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ABSTRACT

Here, ‘we introduce the generalized mean function m.; for entire functions represented
by Dirichlet series with index-pair (p.q). Besides, studying the relative growth of this mean with
respect to the fundamental mean 1§, we have derived some formulae for (p, q)-orders and
(p. q)-types. in terms of 1§ and m§,, which are extensions and improvements of many of the
known results. :

Let {(8) = £ a,exp(shn), where s = ¢ -+it, 0 <A1 < iy
n=1 ' .

< Jpp1+> @0 as n— o, be an entire Dirichlet series. The concept of
(p. q)- order, lower (p, )‘ordei-, (p» q)-type and lower (p, q)-type of
f(s) having index-pair (p, q), p > q -~ 1 > 1, has recently been intro-
duced by Juneja et al. ([6], [7]).

Let 3, k be any positive real numbers and define -

} . s
(1.1) I3 (o) = ) him L [ f(o4-it) 13 ¢ /
’ ’ -7 S

In order to study the growth properties of entire Dirichlet series
of Simple Ritt-order Kamthan [8] defined

G
1 r
(1.2) m'.5x () = = \ I3 (x) gkx dx.
SN
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Again, to study the analogous results for entire Dirichlet series
of slow growth i. e., (2, 1)- order, Jain and Chugh [5], introduced the

following mean

[+3
(1.3) : m*Svk (5) = W j. Ig (X) xkdx,
0O
Later on Jain [4] also defined Ng,x (s) as
e

(1.4) Ns,»k‘ (c)=exp% .Jic j log Iy (x)ekxdxg
Koo g T

Now it becomes a naturel question to introduce the most genera-
lized mean in context to the recently developed growth parameters
such as (p, q)-orders and (p, q)-types. We shall term the generalized
mean as aux111ary mean to Iz (¢) and define

TR - “logP )5 (x) (10g{q11x)k1 ~
poamg [
(1.5) mae (o) = exptv) | oy j s dx]

where loglPlx denoted the pth iterate of log x, A:[q](k) = IqI log lilx,
i=0

exp ] x = log[‘P]x and g, = exp [a=2] [1]

- Doherey and. Srivastava [1] has shown that for an entire Dxnch-
let series of (p, q)-order p and lower (p, q) -order 2 .

(1.6) lim P Jogivlz(c) - P(PA) =

>m imf 108 g =y

Following Kamthan [9] it can be proved that for an entire Dirich-
let series of (p, q\ -order o (b < p < o), (p, q) type 7 and lower (p, q)-
type. v. )
SUP Jogivilly (o) T s

(1.7 lim —_— O T
G>*  inf (logP—1lg)e v (p q) =y

where b = 1fp_q+1andb—01fp>q+l



ON MEANS OF.ENTIRE FUNCTIONS 137

- In this paper, we give some properties of the auxiliary mean defi-
ned in (1.5). We have studied relative growth of this mean to the fun-
damental mean I5 (g). Here, we are restricted to deal with a class of
entire Dirichlet series with index-pair (p, q) for whlch log[p‘llls (o)
is an increasing convex function of logldls.

2. We first prove a few lemmas which will be used in the sequel v

!

Lemma 1. If ¢,V and ‘I(ﬁ'- are positive increasing functions of ¢
for 6 > 06, and if ¢ (6o) = ¥ (5o) = 0, then \;). is an increasing

function 0f1 6 for o > ogq
Proof. Its proof is due to Hardy, Littlewood and Polya [2].
Lemma 2. (logla-tlg)k logfp—21 I5 (o) is an increasing convex
function of (logld—1lg)k loglP—2lmg,i(s) for ¢ > 6o. -
Proof. We have -
d [(logla-110)* logtP~21 I3 (o)]
d [(log{Q‘l]G)k log[p“Z] ms’k(o')]

S [ logit11 o)f log~1 (o) ]

,ng [ (log[1~to)k log[P~2] ms,k (o) ].

k (logla—1lg)k—1
Arq_21(0)

(logla-1lo)k I's (o)
Ap_37(I5(0))
- (logla—1lg)k~1 Jogtr—21I5 (o)
Afg_2)(x)
[ Ys(o) Ag-1io)
= [+ R

By assumption, loglP—11I3 (6) is an increasing convex function of logldls,

the quantity inside the bracket is an increasing function of ¢ for
g > 0o and hence the lemma.

o113 () +
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Lemma 3. Loglr—21I5 (o) /log[l’ 2mg,k (6) is an mcrcasmg func-
tion of ¢ for ¢ > o, i

~ Proof. This is a direct consequence of Lemma 1 and Lemma 2.

Lemma 4. logP~1lmgi(s) is an increasing convex function of
logldl 6 for ¢ > g,.
Proof. We have

2 [logv1) mae (a) |
d flogvmp () ] B

d [loglals]

L logiala]

loglp—21I5 (q)
logiv—2} mg,(c)

= k&

Using lemma 4, we conclude that

d: [loglo-ma.y (o) ]
d [logldlg ]2

>0 for G > Op,

and hence the lemma.

We now prove

Theorem 1. For an entire Dirichlet series f (s) = an exp (shn)

% s

with index-pair (p, q), (p, q)-order p and lower (p. q)-order %, we find
that

sup PIms. P
@.1 lim loglPims () 7

o»=  jpf logllle A

Proof. Since loglp—2] 15 (c) is an increasing function of o for
6 > Gg, we observe that

loglP~*Ims(o) — x

l j " loglr=2115 (x) (logla-1Tx)—
(logta=tlg)k Atq-2(x)

_ loglr—215 (o) f (loglu-1lx)k-1
(logla-1lg)k Ata_(®)
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~ —11(— logit=2l15(c) {1 +0(1) }. .

Hence, . ‘
29 1i sup loglPlmg,x (5) (' " sup logtv1Is (o)
(2.2) Hm Toglil = m o logtdls

G- ]»nf g G0 lnf g
Further,

R | 1 Togiv21ls (x) log(la-th)k—
loglr—=2lmg,k(c6") = ______—_(log[q_l]c,) _ J Y ) dx
) -

where o = expli=1] {(logla~tlg)k+d}k > 6 > 6o, d > 0.

Therefore,

X

tp—2] 6" Jogla—1lx)k-
logP—2Imy,k (¢') > logte-2115 (5) j logla—1lx)k—1

(logta—tlg’)k . Agq-2(x)

4 log—21I5 (o)
k ° (logla-1lg')k

or,

loglo=11 mg, () > 0 (1) -+ loglo=11 I5 (¢) — k loglal o'.
On using the definition of index-pair and relation (1.6), we get
loglp—1lmg,k (6) > loglP~1ll5(s) {1 + o (1) }.

Finally, we have

loglPImg,(c) _ loglls (o) logldls
loglals’ ‘ loglals © loglals’

0 (l)

Since logltls ~ logl4ls’ as g+ oo, on taking limits in above inequality
we get

SUP JogWmay (5)

. sup Inl
(2.3) lim > lim logills (s)

65> inf log[q]G 62 inf log[Q]Gv

Combining (2.2) and (2.3) and taking into account (0.6) the theorem
follows.
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Theorem 2. For an entire function of (p» q) -order p and lower
(p, q)-order A, we have

04) Gim P | loglily o) L/logte of
) 6>®  inf “loglp—2lmg,y (o) et )

Proof. It is readily seen from definition of mg,x (o) that

log[p“l]Is (G)
Ag-11(o) loglP~2Im3,(c)

3o [log { (ogit110)t logl0-2ims u(c) } | —

On integration, we have

loglp—2115 ()
Togi"~2Img (a) Aq_17(0)

. g
k logltls 4 loglP~1Img,(s) = 0 (1) + j

Go
or

(2.5) loglP~tlmg,x(s) = 0 (1) -+ J A[:_(:;zx) dx,

where

 logP21T (x)
loglP—2Img,i (x)

(2.6) o(x) =
is an increasing function of x for x > x, (by virtue of Lemma 3). Thus
(2.5) gives

loglP~1lmg,i(a) < 0 (1) + o () (logla-11s) {1 + o (1) }.

On using Theorem 1, we get from above inequality

1
(2.7 ¢ < limsup M, A < lim inof Log ¢(o) .

G loglals s loglals
Again,
a’ o
logP—1Ims, (") > J' _ ™ 4.
grmse) > | Ro®
where ¢ = expld] (« -4 logltls) >0, « > 0.

Hence,
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logir—1Img,x(6") > ¢ (0) - . .
which gives,

(2.8) p = lim sup _l;)g_q;(ﬂ x> lim inf —lo—g—(&)—— .
[« MO og
Combining (2.7) and (2.8), we get
P logg(o) _ °
2.9 lim e = .
-9 oso jpf loglile A

The theorem now follows from (2.6) and (2.9).

Corollary 1. If f(s) is an entire function with index-pair (p.q) then
(2.10) loglr—11I5 (6) ~ loglP—1img,x(c) as o> oo.
Proof. From (2.4), we have for given £ > o0 and ¢ > 6o -
logte—2115 (a) 1 /loglals
logtr—2lmg, (o)

< ef + &
or,

loglr—115 (5) 1< (o + ¢) loglals
log!P~timg,k(c) loglP=1lmg,x(o)

Taking limit and using Lemma 4, we get

[p—1]
(2.11) lim sup llogp 3 (0)

< L
G® og[p"‘l]msak (o‘) -

Similarly taking into consideration the limit mflmum in (2.4), we have
for any ¢ > 0 and o > oo, '

{log-1lls(c) ! /log!%e

| loglr—tlmg,y (o) ek

and proceeding like above, we reach at

o logr—1115 (5)
(2.12) ;l_l::o inf loglP—1tmg,; (6)

Now, (2. 11) and (2 12) together prove the theorem .

Corollary 2. If f (s) is an entire function of (p, ‘)-orderp b <op
< o), (p> q)-type v and lower (p, q)- type v, then
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P logl-1ing, (o)
(log[Q“ ! ]G)D

(2.13) lim

o>*  inf v
Rema;ks,_({;i)_.Théo‘rem"zvinc‘ludes f'ollt:)wf{n;élresults a§ particular ca-
ses: i '
(a) (p.q) = (2,0), 3= 2; due to Kamthan [8]
(b) (p.g) = (2,1), due to Jain and Chug [5] .
(ii) All the results proved in Theorems 1 and 2 also hold for (p, q)
orders and (p,q)-types of entire-Taylor series subject to the condition”

p.and g are integers such that p >~ q > 1. In this case for (p,q) = (2, 1),
our Thcorem 2 1llclu_des the_ results of Rahman [12]

Lakshminarasimhan [10]. Polya and Szego [11]," Shah [13] as parti-

cular cases.

(iif) The following means called aritmetic mean function and auxili-
ary arithmetic mean function give all the results derived in this paper:

( 1'1 , }1/8
2.14) 23 (0) =) lim 5o [ PRe £(9) 3
Too 2T {
: =T :
and '
(2.15) M3,k (6) = R
(1 (5 ogl>~Ims () (logl =1 1x)K-
[pr2] S
exp ( (log[q 1]6)1\ j Afg-21(x) dx
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