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The Interior and Exterior Problems For The Generalized
Poly-Axially Symmetric Helmholtz Equation

I. ETHEM ANAR

Department of Mathematics, Faculty of Science,
University of Ankara, Ankara, Turkey
{Received December 7, 1982; accepted December 23, 1982)

SUMMARY

In this article, the interior and exterior problems for the Generalized Helmholiz equation
with poly-axially symmetric are studied. Tt consists of three sections. In the first one the interior
Dirichlet problem is examined by defining an inner-product and a kernel function. In the
second section the solution of the exterior Dirichlet problem is obtained. The uniqueness of the
solution is also proved. Examination of the exterior Naumann problem by means of a system
of integral equation, forms the last section.

I. INTERIOR DIRICHLET PROBLEM

I. Introduction

Let us consider the Bi-axially symmetric Helmholtz equation with
two independent variables:

21 Uy + 2v

X

hy [U] = Ugx + Uyy +

Uy+ k2U=o0

(I.1)
Here v and k are real positive constants. For the values wFo0,v7Eo
the equation (I-I) has the singular coefficients for x = o, y = o.

We will define a Dirichlet problem with sufficiently smooth bo-
undary data in the first quarter of the xy-plane for the equation (I-1).

Let P (x, y) be a point on xy-plane and R be an arbitrary positive cons-
tant. Let us make the definitions below;

D ={(xy)|x2+y:<R,x>0y>0}
Cr = {(Xv}’) ]xz"_YZ:RZ,Xzo,yzo},
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I'y= {(x,y) o <x <R, y=0},
Iy = {(xy) | x =0,0< y<R}
C =CUIxUTY.

We will denote the arc-lenght of C, by s and the outward normal at
the boundary of the region D by n,

2. The Kernel Function

Let U (x, y) and V (x, y) be two functions in the region D which
have continuous derivatives up to and including the second order. For
these functions the divergence formula

v ds — [f xPuy?

xy2y Vhy [Uldxdy = [ x#y» V
vy Y y
D C n D

x (UxVx + UyVy) dx dy + k2 [ x y»
D

x UV dxdy (1.2)
and the Green identity : S
fg x y¥ (V hy [U] — U hy [V]) dx dy:.éf x4 y2 (V Z—E- —
oV
U TS ) ds, (1.3)
are known.
It is easy to see that
(U, V) = ffxmy» (UxVx + UyVy) dx dy (1.4)
D

defines an inner-product and
(U,0)=0<«=U =o.

Thus we can define a semi-norm by the inner product (U, V). IfUis a
solution of the equation hy [U] = o then (1.4) can be written as

n

U, V) = [y V v ds -+ k2 [ xee y» UV dx dy (1.5)
i y 1% y y
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& (D) will denote the class of the functions satisfying the equation (L.I)
_in the region D such that (1, u) = [u |2 < co. Edivently ¥ (D) does
npot contain constant functions except the zero function,

In polar coordinates, the set of complete solutions of (L.I) which
are regular at the origin is:

(V_%o ;L‘%) .
fy (r, 0) = @ J (ki) P, (cos 20) ,n=0,1,2,.. (1.6)
wtvton
(V_%v y._%)
Here J (kr) is the Bessel function of the first kind and Py, (cos 2 6

wHv+2n

is the Jacobi polynomial. This set of functions form an orthogonal sys-
tem with respect to the variable § under the inner product (1.5).

{fa} can be brought into an orthonormal set as
, ~w J (k)
QUAVF1 Z wHvtoy
Cp, V-3, B-§ ) J (kR)

wtviton

P, orda .)

Un (r,6) = (

where

Choaop = r(l—x)“ (1-+x)B [Pn ((0;33)]2 dx

-1

_ 2048+ ' (n+oa1) T (n+B+1) (1.8)
@ FotBr) T @F) T (atotB1) '
It is obvious that Cy.q.g is bounded for every n (¢ > —1,8 > —1).

Let two arbitary points in the region D be P (p, @) and Q (r, 6). Let us
define the infinite series;

K(P,Q =K (p, ;1,08 = = Un(p, @) Un(r, )

n=0
pv+1 —(@tv)  —(ut+y) kr k,
o 2 r e J y.J(rv-!—)zn J y.g-vg-)zn
B Z Cnav_%v u_% J (kR) 2
n—o [ u+v+zn] (1.9
(OLep (e

X Py (cos 2 6) P (cos2 &)
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We know that [7] the Jacobi polynomials have the properties

(n+q) ~n4, g = max (« B) > -3
max ofy n
-1<x<1 iPn (X) ! = ({21 (1.10)
{Pn(x") [~ o3 q=max(4pB) <-4
where
_ R ek
R == ==y

and x’ is the maximum of x,. Since

Vols _1l p_1>_1
2> 2’EL 2> 2

and
max -1 p_1
—1<x<1 l p, (4 (x)2) “n9, q = max ("3, 4-})

the series (1.9) is dominated by the series below:

o |y, g e

A w+v+2n ®w+v+an a 111

2 .
2, PN ()
n=0 [ wHv+on ]

In (1.11) A is a constant independent from n. Besides for every n we
can write

J(k

u(.+\f-l)—2n wivian r

TR ~| = | m | < 1 (1.12)
pHv+on

Hence (1.11) is convergent. Consequently the series (1.9) is uniformly
convergent. Therefore (1.9) defines a function K (P, Q) which is diffe-
rentiable.

Now let us give a definition.
Definition 1.

If the function f, defined in the interval -1 << x <<'1, can be ex-
panded in a uniformly convergent Jacobi series, that is, if the coeffici-
ents
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- 1 (OUB)
an = [Cpaos ] —1J (1-x)* (1+x)8 f(x) Pn (x) dx (1.13)
can be obtained such that
= (M’B)
f(x) = % an Py (%), (1.14)

then we say that f belongs to the class L.

3. The Interior Dirichlet Problem.

The curve C in the line integral (1.5) given for the inner product
consists of I'y, I'y and Cg. Since the integrals along I'y and 'y vanis-
hes the inner product takes the form

(U, V) = J. Raut+2vti cos2t § sin2v § V 5 do
[0
R Tr/z
ke j f raut2v gogatt § siny 0 VU dr d8.  (1.15)
0 3]
Thbs

/2
(K (P, Q), U (Q)) = Rautavii j / cos2i0 sin2v § -———6 Ka(f’ Q) U((gdﬂ

R /2
1k J j P22V cos2e § sin2y 8 K (P, Q) U (Q) dr db  (1.16)
] o]

The derivative of the K (P, Q) in the direction of the normal to the sp-
herical boundary is

oK
or :F(P,Q):F(p, ®§Rae)
r=R
WAyt —(ptv+1) kR —(i+v) kR
2 [ 2uR J §L+\o—22n -kR J p+(v+2n)+1]
= Cp V-1, u-1 kR 2
=0 woE : [J (y.+v-)!-2n]

(1.17)
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(v_%, B _%) (v_%, p“%)

x p~ Wt J (ko) Py (cos 26) Py (cos 23) .
wHvtan

Let us substitute (1.17) in (1.16):

T Qv (v p._%)
(K (PQ),U@Q)) = g Bno1 p” @M J (ko) Pn(cos 2g)

=0 n. T2y v 2 wtv+2n

T2 (v=%. u‘%;)
x J cos2t 0 sin2 § U (Q) Py (cos 2 0) do
0
T 2utvhi ] (v—4 y._%)
Tk > S Ruse®™ J(kp) Pa(cos? o) (1.18)
Cnv —3» y“"? ©wt+v+on

n=o0

7 [2 (v% u—3)
x j cos2 O sin2y § U (Q) Py (cos 2 6) 6.
0

Here Ry,: and Ry,, are given as;

ptv kR YAyt kR
R 2nR J p.(+v+3n -kR J wazr?ﬂ
Nnstl — [ J (kR) ]2
- ptv+on
R, ,(T «
TV r
R oj‘ p.(+\H?2n dr
Ns2 — [ J- (kR) ]2
wHv+an
If U belongs to the class L, then we can write
<o \ k
(K (P, Q.U(Q) = > an (Ru + ke Ryos) gt I (50
n=0
(V_%a (1._%)
x Py (cos 29) (1.19)

The infinite series in (1.19) is uniformly convergent and defines the
solution of the equation (1.1) at the point P. So

U (P) = (K (P, Q), U (Q))
In (1.19) taking
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n = dn (Rnel -+ k2 Rnﬂ)

we find

< (v-3, y.‘%)
U (P)=(K (P,Q), U(Q)) = o=tV Z by J (kp) Py (cos 23), PeD

=0 @oty+on

(1.20)

Now the value of U at a point on the singular boundary can be
obtained by use of limit. Let Q € Cg. Because of the uniform conver-
gence of the series (1.9), we obtain

lim U (P) = lim (K (P,Q), U(Q))= ;‘z by R+ J (kR)

P-Q P—Q —t wAv2n
(p,2)~>(R.0)
(v=3 u=B)
x Pp (cos 20)

< (v-3, p._%)
= Z Co Pa(cos26) (1.21)
n=0

= f, (cos 20)
where

Cn = by R-+v  J (kR)
pHv+2n

Thus if f is given then f, can be obtained

Theorem 1.

Let f; be a funection of the class L and C, be the coefficients of the
Fourier-Jacobi series. If f is a function belonging to the class L having
the Fourier-Jacobi coefficients

Qutv m/2 (v y.“‘%)
an = J cos2it § sin2Y O f (cos 20) Py, (cos 26) dO,

1
T

(1.22)

then the unique solution to the equation (1.1), taking the boundary
values fi (Q) at the boundary of the region D is,

/2
U(P) = (K (P, Q), U (Q)) = Reptavh J /coslv-ﬁ sin2v 0
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x F (p, 7; R, 0) f (cos 26) db (1. 23)
R /2
+ k2 j J r2ut2vt1 cos2i 0 sin2v 6 K (p, @: 1, 0) f (cos 26) dodr
o 0

II. THE EXTERIOR DIRICHLET PROBLEM

I. The Exterior Dirichlet Problem.

Let us consider the classical Helmholtz equation in (p—+1) dimen-
sions:

D n—;
U U k2U=o0,p=n- k; 2.1
yy+izl gigi+ 2 o,p=n 1+Jz=;( j 2.1
If the coordinate transformation ’
2 2 1/2
xi = ( E 4.+ 8 )
1 k41

k42 ki4-k,+2

2 2 1/2
xas = (& TR
k1+...+kn_2+n—1 k1+...+kn_1+n—1/
(2.2)

is applied to (2.1) we obtain the poly-symmetric Helmholtz equ-

ation:
n-1
k;
hy [U] = Uy + 2 (Uxixy + —=Ux) + e U=0.  (2.9)

i=1

Let D be a bounded, simply-connected and symmetric region with
respect to the hyperplanes x; = o, (i=1, ..., n-1) in [R". Let us
denote the boundary of the region D, which is assumed to be smooth,
by @D and let éD* be
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D n {(x1, ....Xn 1Y) |Xy>0,i=1, ..., n1 1 (2.4)

Let f be a continuous function defined on 8D+. Let us draw a sphere
of radius r with the centre at the origin containing the region D. Also
let us denote the region between D and the sphere of the radius r by
B. Let (0, ...,0) €D,

We want to obtain the solution of the exterior Dirichlet problem
given as follows,

hs; [U] = o outside D, (2.5)
U=1{f on oD (2.6)
A solution of the equation (2.3) can be written as in [3]
(3 (kn_1-1), & (kn_»-1)
U@bi,...,00.1) = r=* J (kr) P (cos26,.1) (sin 0,)"!
s*+Ppo 3 P

(% @p1 + m>*), -})
x P (cos 2 04)

1 (Po- P1) 2.7)
-3 Pin (3 Cpiyi+ m*y2), § (ky,,-1) )
x IT (sin 0;,) P (cos 2 0;.4)
=1 3 (Py - pi)
where
n-1
2s® = n-2 + z k;, mg* = n -j-1+ kj_1+ vee +kpn1
i=1
Let us put

(¢ @Cp1 + mo*), - 3)
V0,....00 0) = (sin )1 P (cos 264)
3 (Po—p1) (2.8)
n-3 Pis (3 Cpint m*;2), § (k1))
x I (sin 6y,1) p (cos 2 05,4
b pia)
and choose py = pp_» = 2m, (m=0,1,2,...). Hence the equation
(2.7) takes the form

-

(¢ (kn_s— 1), § (kn_»-1))
U, 0,...,004) =13*J (kr) Py (cos 2 04_1)
s*+4 2m
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x V (01,...,0n_2). (2.9)
An other solution of (2.3) is
Un (0., 001) = V(01,...,045) [r*H @) (kr) + r-s* H@)(kr)]

s*+42m s*+-2m

o (k1) 3 (k1))
m (cos 2 0n_1) o (2.10)

where H() and H(2) being Hankel functions.

As it is well known, the Jacobi polynomials are orthogonal in the
interval [-1, 1] with respect to the weight function

w(t) = (- 1)* @+ 1)k
Let us define the norm in L by

e lr=(2.2) = [ w@ [z Ok 2.11)

Then we can write

' (.p)
wp) °°‘ (2 (1), Pm(n)) (ap)

o (1) = Z am Pm(t) P (1)
2 2 .
(2.12)
Here a,, are defined as in (1.13) and
I ap) [P =
e ||/ O
If U e L then [4], [5]
S (3 (kn—l— 1), § (n-2-1))
U= z am (t,01,...,0n2) P (cos 2 6p_1) (2.13)
m=—~90
(2.13) can also be given as
S (3 (ko1 1), 3 (kns= 1) )
U= > V(.00 Pn  (cos28n 1)
m=—0
@) (2)
x I [a'mH (kr) 4+ b'm H (kr) ] 2.14)
s*-I- 2m s*+ 2m
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In (2.14) Uy are defined by (2.10). Where a'y and b’y are arbitary

constants.
For the very large values of the independent variable

Hankel functions have the following expansions:

M —~— ix-bw-in)
H (x):'\/2 e +0(x);x— o0

y ™ X 2.15)
@ p-ik-beein

H (X)ZJ e +O0(x)x—> o©
v TX

Now let us examine the radiation condition

lim rs*+} ( %J - ikU ) =0 ‘ (2.16)

r— 00

If the radiation condition is imposed on (2.14) then we get b’y = o.
Since U € L. we obtain

am (v, 01,...,0p_2) =

o} (kn_i+ kn_>+ 2) r/z ko1
Cor I (p—1), L (kn_2-1) o) sin 6o

kno  pp (& Gno-1), 4 (kno- 1))

X cos Gn_1 (COS 2 Bn_l) dO n-t
| (1)
—a'mV(Bi....00 )5 H (kr) (2.17)
s*+2m

Thus the solution of the Dirichlet problem (2.5), (2.6) satisfying the

radiation condition is

< 1)
U (r, 01,000, 0n1) = 1% V (0,,.. ., 0q_2) Z amH (kr)

m=—o s*4+-2m

p (ka1 d (k1))
m (cos 2 Oy_1) . (2.18)

2. The Uniqueness of the Solution.

In this section, we will show that the unique solution for the exteri-
or Dirichlet problem defined by (2.5), (2.6) is of the type (2.18). For
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this purpose when f = o on D" it is sufficient to find also that u = o
exterior to D.

Let us write the Green identity for the region B:

a1 ki L n; ki
In xi (Uhg [0]-Uhg [U]dg = |H x
B/ 1= gBJ =1
oU . oU
(v -0 ’W)d" (2.19)

Here U is the complex conjugate of U and n is the outward normal
of the region B. Obviously if

hy [U] = o then hy [U] = o.

The surface elements is

n-2
do =1 I] sinn—1-10;d6; ... dy_;.
imy

Thus, (2.19) can be written in the form

n-1 ky [
0o —= jHXi1<U ﬂ—ﬁﬁj—)dc
oB

i=1 on on
n-1
] 7 [2 w/2 na-+ Z ki ky kn_»
= J do, j do, ... j Or 1 sin 0, 1 cos On_1
0 [¢] (o]
o0 . oU
S .20
X ( U or U or )den_l’ ( (2.20)
where
n-1
n-2 ks n-3 kj n-2 .
O = sin 3 0; I cos 0j+1ﬂ sint—1—1 @, (2.21)

i=1 J=1 1=1

~——= |a'm|2 [V (05,...,0n_2) ]2



THE INTERIOR AND EXTERIOR 179

« [ P Gl (1)

(cos 2 0p_1)

(1) a @ (2) a @
Xr—2* ( H(a) —4 H (o) —H() —p H (k) )
s*+2m s*+2m s*+2m s*4+2m
(2.22)
and
1y (2)
wle &) . H (ko ]
s*4+2m s*|-2m

(1) a @ (2) a @
= H (kr) e H (kr) — H (kr) = H(kr) =
s*4-2m s*+2m  s*+2m T s*42m

Thus, from (2.19) we have

—4i T TE/Z Tt/2
0= a m\zjdel j d0,. .. j V2 do, »
rk o o

J“/2 | ST ky 2 [ P, (3 (kn_1— 1), 2(kn a 1))] a8,

sin Op_i1cos  Op_1 (cos 2 0,_1)

_4i ’ Cmo% (kn-l"‘ ]-)7 % (kn_z— 1)

= 2
T 2w T (ko 1+ kn ot 2)
2

T /2 w2
x J j j ®V2d0,... do,
(8] 0 [

Then a’'m = o and we obtain U = o. So we have

@ ;24)

Theorem 2.

Let D be a bounded and symmetric region with respect to the hy-
perplanes x; = o. The problem defined by

hy [u] = o outside D
u=o0 on oD+ (2.25)"

has a unique solution which satisfies the radiation condition
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ou
lim rs*—l—%( or

T

—-—iku) = 0. (2.26)

IIi. THE EXTERIOR NEUMANN PROBLEM

I. Statement of the problem.

Let S be a closed and smooth surface in [* containing the origin.
Let us denote the region exterior to S by V,, and let the interior region
of the S by V;. Let P (x, y, z) be an arbitary point and denote the distan-
ce between the points P (x, y, z) and P’ (o0, 0, z) by R = PP’. Let n be
the unit normal of the surface S in the direction of Ve.

Now consider the following equations,

2 2
Az [U] = Usx 4 Uyy + Uy, + ;‘Ik+~7}—uy=o. (3.1)

by [U]= Az [U]+ k22U =0, g,v,k > 0. (3.2)

We will investigate the exterior Neumann problems given for the equ-
ations (3.1) and (3.2) together. x = o0,y = o are the singular planes
for both of the equations. If we choose k — o in (3.2) we obtain 3.1)
The fundamental solutions of these equations are

uy (P) = R-(Cptav+y) (3.3)
u (P) = R-wH+D N R (3.4)

v+l
respectively, where N is the Bessel function of the second kind.
Definition 2.

Let the function f: Ve — |R be given. If r = (xl + y? + z2)¥ and
the conditions

lim [ TREP) | < oo and i (e L (R) | < w0
T—co Ir—>

are satisfied f is called regular at the infinity.
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Now let us define an exterior Neumann problem for the equation

(3.2):

(1) For each uy (P), let there be the functions uiy (P) and us (P)
such that

we (P) = u (P) + u (P),
k k
(ii) For every P € Vg, hy [uk P) ] = o.

(ii) For overy P €S, — — uc(P) = o,

and
(iv) the radiation conditions

s 0 s :
im |rePFiua (P) | < o, lim  jretvit ——u (P) | <
r——)zc k r—>ee 31‘ k

be satisfied.

For the equation (3.1) we can define the exterior Neumann prob-
lem as in the following:

(i) For each u, (P) let there be the functions ui, (P) and ug® (P)
such that

uo (P) — u: (P) -+ ui (P),

(ii) For every PeVe, Az [uso(P) =0

(iii) For every P e, 6611 u,(P) = o
and

8
(iv) uo (P) be regular at the infinity.
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2. Derivation of the integral equations.

Let us denote the solutions of the equation Ay [u] = o in V. by
uSy, and in V; by ul,. Let uy = uly, 4+ us, be satisfied. Let the functi-
ons uS, and ui, be continuous when P is approached to the singularity
planes from the two different directions.

Denoting the sphere centered at P’ by Bs let us write the Green
9

identity for the operator Ay in the region Vg:
Y p g

s _(2pt2v+1) —(2utav+D s
JnyZV [u ARV R Ap w ]dz;’ (3.5)
VB, 0 0
= — szuyzv[us 2 R_(2H+2V+1)—R_(2“+2v+1) o us]dc
S+8BE o on on )
We easily obtain
1 s 2 —(2utav+1) _(2ut2vt) g
—_— 2 A —_— ~R ————
Cut v )W JX “y? [“0 B on
s
X u ] ds
0
s
u (P), P eV,
(o]
1 (P), P'eS (3.6)
o

(6] N P'e Vi
where
27 T

W = } do I sin24 2941 § cos2t o sin2Y ¢ d.
o 0
Similarly ,we write the Green identity for the operator Ay in the regi-
on V;:
i —(2p+2v+1) —(2pt2avta) i ]
Jxluylv [u Az R -R As w ]dg’ (3.7)
Vi-Be o o
i 5 —(2ptav+a) —(2ptavty) i
6 gD Guraen g u]dc
om 4

- X 2Uy2V [u -
S'{—@st o On

and obtain
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1 ‘ iog 8
v — R (Gu+av+i) - R—(utav+r1) .
(Z{L-{-2V—I—I)W Sj x2py?2 [ uo n R-CGu+avi— R~ 1 P

n

o
-1 u (P), P'eS (3.8)
ul

Using the operator hy we obtain the following corresponding equati-
ons:

1 3 s 0
_ J X2y 2V [u _G R((,H*\H-%) N (kR) - R‘(}L+V+%) N (kR)
w S k on utvil wHviL
3 8
X o uk ] ds
s
~Mu (P’) ,P' eV,
o k s (3‘9)
+M u (P) ,PeS
0 k , P eV;
and

: |
W sj xuy [u L R-Gvp Ny - RGN )

k pFvL pHuEL
& i
X _a—; uk]ds
o , P eV,
— ) 1 Mui (P) P’ €S (3.10)

where



184 1. ETHEM ANAR

Here usy is a solution of hy, fu} = o0 in V, and, uly is a solution in Vj;

besides u; = uSy + uiy. If we choose ui, = 1 we get
1 o o ., P’ e Ve
- x2ly 2y R-Gurvrds =2 -4 ,P'eS (3.11)
(2‘U.+2V+].)W Sj‘ Y on _ i , P e Vi
from (3.8). From (3.6) and (3.8) we obtain
i 1 X Y O g
, 2 P) —/— R-@utv+h dg
) W LX Ly (B)
(U®P) ., PeV,
=) L (P) | PleS (3.12)
? 0 . PeV; o

Now let us consider the case P’ ¢ S:
2 0 ,
X 20y 2y P) —— R—(Gu+av+1)
Cutm )W SJ"‘ by o (P) =1

x ds = uo (P'), P’ €8 (3.13)

This integral equation can be written

2 ui, (P') +

ug ~ T uy = 2 ul,

where
T u, = \2“ x2uy Y u, (P) _6__ R—(ut2vt1) {8,
Cu+22v-+1)W g ¢ én
Since
3y - a ) ]

< max |u |

T is not necessarily a contraction mapping. Therefore it is not possible
to obtain a selution using the interative method defined as

o
w () = 2 uiy (PY),

o

) | 1 o
o P Ie() b ee, ®) &

x R-Gutv+1) ds,
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(n-+1) P ) P 1 S (n) P
Y — ¢ i ’ — 2 2
v =2 (Pt s W ij AN on
x R—(2u+vhi) ds,
But the integral equation

1 , 5
el inw SS x2iy2¥ Jug (P) - uo (P') ] -

v R—(Qutavty) dSp
—u, (P’), P’ eV, US. (3.14)

obtained from (3.11) and (3.12) is more convenient than (3.13).

ulo (P7) +

In a similar way

Mt (P) + - f xayoug (P) ——R-WHPN (kR) ds
| W S on {L+v_lr,,%
=M uy (P) P eV,
= ] -}Muc(P) ,P’eS (3.15)

l o . P’ e Vi
can be obtained for the Helmholtz equation (3.2) by the addition of

(3.9) and (3.10). Now if (3.11) is multiplied by Muy (P’) and is added
to (3. 15)

: , 1 , , 0
W (P) e o) e ) m ) ] o
xR~ (ut+2v+1) dSp
- _1_ szuyzv Uy (P) _9_ [ _1_ R+ N (kR)
W g ony M - wHvHL
+ ___1—__ R—(2ut2v+1) ]dSp
(2u+4-2v-+1)
= ug(P), P eV, US (3.16)

is obtained. Now let us introduce the representations

1 ,
Lot = Garm W SS <2y [u (P) —u (P') ]

b
onyg
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xR-Gutavn) dSp (3.17)

and

Lu= Lou — {TSJ- x2py2Y 1 (P) 1 [ _L R—(M+v+%) N (kR)

ony, M pvHL
L RoGerw) 7o 3.18
e | 4 (3.18)

So we can write the integral equations (3.14) and (3.16) as:
(I-Lo) up = ul,, (3.19)
(I - L) Uy = uik (3.20)
3. Derivation of Solutions

In this section, we wish to obtain the solutions of the operator
equations (3.19) and (3.20) using these Neumann series 11, 2]

wp o= > L i, (3.21)
n=0 °
2 n

P Z L ulg. (3.22)

<
il
o

Let us denote the space of the real-valued functions on S by CI’R
(S). Let f e CI?{ (S). Define the norm of the function f as

] = sup  [£(P) | (3.23)

pesS
It is easy to show that C’R (S) is a Banach space with the norm
(3.23) [6]. Let K be a linear and real operator defined on S, that is

K: Cp (3) = Cpp (9).

Let us define the norm of K as

| |
1K, = sa | Ku (3.24)
1 il P ! u[
S ueCp(®) | |
u=z"o

Then
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Lo : CIR (S)—»Cm (S)
L C]’R (S) —)CH{ (S)
and ueCl,R (S).
If
ILollg<1l. Ll <1 (3.25)

the solution of the operator equations (3.19) and (3.20) are respecti-
vely (3.21) and (3.22). Now let us show the existence of the inequali-
ties (3.25). If we take the absolute value of (3.17) we get

Lou | < j Lu (P)—u (PY) | | xuy?
s

@ut D) W] np

x R—(utav+1) | dSp. (3.26)

Since u is continuous, |u (P)-u (P’) | is also continuous for P €S.
Let us assume that

fu(P) | = [u(P) ]
if P = P’. Consequently we can write
fu(P)-u(P) | <2 ilull,» P, P eS. (3.27)
If we comsider P’ €8 in (3.11)
| Lou [ < [|u []
is obtained. Now taking the supremum over S, we get

[ Lou [[ < {[u ]

Therefore
. L ?
ILolg = s At
ue CI’R (9 ! i (3.28)
u=zo

is obtained. Since u € Cﬂ{ (S), the supremum of u (P)is the maximum
value of u (P).

Now let us show that
Ly <1

Define the operator Ly as,
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Low = - [ smyrae) 22 [ 5 R N Ry
W q 81’1]) M 2 1

“© 2

R-(uwa+2vig)

RENCTE=YER Y Jase (3:29)

The equation (3.18) takes the form

Tu =ITsu—0Liu.
So, we have

(Lu | < |Lou | 4 [Lxu |,
hence
\‘Lf“ﬂg}ll‘o‘iﬂi“%‘“Lka (3-30)
On the other hand we can obtain
. o la = 0 1
| Lgu | < /211 j X2y 2y [ RPN (kR)
| W | S énp L. M TR §
R—-(Gp+2v+])
Id
SR G vy ] | dSp
Y (kR)
u n(kR) “UF Najoig 1
< — | x2py2¥ :
| | Sf 2\u.+v+_g T (;;.+v+%) Rautav+:
] ————1 dS (3.31)
T TRautvh | dSp ’

In order to estimate the value of the integral at the right side we need
the following property of the Bessel function of the second kind. For
the sufficiently small values of k we can write

(kR)u+3 N (kR) = - -} 20+ T' (u-+v-+3)
P" V ‘2‘ "

N O [ (kR)?]
T GEP T e sin [ (DRl
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In this manner (3.31) takes the form helow

laf

[ Lxun | éWT Sj | x2uy2y

0 [ (kR)?] .
4 T (3—pu—v) T (p-+v+3) Raptovresin [(-+v+3)m |
<C [ju |k
Thus we obtain
[ Lxu [[<Clu|lk?
and consequently
[ Ly ,
ULk [l = sup ;Lk““‘ < Ck2 (3.32
u e Cig(S) o 1]
uzx-o

So, (3.30) gives us
T g < 1 To [l + ck? , (3.33)
By (3.33) we find that \
Ly <1

for the sufficiently small values of k. Therefore the solutions of the ope-
rator equations (3.19) and (3.20) can be given by the Neumann series

=] ==
n 3 n :
Ug = L uly, ui = L uly
o .

n=0 n=0

respectively.
As a result of the above discussion we obtained
Theorem 3.
Let, S be a smooth closed surface and
L: C/R (8) — C,’R (8)
be a linear operator defined by (3.18). Then there exists a k such that

L g <L
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OZET

Bu makalede Genellestirilmis Cok Simetrili Helmholtz denklemi icin, ic ve dis problem in-
celenmistir. Calisma ii¢ bolimden olugmustur. Birinci boliimde ic Dirichlet problemi, bir i¢ car-
pim ve bir ¢ekirdek fonksiyon tammlanarak incelenmistir. Tkinei béliumde ise dis Dirichlet prob-
leminin ¢oziimii elde edilmis, ve bu goziimiin tekligi kamtlanmsur. Bir integral denklem sistemi

yardmiyla dig Neumann probleminin incelenmesi son béliimii olusturmaktadrr.
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