (m, M) or (ii) h € K (3) or (ili) h € V (3) or

%)

g
@)

¥4

€ P (8). Our results are sharp and generalize almost all known results obtained so far in

this direction.

INTRODUCTION

Let S denote the class of functions f which are regular and univa-
lent in the unit disc D = {z: |z| < 1} and normalized by the conditi-
ons f (0) = 0 = £’ (0) — 1. Robertson [7] defined the starlike and con-
vex functions of order A for functions f ¢ S such that

zf'(z) )
(1.1) Re% 0) S>)\,O<7\<1,ZED,
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and

(1.2) Reg 14 sz;(—(zzj) §> %0 <n <1, zeD, respectively.

Jakubowski [3] defined the class S (m, M) of functions f € S satisfying

(1.3)

—%()z)—m’<M,zeD, (mM)eE, E = {(m,M):|m—1|< Mgm}.

Evidently. :

(1.4) S (m,M) < S* (m-M) < S* (0) < S.

Let P (p) denotes the class of functions p analytic in D having

Re {p (z)} > u, 0 <p <1, zeD and normalized by p (0) = 1.
Let V (3) denotes the class of functions g, given by

gz =% [f(z) + 2f'(z) ], feS*(8),zeD,0 <3 < 1.

In this paper we obtain the radius of starlikeness of order 7 for
functions f € S defined by a general integral representation of the form

e BT e e
(15) Py = 2 joh(t)ﬂ £(t)*dt, o, BeN

where FeS* (3),geS* (u), and (i) h e S (m,M) or (i) he K(3) or

h(z)

z

(iti) he V(3) or (iv) € P(3). All powers are principal ones.

Our results are sharp and our first theorem generalize the result
of Gupta and Ahmad [2]. In the sequel, it will be convenient to set

_a@—1)+BQ2p—1)
(1.6) c = p—
and
(1.7) d = C(“ + B)——OC'Y)
«+ B —oan

Observe that 0 < ¢ < land 0 < d < 1.
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2. PRELIMINIARY LEMMAS

LEMMA (2.1) If the function w is analytic for |z| < 1 and satisfying
|w(z) | <1, w (0) = 0 then

(2.1) | w(z) | < |z} for each z (|z] < 1) and [w’ (0) | < L

A proof of lemma (2.1) which is due to Schwarz’s may be found in Ne-
hari [6].

LEMMA (2.2) If w is analytic in D satisfying |w (z) | <1 and
w (0) = 0 then

iw@ P

1-r2

2.2) |w(z) | <

A proof of lemma (2.2) may be found in Nehari [6].
LEMMA (2.3) If heS (m,M) for|z] < r < 1 then

h 1
@3) [ S <@ = g5 (I21=7)
where a = W, b = m;/{—l and (m,M) e E.

VA
(1—hz) @) /b

Equality occurs for the function h(z) =

A proof of lemma (2.3) which is due to Silverman may be found [9].
LEMMA (2.4) If h ¢ K() for [z] < r < 1 then

(28-1)r

- Ty I-m] " 7 *

2.4) l }f( j) ' < B(x3) = B
d=13
(1-1) log (1-1) ’ z

Equality occurs for the functions
1— (1-+2z)23—1 51
h (Z) — 28—1 ’ "

_log (1+2) 3 =

o=t
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A proof of lemma (2.4) which is due to MacGregor may be found in [5]-
LEMMA (2.5) If h € V(8) for |z| < r < 1 then

zh'(z) ) 1+ 2(1-28)r 4+ 3(25-1)r2
(2.5) Re 3 e < 0:(r,3) = {=r) (1-51)
Equality occurs for the function h (z) = _(zlf—i)—f:zz_)s_ .

A proof of lemma (2.5) which due to Singh and Goel may be found in
[10].

LEMMA (2.6) If hiz) € P(3) for |z| < r < 1 then
zh'(z) 1-2 (25-1) r 4 (28-1) r2
(2.6) Re 3 BICH g =% 0= — 5T e

z {14 (28-1) z}
T-7)

A proof of lemma (2.6) which is due to Libera may be found in [41.

Equality occurs for the function h (z) =

3. STATEMENT AND PROOF OF THEOREMS
THEOREM (3.1): Let F € 8* (A), ge S* (1), he S (m,M), « (y-1) > 28,
B = 1,2, ... then the function f defined by (1.5) belongs to S* () for
|z| < 1o where 1o is the smallest positive root of the equation. ‘
(G.1.1) 1 47x) @+ er) {-1-(8-1) Q (1)} - (« + 8 — o)

—{(c+d) (x-+B-on) + (1-¢) } r — ed (at-B-un) r2 = 0
where ¢ and d are defined by (1.6) and (1.7) respectively.

The result is sharp.
PROOF: From (1.5) we have

zh(z)f-1 f(z)x . z¥'(z) zg'(z)
Forgef " T P e

Since F e S* (1), g € S* () there exists a function w such that
w(0) = 0, |w(z)| < 1 and

(3.1.2) (a+B)
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Gz EO  1r@bwe gl 1-+ 2u-L)w(z)

F(z) Trw = g@ 14w

From (3.1.2) andi(3.1.3) we have

zh(z)B-1f(z)*  llcw(z) . — ‘a(2x-1) +[3 (2u-1)
Gld) —Fopgme ~ ~ Tiww 0«8

Differentiating logarithmically (3.1.4) with respect to z and using
(3.1.3) we get

z—ffl((iz)‘)~ —on = -1 -(8-1) zltl ((z)) + (etBom) ’%
(e zw'(z)
1) ~TFow(@) A+ w@)
where d — S(@ B —wn
o+ B —on
, o ] ah'(z) B 1+-dw(z)
(3.1.5) @ Re % ) -1-(8-1) ) — (B —om) 1+w(z) |

zw'(z)
- (19| TowG) Fw@) |

Using lemmas (2.1), (2.2) and (2.3) in (3.1.5) we get

(3.1.6) o Re % fo((zz)) - 22 1-(8-1) Q)

(oon-a—B) — {(e-d) (at-Bom) + (=)} r—cd (atB-om) r2

+ (15 (o)

zf’(z)
f(z)

(3.1.7) Pr) = -1- (8- 1) Q (1)

NowRe% —v]§_>_0if
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1 (om-ap) - {(e4-d) (x+4B-om) + (1)} r-ed (-} Bo) r2
(I+r) (1+ecr)

(I+1) (I4-er) {1-(-1) Q(x)} + (an-o-B)

_ ~ile+d) (atB-uy) + (1-¢)} r-cd (a+Ban)r2
(I+1) (1+cr)

For a(y-1) > B let r(x,3,7m,c,d) be the positive root of the equation
(3.1.8) (an-a—8) - {(e+d) (a+tB-un) + (1-¢)} r—cd (a--B-oen) 12 = 0
Since
P(0) = a(y-1) 28 > 0 if a(q-1) > 2B and
Pir(e,B,m ¢, d)} =-1- (8-1) Q {r(a, B.m, e, d)} <0,
the smallest positive root of the equation P (r) = 0 is less then
r (%, B, %, ¢, d). Hence from (3.1.7) P (r) > 0 ifr <rg < r (o, B, 70c, d).
This completes the proof of theorem (3.1). The result is sharp as can be
seen from the functions

>0

z
a-b
(1-bz) P

F(z) = le)zzmvg(z)z m,h(z)z

REMARK: The following result of Gupta and Ahmad [2] follows as

as corollary bt taking a — v—_zle\I*_{—N b = N_Nl and a — 1-2y

b -1 as N« o in theorem (3.1).
COROLLARY: [Gupta and Ahmad] Let F ¢ S* (), g e S* (u),
h e S*(v) then the function f defined by (1.5) belongs to S* () for
[z] <1, where r; is the smallest positive root of the equation

o (1-n) eDr? 4 [(1-¢) — (1) (c-D)] r-a (1) =0
with , A

« (22-1) + B (2p-1)
a+f

D~ _Jldml _ [d’|

(1)
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d= (@-1) + B (2u-1) + (1-8) 2v-1)-1 )

o

THEOREM (3.2.): Let F e S* (), geS* (u), heK (®), o (y-1). > 28,
B = 1,2, ... then the function f defined by (1.5) belongs to 5* () for
|Z| < ro where 1, is the smallest positive root of the equation
(3.2.1) (I+r) (A+ter) {-1-(@-1) B (r, 3)} — (x+P-an)

{(e+d) (a+B—an) + (1) } 1—od (a-+B—on) 12 = 0

where ¢ and d are defined by (1.6) and (1.7) respectively. The result is
sharp. ' :

PROOF: Here h € K(3) hence using lemma (2.4) and proceeding on the

same lines as in theorem (3.1) we have

zf’(z) . ;
Re 3 ) N g >0 if

(3.2.2) P(r) = -1- 3—1) B (1, 9)
L (o) — {(et-d) (atp—om) + (1)} r—ed (xtf—u) x*
(1+4+rx) (14-cr)

(1-++r) A+er) 1= (1) B (r, 8)} + (an—o—B)

~{(cd) (a4 B—an) + (1—)} red (4 B—op) 1> _
(14r1) (14-cx) -

Now P(0) > 0 if « (p—1) > 28 and
P‘ {r (o, B, s 0 d)} = -1-(B—1) B {r («,8, 7, ¢, d),8} <0

since glb. B (r, 8) > 1. Thus the smallest positive‘root of the equ-
o<r<1 .

ation P (1) = O is less than r («, B> 7> €, d) where r («, 3, 71, ¢, d) is the
positive root of the equation (3.1.8). Hence from (3.2.2) P (r) > 0 if
r < ro, < r(xp,7,c, d). This completes the proof of theorem (3.2).
The result is sharp as can be seen from the functions
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z S G EEACL
F(z) = W "W, A%
and h (z) =
60 = e log (142, 3=}

THEOREM (3.3): Let Fe S* (), geé* (w), heV (), o (4—1) > 2(3
B =1, 2, ... then the function f defined by (1.5) belongs to S* (1) for
lz] < rg where I, is the smallest positive root of the equation
(3.3.1) (I+4r) (1+er) {-1-(B—1) 61 (r,3)} — (x+B—a)

—{(c+d) (a+B—on) + (1—¢)} r—cd (2 F-B—an) r2 = 0
where ¢ and d are defined by (1.6) and (1.7) respectively.
The result is sharp.

PROOF: Here h € V(3) hence using lemma (2.5) and proceeding on the
same lines as in theorem (3.1) we have

zf'(z)
Re % 10)

(3.3.2) P(r) = -1- (B—1) 0 (r,d)
(w1—o—8) — {fet-d) (at-B—a) + (1—0)} r—od (a-+B—on) £
(1-++r) (1+ecr)

(1+1) (1+er) {-1- (B—1) 6, (x, 8)} + (on—o—B)

—{(c+d) (2+B—an) + (1—)} r—ed (aB-an) 1*
(1+r) 14-er)

Since P(0) > 0 if « (n—1) > 28 and

P ir(aB,yecd} = -1- ®8—1) 0, fr(x,B,m5¢c,d), 3} <0

the smallest positive root of the equation P (r) = 0 is less than

r (o, 8, 7, ¢, d) where r («, B, n,‘c, d) is the positive root of the equation

(3.1.8). Hence from (3.3.2) P(r) > Oofr <71, <r (x, B m e d).

This completes the proof of theorem (3.3). The results is sharp as can be
seen from the functions : '

—n >0 1f
)

_I_

=0

z

F () = open 60 = ~pew
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and
_ z(192)
h(z) = 122 .
THEOREM (3.4): Let F e S*(0), g € S*(w), hiz) e P@), a(n-1) > 28

B =1, 2, ... then the function f defined by (1.5) belongs to S5*(n) for
|z| < ro where r, is the smallest positive root of the equation
(3.4.1) (1+1) (Lber) {-l- B—1) 6, (r.3)}- (ot B—om)

~{(etd) (at+B—an) + (1—e)} r—ed (x+p—om) r* = 0
where ¢ and d are defined by (1.6) and (1.7) respectively.
The result is sharp. /

PROOF: Here ~h——§z—)— ¢ P (5) hence using lemma (2.6) and proceeding

on the same lines as in theorem (3.1) we have

#f'(z) .
Re %W —n%ZO if

(3.4.2) P(r) = -1- (8B—1) 6, (v, 3)

(an—o—B) — {(c-+d) (x+B—on) + (1—¢)} r—od (at-B—om) 2
(1+r) Q+er)

(1) (1er) -1-(@—1) 8, (r, )} + (en—o—P)
—{(c+d) (a+B—an) + (1—c)} r—ed (e-B—an)r? -0
(14rx) (1+er) -
Since P (0) > 0 if a(y—1) > 2B and

P B e,d)} = -1- (3—1) 8, {r (. B,0,s,d), 8} <0

the smallest positive root of the equation P (r) = 0 is less than
r (2, B, M, ¢, d) where r («, B, 7, ¢, d)is the positive root of the equation
(3.1.8). Hence from (3.4.2) P (r) > 0 if r <r1o <r (2, 8,7, ¢, d). This
completes the proof of theorem (3.4). The result is sharp as can be seen
from the functions

-+




49

and

a3

(21

(3]

[4]
(5]

[6]
7]
[8]

9]

[10]

(11]
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Z

) = e 8 = e

2 { (14 (23—1)z}

) = —)
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