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ABSTRACT

If f (x) e Lipx (0 << o << 1) and S|, (x), the n-th partial sum of its Fourier series, then
£() — S, () = 0 (1/n%)

is not true in general but if f (x) € Lip (x, p) then

' 1
f(X)A~S“(X): 0(:&7/-{)—) .

Defining a new general class W’ (LP, ¢ (h) ), we examined that

£(x) — S, (x) = 0 (4 (L/n) n'/P),

where { (h) is a positive increasing function.

It may be remarked that the class W’ (LP, ¢ (h) ) is a more general class than Lip o, Lip (o.p),
Lip (¢ (b), p)

1. Introduction And Results

Let { be periodic with period 2n, and integrable in the sense of
Lebesgue. The Fourier series associated with f at the point x, is given by

£(x) ~ 5> + > (anCosnx 4 by Sinnx) = > A Q)
N=x1 y=1

Let Sy (x) = % ap +

<
i =

—

{a, Cos v x -+ by Sin v x) - (1.2)

denote the n-th partial sum of the Fourier series (1.1) A function
f (x) is said to belong to the class Lip («, p), if '
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1/
(e i
! j G ) M =00, 0 <a =1,
We define a new class named weighted (L, § (h)) (written W' (LP, ¢ (h) )
class and say f (x) ¢ W’ (L», ¢ (h) ) if

1/p

S 27T P X '
( j x4+ h)—f(x)}| Sinfr —dx | = 0(J (h) h®),

o ! 2 \
for p > 1 and § > 0, where J (h) is a positive increasing function.

/

The class W’ (Lp, ¢ (h)) is a more general class than Lip (o, p)
and reduces to class Lip («, p), when ¢ (h) == h® and § = 0.

We write Oy (u) = } f(x+u) +f(x—u)—2f(x)}. It ecan
be easily proved that if f (x) e W' (LP, { (h) ) then @, (u) = 0 (¢ (u) ud).

Izumi [1] has proved the following theorem:

Theorem I: Iff(x) € Lip («, p), where 0 <o < 1,p > 1,2 p > 1. then
1
£(x) — Su (x) = 0 (W) , (1.3)

uniformly almost every where.

If £(x) e Lipa (0 <<a < 1) and S, (x) is the n-th partial sum of
its Fourier series, then

f(x)msn(x):0< L ) (1.4)

n*

is not true in general, but if f (x) € Lip (o, p) then (1.3) holds uniformly
almost every where. The purpose of this note is to extend Theorem I

for the newly defined class W' (L», ¢ (h)).

It can be easily seen that the order arrived at is better than the order
obtained by Izumi [1] and is free from any condition on B.

Our Theorem states as follows:

Theorem H: If f(x) e W' (Lp, ¢ (h)) eclass, such that

% Jﬂ:/n (T;b;%l;_)q du %l/q —0 (Y (_}l_) né-3+1/p ) (1.5)

o
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. . .. 1
where 8 is an arbitary positive number such that § 5 —, then

P
. 1
f(x)—Sp(x)= 0 (LIJ (_ﬁ_) 111/I’> (1.6)
It may be remarked that Theorem H reduces to Theorem 1 if we

put ¥ (—j——) = n~% in Theorem H.

2. Proof Of Theorem
We know that

Sm nu

f(x) — Sy (x) = du

4‘~

ll

_ _L[ j‘mn 5 (Dx(u) Smnudu
7‘ ™/ u

= H, + H, (Say)

In order to evaluate H,, we proceed as follows:

/n 1
= Mo Etau
k1 o u

i |

H,| < r’n 1P | g,

) (e

Applying Hélder’s inequality and the fact that ®x (u) = 0 (¢ (u) u8),
we have
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e [ @ | s g
H| < [ jo § U (u) § Vu]
: [ K/n % : Lp“(u)l 1 %q du ]llq
u% | Sin% o |
<[ [l G () ]

q g

= 0 (nd5- 1/p), 0 [ j:m (T‘!;%_)—S—) du]

= 0 (n%B8-1/p). 0 (gb <—1—) nb-d + ‘/I’> [by condition (1.5) ]

n

For evaluating H,, we have

H, - - J’ Ty (u) BB g,
TC n/n : u :
and
. .
H,| < i [‘Dx(u)———-q)x(u—l—ﬁ/n)lslnﬁ p) du
T w/n u. Sin?® ,__121_

‘Applying Hélder’s inequality, we have

b 1/
= [ 10— o w3 du
J T

b . Ry

du ]

x B
[ Jn/n ud Sinfd u

2
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1/p

< [ rn (f(0) —f(ut mjn) | Sinsp du]

1/q
1 T du
S [ j /n u—q] [by mean value theorem |
Sin® 3,

=0 (‘l’ (-l—).n“ﬁ). 0 (n8*Up) [by the definition of the class

n

Wi(Le, { (b)) ]

o (2 )

which completes the proof of the theorem H.

REFERENCES

[1] Shin XIchi, Izumi: Notes on Fourier series (XXI) On the degree of approximation of partial
sums of Fourier series J.L.M.S. (25), 1950, 40-42.

Department of Mathematices
Aligarh Muslim University
Aligarh - 202001 (INDIA)





