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Radii Of p-Valence Of Certain Analytic Functions
With Negative Coefficients
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ABSTRACT
In this paper we determine the radii of p-valence of the function F(z) defined by

F(z) = (-0 f(2) + #'(z), zeD

where D = {z: jz| < l}, XA > 0 and the fanction f (z) belongs to certain subclasses of analytic
p-valent functions with negative coefficients.

1. INTRODUCTION

Let Ty denote the class of functions f (z) = zP- p> |an,p [2"+P
n=1

which are regular in the unit disc D = {z: |z | < 1} and Tp* denote
that subclass of T, whose members are p-valent in D. A function f(z)
of Ty belongs to the class Ty* (A, B) if zf’ (z) /f (z) is subordinate to
p(l + Az)/(1 4 Bz), ze D, where -1 <A < B < 1. Equivalently f(z)
€ Tp* (A, B) if and only if there exists a function o(z) regular in D and
satisfying @ (0) = 0 and | w (z) | < 1 for z € D, such that

zf'(z) 1+ Ao (2)

(1.1) —m—~pm,zeD

It follows from (1.1) that f(z) € Tp* (A,B) if and only if

(Fria= -2/ (Pt - 40)

<1, zeD.
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Further f (z) is said to belong to the class Cp (A, B) if and only if
zf’' (z) [p € Tp* (A, B). It is well known that the functions in Tp* (A, B)
and Cp, (A, B) are p-valent starlike and p-valent convex respectively. Let
P,* (A, B) denote the class obtained by replacing zf'(z) /f (z) by
£’ (z) [z°-" in the definition of Tp* (A, B). Clearly f (z) e Pp* (A, B) implies
Re {f’ (z) [z°~'} >0, and hence the functionsin Pp* (A, B) are p-valentin D.

Recently Goel and Sohi [2] have established the following result
for the class Tp* (A, B). '

Theorem A. A function f(z) = z°- é | ansp |2 belongs to
T,* (A, B) if and only if

2 E (4B ntB—A)p] la, < B—A)
The result is sharp with the extremal function

(1.3) f(z)=7=z —z T+Bn+3B—Ap

Zn+P,

By using this result Goel and Sohi [2] obtained distortion and co-
vering theorems and some other results for the classes Tp* (A, B) and
Cp (A, B). In the present paper we obtain some new results with the help
of above theorem. Before using it we point out that the above theorem
is valid only when B > 0. In fact in its proof Goel and Sohi [2] used
the inequality

|3 —nfonp |20 [ (B-A)p — £ [nB-+-(B-A)p]iancy 270

= 3 +Bn+ B-A)p] -(B-A)p.

'We find that the above inequality holds only for B > 0. Since all the re-
sults except that of Theorem 2 of Goel and Sohi [2] have been obtained
by using Theorem A, it is obvious that these are also valid only for B> 0.

Further we claim that the function f (z) given by (1.3) is not an
extremal function for the purpose, since, in (1.2), equality does not hold
for it. In fact for such a f (z)
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S [(1+B)n+ (B-A)p] |anp |

n=1
S g __ (B-Mp
# (B-A)p.
We suggest that the function f (z) given by
f (Z) S (B - A) P Z0+D

1+Bxn+B-A)p
is a suitable extremal function, since, the equality holds in (1.2) for it.

We also need the following result for the class Pp* (A, B), which
is due to Shukla and Dashrath [3].

Theorem B. A function f (z) = zP — b | an,p | Z2P belongs to
. T

Pp* (A, B), B =0, if and only if

=1

149  E @+pI+B) ey | <B-A)p.

The result is sharp.

In this paper we determine the radius of p-valence ‘of the function
F(z) = (1-2) £(z) + —%—-zf’(z), 2> 0,
under the assumption that B > 0, when f .(z)’is“i'n T'p* (A, B), G, (A, B)

or Pp* (A, B). All the results are sharp and generalize the recent results
of Bhoosnurmath and Swamy [1].

. Throughout this paper we assume that B > 0 and A > 0.

2. MAIN RESULTS

Theorem 1. Tf f(z) = 27~ ¥ | an,, | 20+ € Ty*, then
n=1
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X (n+4p) |anp | Zp.

n=1
Proof. Suppose $ (n -+ p) |ansp | =p + & wherez > o.
n=1

Then there exists an integer N such that
N

Z (@ +p) |anp |

n=1

1
For z in the interval [p/(p + ¢/2) [N <z <1, we have

10} S
G (7) = <p-> @+p)|anyp |

n=t
N
<p-z¥ nEZI (n+p) |anp |

<p-(p+e/2)a"

< 0.
Since G(0) > 0, there exists a real number zo, 0 < z, < 1, for which
' (o)
z p

G (zo) = — = 0. But this is contrary to the fact that f (z) is p-

valent in D. Hence the required result follows.

Remark. For p = 1, our theorem generalizes Theorem 3 of Silver-

man [4].
Corollary 1. Tp* = Tp* (-1, 1) = Pp* (- 1,1).
Theorem 2. Let f(z) e Tp* (A ,B)and F (z) = (1-)) f (z) + —%— #f’ (z)

for z ¢ D. Then F (z) is p-valently starlike of order 3, 0 < § < 1, for
lz] < r (p, % 3, A, B), where

{(1+B) n+(B-A)p} (1-3) p

r (p,A, 5, A,B) = inf [(B_A) s (1_8)}(P+M) ~1,2,3, ..

The result is sharp.
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Proof. We have.

F(z) — (1-3)f() + —%zf’(z)

S A
= -2 (B any (m

zF'(z)
F (2)

Now it suffices to show that the values of lie in a circle cen-

tered at p whose radius is p (1 - 8) for |z| < r (p, 2, 3, A, B).
We have

‘—§n<P+H>\) ian+p1zn‘

(@) | = n—1 P
O LS () e
zn(Ptnk) |anip| |2

IA

1—002 (T) {anip | 17‘!“'

The last expression is bounded above by p(1 - J) if

oo

> n (LJ-;;A) lanp | 22 < p (1-9) {1-3 (%ﬂ) janso | 1z |0}

n=1 =1
or if

g ' 1-8
en > (222) (2ERED ) sl kir<e.

n=1

Since f (z) € Tp* (A, B), we have from (1.2)

“z[ U+t B ] )<,

=1

Hence (2.1) holds if
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(BE2) (2 Y o | il < [HEREEA

or if

{1+ Bn+4 (B-A)p}pl-3)
(B-A)(p+mnr) n+p(1-3)}

The result is sharp for the function

12| < T n=1,23,..

p(B-A)

FE) =2 i B+ B-A)p

20, n = 1,23, ...

Corollary 2.1. Let f(z) e Ty* and F(z) = (1 - 2) f(z) -+ l« zf’ (z)

for ze D. Then F (z) is p-valently starlike of order 3§, 0 < 8 < 1 for
lz] < r(p, A 3, -1, 1) where

_ p(n + p) (1-39) =
r(p. %8, -1, 1) = in [ R TS ] ,n=1,2,3,.

The result is sharp.
Corollary 2.2. Let f( z) € Tp* (A, B). Then f (z) is p-valently starli-
ke of order 8§, 0 < 6 < 1, in

. (1 +B)n +(B-A)p} p(1 -8)T
]z[<r(p,0,8,A,B)_—1nf[ S BoA) b p (o8]

n=1,2.3,...

The result is sharp.

Corollary 2.3. Let f(z) € Tp* (A, B). Then (z) is p-valently convex
of order 3, 0 < 8 <« 1in

. {04B)n B Apip(L-¥]w
2| <r (p,1,5,A,B)= mf[(l A o] 128

The result is sharp.
Corollary 2.4. Let f(z) ¢ Tp* (A,B) and ¢ > -p, then
_ {=f(®) ¥
F@ = o fomer
0<d<1,in

, for z ¢ D, is p-valently starlike of order 3,
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1
, P _ . o F1A+B) n+ (B-A) p} (1 -8)(p+e)1a
l<r o s A B=ine [ 1T A {n +p (-9}
n—=1,23,...
The result is sharp.

Theorem 3. Let f(z)c Cp (A, B) and F (z) = (1 - A) f (z) +

———I—))\— zf’ (z) for z e D. Then F (z) is p-valently close-to-convex in D if

A< B A and F (z) is p-valently convex of order 3,0 < § < 1, in

lz| <r(p,7 3, A, B) where r (p, 2, 8, A, B) is as stated in Theorem 2.
The result is sharp.

Proof., We have

F'(2) = 1-2)f (2) + :) ot (z) Y.

Therefore

F@ ) _ 50 * gty @ )
ey mej g =1 Joneie 0

Since f (z) € Cy (A, B), we can easily prove that

2.3)  Re %1 T Eff_(éng ~p LTA

By using (2.3) in (2.2) we have

F' (2) ~ A 1+A
Tl (=2 P
1-A
F' (2) . 1+A , 1+ B
NowRe?T(T§>Olf1—7\+7\r_FB >0orifa < B_A "

Hence F (z) is p-valently close-to-convexin Dif % <
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We now prove that F (z) is p-valently convex of order 5,0 <3 <1
in Jz| < r(p, s 3, A, B). We have

(@) g o (@) a (ot (@) ) oD
(2.4) 220 = (1) —{—P%P%_fe.

Since f(z) € Cp(A,B) it follows that pr(z)f e Tp* (A,B)

' (5)

Applying Theorem 2 with . > in place of f (z), it follows from

(2.4) that ‘—ZF‘P&iS p-valently starlike of order 3in |z| < r(p,A,8, A,B),

equivalently, F (z) is p-valently convex of order § in |z <r (p.A,g,A,B).
The result is sharp for the function.

p’(B-A)
(n +-p) {(1+B)n+(B A)p}t ‘
Theorem 4. Let f (z) € Py* (A, B) and F (z) = (1 - 1) f (2) +
F'(z)

zP—1

f(z) = zP -~ n+p n = 1,2,3,....

zf’(z)forZeD.ThenReg %> pd, 0 < § < 1for

lz| <r (p, X 3, A, B), where

(1+B)(1-8) T+
(p, %3, 4, B) — inf [Pp—i——;)\ (](3 A)] n=1,23,

The result is sharp.
Proof. To prove the result it is sufficient to show that the values of

F (2)

—-i lie in a circle centered at p whose radius is p (1-3) for

|z| < 1(p, % 8, A, B). We have

¥ (z < n - n
——zD-(—1) - = - Zl ( “{ P) I()p + )\) i anip l z
<> L MEER ) e

P
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F' (z)

Hence —5r— — P <p(@-39)if

T (@4p)(p+m) i
Z% p(1-39) % lan,p| |z [ < p.

n=1

Since  f (z) € Pp* (A, B), we have from (1.4)

Z 3 = +BP)_(11+ 2 % lan,p| < p.

n=1
Now proceeding as in the proof of Theorem 2, we can easily obtain the
required result.

The result is sharp for the function
p(B - 4A)

(1 + B) (0 -+ p)

Remark: Putting p = 1 and taking A = (2¢ — 1), B = 1, where

0 <« <1, in the above theorems we get the results obtained by Bhoos-
nurmath and Swamy [1].

f(z) = zP -

ztP . n =1, 2, 3, ...
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