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ABSTRACT

In this paper, our object is to prove analogous theorems concerning the degree of approximation
by operators K (3 (f,x) corresponding to those obtained by Jain and Péthe [1]for the operators
PO (Ex). ‘ 5

INTRODUCTION

Various generalizations of the well known Bernstein operator By,

defined on C [0,1] by the relation
(1.1) By(fx) = & bpix(x) f‘(———),'
k=0 . n R
where ; 7 -
(1.2) bpa(x) = §) x& (1-x)2-%, k=0,1,....n
have recently been found. Thg Bernstein operator itself and many of its
generalizations are built by starting from the identity

n
Y bpx(x) = 1.
k=0

(1.2) is the well known binomial distribution. In a sequence of
independent trials, let Py be the probability of a success after k previous
successes. If Py = x, it is known that the probability of exactly k suc-
cesses in n trials is by,(x), k = 0,1,...n. Itis obvious that by taking a
more general value for Py, a corresponding generalization of the ope-
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rators By will be obtained. Jain and et al [1] gave such generalization
of By, defined by (1.1).

2. Operators: Let Py = x 4 By, where § is any real number sa-
tisfying the condition 0 << Py << 1 for all k, k = 0,1,2,..., n. The pro-
bability Py (n,8) of exactly k successes in n trials is then given by

}

1 k
@) Pulnf) = 47

Il

1=0

() E () (e,

is defined as 1, when k = 0.

1=0

k1
where II (% +1

N’

Jain et al [1] defined on C [a,b], 0 << a <b < 1, the sequence
of the operators Py ®) by the relation

2P = B P@ar (),

where 8 may depend on the number n. Since 0 <Py < 1. the limiting
conditions on 8 are

8 <(l-x)/nif B = 0 and |B] < _1’} if B < 0.

It is easily seen that the operator P, (®) approaches that of Berns-
tein when B8 — 0, and is actually Bernstein when 8 = 0. Indeed when
B = 0, Px = x and Px(n,0) = (]':) =k (1-x)n-k,

Now, we define a Kantorovitch type polynomial with the help of
(2 .2) for Lebesgue integrable functions on [0,1]in Li-norm as

k+1

n Y
(23) Ka® () = X (1) _k_j f(t)dt Py(n,B),

n1
where P(n, B) is defined as in (2.1).
If we put B = 0 then (2.3) reduces to the operator

kit

n+1
Ku (£%) = (n+1) Lj xk(1-x)n-k f (t)dt.

n+1
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3. Convergence: With regards to the convergence of the sequence
of polynomials K,,® (f,x) fer f (x) € C [0,1], we state and prove the fo-
lowing:

Theorem (3.1): If f ¢ C [0,1] and if 8 - 0 asn »* , so that nf - 0,
then the sequence K;®) (fx) converges uniformly to f(x) on [ab],
where 0 << a <b < 1.

We need Lemma 3.1 to establish Theorem 3.1
Lemma (3 .1): The following identities hold.

61 I Pup = L
(3 .2) k%o k Py (n,8) = nx (148 (1)), and

(3 2 ke Pyng) = ux 14+ @) +u-) x (+B) (1-+:00),

where
Bi(n) = (1_*‘2;_“_1 -1, and
(3 4)
) = LHL2I2
Proof: From (2.1) ve we have
Py(n,B) = % ]E (—i’i + i) X the coefficient of ——

o0 k
inp £ T () (1-X-Bo

n=0 r=0

n

LR (X " on
- X i~I=Io (—B‘ + 1) X the ceoefficient of -

k
in I (1) (¥) elX-sne

r=0
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1 k-t - n
—-—— 11 2{_ 4 1} X - the coefficient of i— in
ko, : n
e(1=X)8 (1o-Bejk

Hence the probability generating function P(t) of k is given hy '

(3.5) P(t) — éo 5 Py(n,P)

.. on .
= the eoefficient of — ine(=X)8 [1-t (1-£788)]-X/8,
n

Therefore, from (3 .5) we have

n

(3.6) = Pyn,B) = P(I} = the cocfficient of ?1_’1 in 0
k=0

= 1.

To prove (3.2), we differentiate (3.5) w.r. te t. On simplifying we
get

S

(3.7) Py the coefficient of
di

in

3

X

. R |
%i e(mX)0 (1-e~80) [1-t (L—c—B0); B

B

Therefore,

n . [§1i8
%k Py(n,B) = [d(r;(t) = the coefficient of -—
k=0 t t=t1 n

in ¢0 (eBB—1)

X
B
S [a+pm]
nX (1 + 81 (n)),
where 8, (n) is given by (3 .4). ‘
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Further, differentiating (3.7) w.r. to t and simplifyiag, we get

d2P(t)

. . . an. |
———— = the coefficient of —~ in
dt2 n

Zg_- (% +1)e(1—x>o (1-e—89)2 [1-t(1—c—B9)]-(X'B)—2

Hence
D P TAPOT X X v o
6.8 3 kenhop) =[] = (- 1) 042
~2(14B) 1],
amxxrg 1oy Gh2er-204epl
@)X (X4 [1- S 1]

= n{n-1) X (X+8) [1+ 8, ()]
Adding (3.2) azd (3.8), we get (3.3).

Proof of Theorem (3 .1): It is easy to see that K, (8 is a lnear positive
operator. Therefore it is sufficient, by Korovkin’s theorem [3], te verify
the wuniform convergence of K,®) ({,x) for the test functions { (t) = 1,
© and t2.

It is clear from the definition (2 .3) of K,®) and (3 .6) that
L
gt !
39 Ko® (1x)= Z (o1) g j dt Px (n,?)
k=0 i
n
= Z Pinp)
k=0
= ]_
Observe that under the conditions of the theorem

lim 1 () — 0 — lim B, (a).

Hengce, it is easy to see from (3.2) and (3 .3) that

k41

N =) ,
3.10) Ky®(tx) = 2 (n+1) g f t dt Py(n,B)
k=0 T

n+l
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1 n 1 n
= ———— X k Py, Y Pyn,
(n+41) x=o w(n.8) + 2(n41)  x=o (.8)
_ 1 rxa 1
= mr PP I ey
B+
n n+1
(3 .11) KH(S)(tZ’x) = X (nqu) K j t2dt Pk(n,{i)
k=0 Fysy
1 n n )
= e & Kred s B K
1 n
-+ 5 Y Px(n,p)
k=0

= ot P DX B+ )

1
+11X (] —I—BI (n)) + T
Combining the results of (3.9), 3(.10) and (3.11) we have

lim Ky ® (tr, x) = xt, r = 0,1,2,

no,

4. Estimate of order of approximation

Theorem (4.1). If f € € [a, b], 0 <a <b < 1 and 14+2n8: (n) >
(n-1) B, (n), then

(4.1) [f(x)- Ka®)(x) < 2w (m) + 0 (—i—)

where

(4.2) e =1+ 28: (n) + (n-1) (142 ())B

(4.3) A= [1 4 208, () (a-1) B, (n) ]1/> and

w (3) is the modulus of continuity attached to the tunction f.
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For the proof of the Theorem (4.1) we need the following lemma:
Lemma (4.1): Forx e [ab].0 <a <b <1 and 142nf; (n) > (n-1)
Bs(n), we have

K+

n T
kéo (n+1) _E_.J. Pi(n,p) (x-t)2 dt

nii
c2 1
= Tmar T° (T)
Proof: By linearity of the operator and using (3 .1), (3.2), and (3 .3) we

have

k+1
o]

1
44) 1) = _k_J Pi(n,B) (x-t)2dt

k=0 [T

— x? Kyp8(L,x)-2x Kyp®(t,x) + Kpd(t,x)

= x2-2x [nx (:_i_}_ﬁl 2) + 2(1:}—1)]

+ [ (1481 (@) +n(a-1) x (X+8) (1482 ()

1
(G=n
e (148 () + ]

< X2-2X [nx(ltﬁl ) 2111]

n _I}_Z [an (1481 (n) + n(o-1)x (x+B) + —;‘]
C_X_dZ_XZ_ + o (—}—)

n n

Noting the fact that max (CX-~ d2X2) occurs when X = —-2—3—;, we get
from (4 .4) that
kot

Nl
2 1
. (n-+1) _k_j Pi(n,p) (x-t)2dt < 4—]:'&7 + o (_n—)

il

o
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Proof of Theorem (4.1): By using the properties of mpdulus of

continuity, viz:, e :
HE) — 7)) | < w(]x'-x"]),

and

W) < (1) w(d), A > 0,

and by making use of Cauchy’s inequality, it can be easily deduced that

Kt

(45)i«m;me<ﬂmlfz§1A+-g§-[@+4> 3 &J Py (2, 8)

k=0 Ti1

Using Lemma (4 .4) we get

(4.6) [f(x)-K,® (fx) | < 31 + _%_ 2di/5— % WY(S,) + o (L) .

n

chgosing 5 = 2;\/_ in (4.6), we get (4.1).

Remark. We have noted earlier that when p = 0, Ku® reduced to the
modified Bernstein operator defined by Kantorovitch [2]. Choosing
1

3 = ——
/1

and noting the fact that ¢ > 1 and d~1 as § >0 (4.1)

reduces, whenf3 > 0 to

9 —Ka () | =5 w (=)

which agrees with the result proved by Popouiciu [5].

Theorem (4.2). Let f ¢ ¢’ [0,1]. If 1+4-2np, (n)\ (n~1)[32(n) and $ > 0,
the following inequality holds

¢ c
4.7) i) — Kaf(fx) | < - w (_—_)
D) 109~ Kabe) | < 402w (5
where ¢ and d are respectively as defined in (4.32) and (4.3) and w; ()
is the modulus of continuity of {’.
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Proof: We prove the theorem for f (X) > 0. It can be proved similarly
when f’ (X) < 0. Ey mean valde theorem of differential calculus, we have

HX) — (1) — (xt) € (2),

where & = Zj,x(x x} is an interior point of the interval determined by x
and t. Since 8\ 0 it can be easily deduced that

(4.8) KX)H(1) < (x-1) | £ ()£ ()| + [X(A+8, (n))—tﬂf( x)-
Multiplying both sides of (4.7) by (n+1) Pi(n,p), integrating between

n—{ll and‘ h:i , sumwing over k, using (3.2) and the

the limits

properties of the modulus of continuity, (4,8) reduces to

k1

(4.9) |F(X)-K,®(£;x) ] %[ Z (atD) ;grjnﬂ Pk@qn(x-QZ]%
[1+-€§ (éo(nﬂ)niljn+1 Pﬂmm(x;oﬂ%g.WIQL

where § is a positive number not depending on k. Finally making use of
Lemma (4 .1) in (4 .9) and choosing

c

2d+4/n

we get (4.7).

Remark. As in the remark of Theorem 5.1, in the special case when

f = 0, we choose & = reducing (4.7) to the inequality:

, 31 1
[£x) — Kn® (£x) | < — — wl( VET)’

which is in agreement with the one proved earlier by Lorentz [4] for
the Bernstein operator.
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