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SUMMARY

In this paper we define strongly regularity for a series method and determine necessary
and sufficient conditions for a series method to be strongly regular. We also investigate the st-
rongly regularity for dual summability methods.

1. INTRODUCTION

Let A be a summability method given by the sequence -to-sequ-
ence transformation (sequence method)

th= X apksg, n=o,1,2,.. . (1)
k=0

We suppose that, for each n

converges; this is a much weaker assumption than the regularity of A.
Then we define

©
!
apkg == 2 ani.
i=k

We also suppose that the sequence (si) is formed by taking the partial
sums of the series Txy; that is to say that

k
S — X Xy,
V=0
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Let A’ denote the summability method given by the series -to- sequ-
ence transformation (series method).
Uy = z a’nk Xk, B = 07 19 29 vor (2)
k=0 ) ) :
Conditions for the regularity of the methods A, A’ are well known [1].

It is called that the methods A, A’ are dual [2].

2. STRONGLY REGULAR METHODS

The strongly regularity of a sequence method has been defined by
Lorentz, G.G., [3]. Similarly, we shall define strongly regularity for

series methods.

Definition 2.1. Let Zxy be a series such that its sequence of partial
sums is almost convergent to a value s. If the method A’ sums every
series Tx of this type, to the same value s then A’ is called strongly
regular.

We can give following theorem:

Theorem 2.1. A regular matix A’ = (a'py) is strongly regular if
and only if it satisfies the following conditions:

(1) limx a'px = o, for each n
. [2]
(i) imy, £ | A2a'pk | = o0
k=0
where, A2 a'px = A (a'nk — a'nykg1)-

Proof, Necessity. Let s, be nth partial sum of the series Xxy. Suppose
that the sequence (sp) is almost convergent. First, we shall show that
the condition (i) is necessary. Suppose the contrary: Let limy a'nk 7 o,
for some n. Then we can find a sequence (sp) such that (s;) is almost
convergent and the following limit

o«
limy, X a'nk(sx— sk_1)
k=0

does not exist,
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Let x = (xx) = (1, -1, 1, -1, ...). Hence we Obtain the sequence
(sx) as (sx) = (1, 0, 1, 0, ...). It is easy to see that the sequence (sx) is
almost convergent to 1/2. In this case,

a0 K
!
Z a’nk X = 2 (——1)k a nk
k=0 k=0

and the series
¥ (()kank
k=0

does not convergent since limy a'ny 7 o. Therefore the limit

o
my, 3  a'pexg
k=0

does not exists. Because, for the existence of the above limit, the series

el
X a'nk Xx
k=0

must be convergent for each n, firstly. Thus (i) is necessary.

Let us now show that (ii) is necessary. The sequence (sn) is boun-
ded since (sp) is almost convergent. Hence we have limy, a’'yp sp = o.
On the other hand, the partial sums of (1) and (2) are connected by the
relations

D p-1
X aprxk= X (a,nk - a’nak+1) Sk‘{—a’npsp- (3)
k=0 k=0 . L .

Hence, as p — o we have

0

o
T ankxkg= X (a'nk— a'nky1) sk =
k=0 k=0

TMS

( A a'nk) Sk
o
It is known that A is regular if and only if A’ is regular [1]. More-
over it is also known that, if a regular matrix A sums all almost conver-
gent sequences, then ‘
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o
hmn b I ank — an.ki1 ] =0
k=0

[3]. Thus we get

el O
limn Z | A ank — A a’n9k+l I == limn Z l Aza’nk |:O
k=0 k=0

Sufficiency .Now suppose (i) and (ii) hold and (sp) is almost con-
vergent to s.

As we mentioned above, it is known that A’ is regular if and only
if A is regular. Hence, considering the statement (3)

we have

lim, § a'nk xx = S.
k=0
Thus the proof is completed.

Theorem 2.2. Let A and A’ be two dual summability methods. Then
A is strongly regular if and only if A’ is strongly regular.

Proof, The condition limy a'px = o, for each n, is evidently satis-

fied since the. series

ank
0

w
| M8

converges for each n. Moreover, it is known that A is regular if and only

if A’ is regular. On the other hand

0
limy X |apk—apk,: |=0
k=0

if and only if

o0

limn 2 I AZ a,nk ‘ = 0.

k=0
- 7
since ank — an,ki 1 = A a'ngk — A a'nkpr = A2 a'pg.

Thus the proof is completed.
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O0ZET

Bu cahgmamzda, seri metodlan igin kuvvetli regiilerligi tarif ettik, sonra bir seri metodu-
nun kuvvetli regiiler olmas1 icin gerek ve yeter gartlan verdik. Ayrea gosterdik ki dual topla-
ma metodlarindan birinin kuvvetli regiiler olmas: igin gerek ve yeter gart digerinin kuvvetli re-
giiler olmasidur.
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