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ABSTRACT

Let P (B) be the class of functions u given by u (z) = 14-¢.z + c,2%+... regular in D = {z:
|z | < 1} and satisfying the condition Re {u (z)} >B,zeD, 0 <P <1 LetS*(a)and S (m,M)
be the class of functions f given by f(z) = z--a 2*+... regular in D and satisfying the conditions

zf'(z)
f(z)
zt'(z)
(z)

respectively, '

Re{ }>a,zeD,0_§oc<1

| -m| < MforzeD, mM) ¢ E

where - E = { mM): m-1| < M < m}.

In this paper we obtain the radius of univalence and starlikeness of the set of all functions
{ that are regular in D and are defined by f @)1 = 5(2)!2 u(z)!3 v(z)!4 w(z)ls and £(z)!1 = s(z)l2

5:@)13 u(z)l4 v(z)ls where s e 5(m,M), s, S*(), u € P(B) or _1_ € P(B), v € P(y) or

i. € P(y) and w ¢ P(S) or L e P®), 1, L, 1, 1,1, are all positive real numbers. These
v w

results are sharp and include the results of Bhargava[l], Ziegler[7], Causey and Merkes 2]
and Ratti [5].

1. INTRODUCTION
Let S*(a) be the class of functions f given by f(z) = z + a2+ ...

regular in D = {z:

z | < 1} and satisfying the condition Reg Z_f_(g) §> %,

ze D, 0 < « < 1. Let P(8) be the class of functions u given
by u(z) = 14-c¢z+c,2>+... regular in D and satisfying the condition
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Re {u(z) } > B, zeD, 0 < p < L Let S(m,M) be the class of
functions f given by f(z) = z-+a,z>+... regular in D and satisfying the
condition
zf’(z)
| ) -m | < M, ze D, (mM) e E where
E={(mM:|ml|<Mc<m}

Ziegler [7] obtained the radius of starlikeness of the set all functi-
ons f that are regular in D and are of the form

(1.1) f(z) = s(z) u(z) v(z)
where s € $*(«), u € P(8) or -}T e P(B), v e Ply) or% e P(y).

Bhargava [1] obtained the radius of starlikeness of the set of all
functions f that are regular in D and are of the form

(1.2) f(z) = s(z) u(z) v(z)

where s € S(m,M), u € P(8), or—llT e P(B), v e P(y) or—% e P(y).

In this paper we obtain the radius of univalence and starlikeness
of the set of all functions which are regular in D and are defined by

(1.3) f(z)t = s(z)'2 u(z)’s v(z)+ w(z)'s
and
(1.4) f(z)'t = s(z)'2 s,(z)"3 u(z)’+ v(z)'s

where s € S(m,M), s, € $*(x), u € P(B) or % e P@), v € P(y) or

—i— e P(y), we P(3) or %— e P(3) and , to L, are all positive real numbers.

These results are sharp and generalize the results of Bhargava [1 ], Zieg-
ler [7], Causey and Merkes [2] and Ratti [5].

2. LEMMAS NEEDED TO PROVE OUR RESULTS
LEMMA 1. If fe S*(x) and |z| < r < 1 then
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zf'(z) 1-(1-2¢) r

| f(z) !_ 14r

= v (r,0)

‘ 7
(1£z)2G-%) *

LEMMA 2. If fe S(m,M) and [z] < r < 1 then

Equality occurs for the functions f(z) =

2t’(z) 1-ar M2-m?+m m-1

Ty | = Ty —pEabla= —

Z

Equality occurs for the functions f(z) = T Lba) @7 °

This lemma is due to Silverman [6].

LEMMA 3. Ifuc P(8) and |z] < r < 1 then

zu'(z) | 2r(1-) -
Bl %@ | = @ mrazee — 0P
with equality only for u(z) = }—_—l_—(;sz—zﬁ)-sf le]=1.

This lemma is due to Libera [4].

LEMMA 4. Let 8 satisfy 0 < < 1. Let r(8) denote the root unique
2 ~/3,1] of the equation
(1-28) *~ 3(1-28) r’+ 3r - 1 =

Let o(r,8) and o,(r,3) be defined by

-2r(1-B)
“ilrB) = () 00295 |

e o () — JVIHI2B)r 4/ BA-r) )
PAGE (I—B) (1_1.2)

If u(z) is in P(B) then

,0 <r < 1.

(1.5) Re gzu(z)§_c(r,[3) 2] <r <1

u(z)
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where
" 6,(r,B) 0 <r <@
9 (rvB) =
_ oy(r:B) @) <r <1
if > 0 and
(1.6) 6 (r,0) = 6(r,0), 0 <r < 1.

Equality occurs in (1.5) when O << r << (), only for

u(z) = ————1+(i:zs)sz el =1

and when r(3) < r < 1 only for

1-28x ez + (28-1)e%2?

u(z) - 1-2) ez-+<%2*

7|€|=17

where

N S 5 (1+(1—2p)r2)”2, ,

T2 (110 B >0
Equality occurs in (1.6) only for u(z) = 14ez ,le| = 1.

1—=z

This lemma is due to Zmorovic [8].

3. PROOF OF THE FOLLOWING RESULTS

THEOREM 1. Let
f(z)1 = s(z)'2 u(z)’s v(z)4 w(z)'s

where se S(m,M), ue P@),0 <B < 1, ve P(y), 0 <y < 1, we P(3),
0<S<L,B<y<dandl,1,1,1, ] are all positive real numbers.
Let F (r,a,b.8,y,3) be defined by
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l

7o Cab) £ o) 1 o)
1 1
T N =R =0
I

l l :
— W (r,a,b)' —lf_ 73— 61(1‘7‘3) _!— '1—4 61(1'7\()’

1 1 1
g ) x®) =k < x

(L) Flrab i) =
' )

- u (r,ab) + % o (rB) + —l4— o,(T,Y)
1 1

uE ;_5 o(rd), T (y) <r <1 (B).

l 1
@ (r.ab) + T3 o,(r,8) + 74‘ o,(Ty)
1 1

£l @ <<

and

F(r,,b,0,0,0) — % u (rab) -+ lﬁif;ﬂ o(r0), 0 < r < L
Then f is univalent and starlike in |z | < ro<¢ 1 where 1, is the smallest
positive root of the equation F(r,a,b,8.y,d) = 0. This result is sharp.
Proof: ‘

zf;(z) L gzs"<z) ) Vl3k |
ReéT(Z)—g_——Re §+TRe

zu'(z) 2

'>l4 . zv'(z) L
+7 R § ) §+ . R %w(z) %

1

(hence by Lemmas 2 and 4

2f'(7)

(1.8) Re§ S OR

§_ T +—c(r@>+ , c(rm+-o<r8>
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= F(r,a,b,8,y,3), say.

Let g(r,8) = (1-28) r*-3 (1-28) >+ 3 r-1. Foreach 8 (0 <p < 1), g ()
is a strictly increasing function of r, 0 < r <landg (2—\/—3,3) =

2 (1-8) (5-34/3) < 0, g (L,B) = 48 > 0.
Thus g (r,8) has a unique root r (8) in (2~\/?,1]. Further
g (x(v). B) = (1-2p) (x(y) )’ -3 (1-2B) (x(v))* + 3r (y)-1

= 2(yB) ((y) PL=()-3] < 0if B < v
hence r(y) < r(B). Similarly if v < §, r(8) < r(y). Thus for8 < y
<38, 1) < r(y) < r(B) Using these facts F (r,a,b,3,v,8) defined in
(1.8) can be put in the from

(1.7). Since F(0,a,b,8,y.8) = —;1 > 0 and F(r,a,b,8,y,8) —» — oo as

1

r— 17, the equation F(r,a,b,8,y,5) = 0 always has a solution in (0,1).

The sharpness of this result follows from the sharpness of Lemma

rof’(xo)

2 and 4. In fact, it is possible to choose f(z) so that _f(r) =
0

F(ro,a,b,8,v,3) = 0 ond thus f'(r,) = 0 i.e. f(z) is not univalent in any
disc |z| < pifp > ro.

THEOREM 2. Let f(z)'t = s(z)'2 5 (2)"s u(z)'4 v(z)'s where se S(m,M), s
S*(0), 0 <a<lLueP(B),0<B<1l,veP(y),0 <y <1,B <¥,and
1,11, 1,1 are all positive real numbers. Let F(r,a,b,a,8,y) be defined by

l l l
Loy (rab) + 2y @) A o) 2 oy(r)
1 1 1 1

0 <r < rfy)

l 1l l 1
F(r,a,b,a,B8,y) = - @ (rab) + —l:— v (ra) + T: o,(rB) + Tj o,(rsy)

©(y) < r < @)

l )
T (rab) + 2y () £ oB) + £ ofey)
1 1 1

1

@ <r <1
and



THE RADIUS OF STARLIKENESS... 113

F(r,a,b,4,0,0) = %2— ® (r,ab) - ;3 14;{—15
1 1

6,(r,0),0<r <1

Then fis univalent and starlike in |z| < r, < 1 where r, is the smal-
lest positive root of the equation F(r,a,b,a.,8,y) = 0.

This result is sharp.
5(z)'2 u(z)'s v(z)4
w(z)'s

seSmM), ueP@),0 <B <1,vePy),0<y<LB<y,we P(3)
0<d<1and l,1,1,1,1; are all positive real numbers.

Let F(r,a,b,8,y.3) be defined by

THEOREM 3. Let f(z)!t =

where

% o (rab) +§—j o,(r8) + -f— 5,(riy) — —fj-n(r,sy
0 <r < ry)
i w (r,ab) -+ 13- o (r.B) + —l—‘l 6,(r,y) — -{5-7)(1'98)
F(rabgys) = | 1T, I I % I

My) <t < 1B)

) I
T8 () + 7 o) + 4t oaley) — - n(ed)

1 ) r(@)sr<1

and

+ I

l
Zu (rab) + 25— 6,(r,0) - l—5 7 (r.9).

F(r,a,b,0,0.8) = A

Then f is univalent and starlike for | 2] < ro<C 1 where 1y is the smallest
positive root of the equation F(r,a,b,8,y,8) = 0.
This result is sharp.

_ 8(2)"2 5,(2)" u(z)™+
v(z)bs

THEOREM 4: Let f(z)!: where s € S(m,M),
3£5%a), 0 <a <l,uePP),0<B<1veP®y), 0 <y < 1 and

I, 1, L, I, I, are all posmve real numbers. Let F(r,a,b,0.8,y) be
defined by ‘
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l 1 ! I ,
2w (rab) £ v () 4 g oeB) = )
1 1

1 1

0 <r <1

P‘(raa7b7fx9‘37'¥) = l l o o l : ]
_ll W (I'A,a,b) + _l}_ v (1',0(.) + ’li GZ(I‘eB) - TS“ Y}(I',Y)
1 1 1 1
B rB) <r <1
and
l, I I, I
F(r,a,b,a,0,y) = T (r,a,b) + 7V (ra) + T ¢,(r,0) - T 7(r,y)
. 1 1 " 1 1

0 <r < 1.

Then fis univalent and starlike for |z | < f0< 1 where 1, is the smallest
positive root of the equation F(r,a,b,«,8,y) = 0.

This result is sharp.

s(z)’2 u(z)’
v(z)'4 w(z)ls

THEOREM 5: Let f(z)t = where s & S(m,M),

ueP@), 0 <B<l,vePy),0<y<1l,weP®),0<3<1and

1,1, 1,1, are all positive real numbers. Let

F(r,a,b.,v.8) be defined by

l 1 l I
2y (rab) + =2 o) - S n(ry) — 5 0(xd)
} I I )

0 < < 1)

F(r,a,b.8,v,8) = r o ] - L L
7 @ (mab) + 3 o(rf) — 7 7 () — 7 (3
to hg! ' ! s 1

] @) < r <1
and
L o 1, L

Floab0rd) — 2w (rab) 425 o, (50) — 2 () — ().

1 1 1 1

O§r<'l',,

Then f is univalent .and starlike for |z ] <k‘ro< 1 where 1, is the smallest
positive root of the equation F(r,a,b,8,y,8) = 0.
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This result is sharp. -

I 1
THEOREM 6: Lot f(z)t — S& 28002 o o Sm,M),

u(z)* v(z)ts

5,€5%a), 0 <0 < L, ueP@),0< g <1,veP(y), 0 <y < 1land
l, L, 1, 1, I are all positive real numbers. Let F(r,a,b,a,8,y) be
defined by ‘

lz ls I, . ls
Flrabafy) — 7w (ab) + 2 v (na) — % n (28) - (e,

1 1 . 1 1 .
Then f is univalent and starlike for | z | < r,<< 1 where r, is the smallest
positive root of the equation F(r,a,b,,8,y) = 0.
This result is sharp.

s(z)"2

. y
THEOREM 7: Let f(z)!: = S w) @) where s € S(m,M),

$;€P(), 0 <ou <LueP@),0 <p <1l,veP(y),0 <y <1, 1,1, 1,
l,, I are all positive real numbers. Let F(r,a,b,4,8,y) be defined by

l 1 l l
F(raaabadvﬁaY) - "l‘z‘ EL (raaeb) - 7‘3" 7) (1',0{.) - 'li n(r7B) - _IS_ 7)(1'9Y)'
1 1 1

1

Then f is univalent and starlike for | z | < ro< 1 where r, is the smallest
positive root of the equation F(r,a,b,0,8,y) = 0.
This result is sharp.

The proofs of theorems 2 to 7 are similar to that of Theorem
1 and will be omitted here.
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