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ABSTRACT

In this study, the coefficients of the p-fundamental forms of a hypersurface N imbedded
in n-dimensional Riemannian space M were expressed in terms of the coefficients of first and se-
cond fundamental forms. Then, by means of Cayley-Hamilton theorem, the inverse S~! of the
shape operator S on the hypersurface N was written as the combinations of the powers of S and
the curvatures K, ... K, —1- Thus the new fundamental forms and some properties of them cal-
led the inverse fundamental forms, were defined and investigated. As a result of an application
of the generalized divergence theorem of Gauss to the divergence relations of certain tensor fi-
elds over the region R of N that can be expressed in terms of polynomials involving the new de-

fined curvatures of M an integral formula was obtained.

I. INTRODUCTION

Let N be a hypersurface imbedded in an n-dimensional Riemanni-
an space M and S be the shape operator defined on N. The metric ten-
sor gi; of M is assumed to be of class C3, it induces a metric on N defi-
ned by

n oxi oxd
g6 = 2 8 G S (1D
Where it is supposed that M refers to local coordinates x! and that the
hypersurface N is represented parametrically by the equations

xt=xt(u¥),i=1...,m;a=1,...,n1 (1.2).

in which the variables u® denote the parameters of N, the functions xi
are assumed to be of class C2 in all their arguments and it is supposed
that
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- ex! oxl
gul "' ounl
rank . . =n-1 (1.3)
oxn oxn
oul 7 pun-l
. , . oxt :
That is detS # 0. We will denote - by Xi,.

Mixed covariant derivatives of M will be denoted by a pair of ver-
tical bars. T,y and [ denote the Christoffel symbols of M and indu-
ced metric tensor, respectively. Mixed covariant derivative of X, with
respect to uf had been given by H. Rund [2] as

oXh,

Xhy g = — &
o[B8 o ub

n-1 n
— % DhegXhy 4 X Thyg Xp, Xgd (1.4).
=1 poa=1

And furthermore, it is known that [2]
Xigjg = Qug &l j =1, ..., n. (1.5)

where the Qg are the coefficients of the usual second fundamental form
and £i, j = 1, ..., n, define the unique unit normal vector field to N.
If we differentiate the expressions

n n
2 g1j ai E“ =1 and Z 2ij Xia E.»j = 0

isj=1 is§=1

with respect to u® and by using the equation (1.5) 141,

we obtain
€ n-1
Q = I g% Qy (1.6)
e o=1
and
. n-1 S i
Gug = - QX .7
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Now, let I(P),g denote the coefficients of the pt — fundamental
form, then we know that [3],

® n1l(p-1
17 =T 1%, @h,2<p<n (L9
B A=1

If we write this expression (p-1) times for 2 < p < n and substitude
the coefficients of each fundamental form in those which come later,
then we have

n-1 -2 _Ap-3 B a2 3l
T Y o S o S ¢ A o (o o A s B
)\1,..,7\p_ =1 ohp—2 Ap-3 Ap-—-4 A AL B

or using Eq (1.6)

n-1
I(D)O(B = 2 gMOtlgkzaz_,, gxp“zap_zgalﬂga27\1Q“3)\2...Q“)\p_2 (1.10)
)\1,...,7\1)_2:1
A psernsllp_2=1

Thus, we have obtained the coefficients of pth — fundamental form
in terms of the coefficients of the first and second fundamental forms.

II. INVERSE FUNDAMENTAL FORMS

We will denote the roots of the characteristic equation of S by
Aseeshn_1. In addition ptk curvature K, of N is defined to be the pth
elementary symmetric functions of Ay,...,\n_; by

Ky = Y Avi... Avp (11.1).
VIS. . .‘<__Vp

By means of Cayley-Hamilton theorem and the characteristic polynomial

of S, we may write

n-1
(-Dp-18n-1 3 (=1)n-p-1 K, Sn-p-1 = 0 (11.2)
p=1

or

S[SP-24 (—1)1K {S"-3 4 (-1)2K, 804} ...
+(D 2K, T+ (-1)p-1 Ky S-1] = 0. (11.3)



162 MEHMET ERDOGAN, H. HILMI HACISALIHOGLU
where I,,_, is the identity matrix having the order (n — 1) and S-1 is the
inverse of S with respect to matrix multiplication. Hence we have

1
n_1

S—l =

[(-1)RSn-24 (<1)P-1K, S0 34 ... (-1)2Kp (] (11.4)

since it is supposed that det S # 0. This expression have been telling us
that the inverse of a regular linear map S is expressed by means of the
curvatures Ky,..., K, _; and the poweré of S. Furthermore, S-1is a sym-
metric, regular and linear map. Thus, we may define new forms, so-
called inverse fundamental forms by using S-1 in place of S.

Let I(p) denote the pth inverse fundamental form, particularly we
can take IV = I).
We have similarly, from (11.4)

1
(371)2 = e )P S5 ()RS 4 (1)Kt

(-1)2K,_,S-1]. (11.5)

Finally, if we denote (S-1)n-1 = S-(®-1), we obtain

§-(n-1) — 1 nil -1 n—p+1,K‘ _1 S--D 1. 11.6)
- ’ p .

n-1 p=1

Because of the definition of the fundamental forms, we have a line-
ar relation as

1 (Dr et Ky g Iy = 0, (L.7)

L]
I M=

where it is assumed that Ko = 1.

Let vy,..., vn_1 be this basis vectors of the characteristic spaces cor-
responding to characteristic values Ay,..., An_1, then, we have

S(va) = have, o = L., n-1 (11.8)
or
Sﬁl()\an() == Vg, & = 1,..., n-1.

For S-! is a linear map, we have
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1
SYvyg) = — vy, « = L., n—1. (11.9)
Ao )

1 . .
Therefore - scalars are the characteristic values of S-! and the basis

vectors of the characteristic subspaces corresponding them are the same
vectors Yi,.., Yy_1. The matrix of S-1 with respect to this basis is

1
_ 0

M

1
| 0 —7\—2— E 0
S-1 = oo : . (11.10)
1
0 0o ...

Thus, we can define the new curvatures under the auspices of S-1 as

IK, — 5 1 !

YRRy »p = Ly, n—1. (11.11)
v <o <Zvp v vp

Consequently there exists a relation between K and IK, represented
by
,IKp = (Kn_1)! Kn_ps1) (11.2)
where (Ky_1)~1 denotes the inverse function of Kp_;.
- In that case, we can write the relation (11.7), being K, 1 # 0, as

n
S (=P IKy p Iy = O. (11.3)
p=1

IIl. A GENERALIZED INTEGRAL FORMULA

Let Ip) denote the coefficients of the p'® inverse fundamental
form. Let us define the coefficients of the associated inverse fundamen-
tal form by the relations '
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g
(D Qen’s = 2 ()7 Kny 1 Ign'ss o= Losn-l. (11L1)
-

By the aid of those, we will define an integral formula over an (n-1)-
dimensional region R of M and its boundry R, which is an (n-2) dimen-
sional manifold. It is supposed that R refers to local coordinates u%,
and that the boundry 2R is represented parametrically by the equations

u* = u* (v#), (& = 1,...,n~-1; 8’ = I,.., n-2), (111.2)

where the variables v8’ denote the parameters of R. The functions u%*
in (II1.2) are assumed to be of class C2 in all their arguments. Metric
tensors of R and 0R, gys and g,’s’ respectively. are assumed to be of
class C3, g,g induces the metric tensor gy's’ on OR defined as, [2],

n-i ou% oud
g = —_— 111.3
ga B OhE:l BB v’ ovB’ ( )

The volume elements of R and ¢R are also, defined by
ds = det (gyg) dul ... dunr-1,
ds’ = det (gy's’) dvl ... dvii—2, (111.4)

respectively. These can be written as

n_1 Sub n-1
2 gupn% —a =10 and X gezn*nf=1, (111.5)
a28=1 ov asB=1

where n* (x = 1,..., n-1) are the components of unit normal vector field
over R and the restriction of this vector field over R has the compo-
nent n%’,

Now, let Yy = Y (uf) be a covariant vector field defined over the re-
gion R. The components of Y, vector field are assumed to be of class
C1 throughout R. The projection of Y, vector field on ¢R boundary has
the components

n-1
Y = Z 2% Yy, g'= 1l,.,n-2 (I11.6)
o=1
ou%
where Z%g' = ou

ove’' °
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The length of the projection on the unit normal vector field of Yy vee-
tor field is

n-j . .
q= % Y,nx (I11.7)
a=1

Replacing this in Eq (III.6) we have the mixed covariant derivative
of Yg' with respect to v’

. n-1 . .
Yo' = qI@gy + B Yy Z%g' Z8,' (I11.8)
osB=1

where Y3 denotes the covariant derivative of Y, with respect to ve.
Let assume that

Puy — % Yous 2% 78, (I11.9)
xsB=1
then we have :
Yo'io' = q I’y 4 Py's" . (I11.10)
We may define the new functions for 1 < a < n—2 by
Hzy = H2 (Kn_(0+9)), :
H3, = H3 (Kn_(ais): Kn_(ae3)) ' (I1I.11)

Hon-1 = Hyn-t (lKn—(u+2)’ lKn—(a+3)’---9 IKn-(ozﬁun—z))-

It is easy to express these functions more explicitly. Hence, we can write
the inverse fundamental forms as a linear combination of the ordinary
fundamental forms in terms of the functions

n-1
Ley's’ = El Hz I@,s | ¢ = L., n-l (I11.12)

So we can obtain from (III.1) the following:

€ n-1 o :
CLEF1Qep’s’ = = 5 (-1)Y Ky 4 g HY, I®),%, (II1.13)
v=1 o=1

On the other hand it is written from elementary tensor calculus [4]
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Q(E)OUBI — b gw}\’ gBIEI Q(a)x's' (11114)

7",3,':1
or from (III.13),

n-z2 € n_1
Qo*#'= I E. I (Drelg gde Koy By 10y
\79$’= A== o=

(II1.15)

Mg is called the associated curvatures on ¢R that had been defined by
H. Rund [1}] in the following way:
M, = T g¥fIg'etD, e = L., n-3. (IT1.16)

o pr=1

Thus, it can be written

I(S)a;BI — gel)\/ Me_-l (III'I’?)
then, we have S
o g n_1
Q¥ = X T (l)yelgvd M.y Kpn v ; H,  (I11.18)
: =1 =1 : : S

Now, let us define the contravariant vector fields on ¢R as fo]lowé,_
L .

W= = (-1)H1 Qe Yg' (I11.19)

The divergence of the Q*' ), with respect to v, is given by

n-2

Q@)lla" = :a?ii (-1)=+1 (Qu'8 €)' Ya' + Q%8 ¢y Yg'y),  (H11.20)
Assuming

S Y

2 (-1)YMey Kn v Hy = R

=1 1 T e

from (IIL.10) and (III.18) it follows that

’ n_z n_l rar I4 f Y 1 ! 7
Qe = = T g¥® RYeqa’ Yo' -+ IRe (qMy--g*'8'Py/g’).
R = N (I11.21)
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Finally by using the divergence theorem of Gauss and for n%’ =

n._2

X g*8ng’, we obtain an integral formula as follows,
8'=1

[ Qrgds = | % % e CRE oy
n 8 sl — OC’ ’ o e ’
6R o (&) R a1 8/=1 g 6 vo B
iR: (qM; + g*'8" Py'g)] ds. (IT1.22)
" ;
OZET

Riemann Manifoldlanimn Hiperyiizeyleri Uzerinde Invers Temel Formlar Ve Bir integral Formiilii

Bu calismada n-boyutlu Riemann uzayr M nin bir N hiperyiizeyinin p tane formu, birinci
ve ikinci temel formlarin katsayilan sayesinde ifade edildi. Sonra N hiperyiizeyi iistiinde tamm-
lanan S gekil operatériiniin inversi S~' Cayley-Hamilton teoremi sayesinde S nin kuvvetleri ve
yitksek mertebeden K, ... K- Gauss egrilikleri cinsinden yazildi. Boylece invers temel form-
lar dedigimiz yeni temel formlar ve onlarin baz bzellikleri tammlamp incelendi. Daha sonra N
nin birR bélgesi iizerinde baz: tensér alanlarmm divergensinin M nin yeni tanimlanan egrilikle-
rini kapsayan polinomlar cinsinden olan ifadesine Gauss’un genellestirilmig divergens teoremini
uygulamak suretiyle genel bir integral formiilii elde edildi.

LITERATURE
[1] H. Rund, Integral formulae on hypersurfaces in Riemannian manifolds; Ann. Mat. Pura
Appl. (4) 88 (1971), 99-122.

[2] D. Lovelock-H. Rund, Tensors, differential forms and variational principles; Copyright
1975 by John Wiley and sons, Inc.

[3] H. Rund, Curvatures invariants associated with sets of n-fundamental fgrins of hypersur-
faces of n-dimensional Riemannian manifolds,; Tensor, N.S. Vol 22 (1971), 163-173.

[4] Johan C.H. Gerretsen, Lectures on tensor calculus and differential geometry; Copyright
1962 by P. Noordhoff, Groningen, The Netherlands.



