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ABSTRACT

In this paper, our object is to prove analogous theorems conceming the degree of approximation 
by operators (^5^) conesponding to tbose obtained by Jain and Petbe [IJ -for tbe operators 
Pn<^> (Ax).

INTRODUCTION

Variotıs generalizations of tbe well known Bernstein operatör Bn, 
defined on C [0,1 ] by tbe relation

(1.1) =
n / k \S b„,k(x) f (—),

k=o n

where

(1.2) = (0 x^ ...n(l^x)»-k, k==o,l

have recently been found. The Bernstein operatör itself and many of its
generalizations are built by starting from tbe ideiıtity

n 
z 

k=o
bn=k(x) = 1.

(1 .2) is tlıe known binomial distribution. In a sequence of
independent trials, let Pı,. be tbe probability of a success after k previous 
successes. If P^ = x, it is known that tbe probability of exactly k suc- 
cesses in n trials is bn,it(x), k = 0,l,...,n. It is obvious tbat by taking a
more general value for P^jj, a corresponding generaliz ation of tbe ope- 
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rators Bn will be obtained. Jain and et al [1] gave such generalization 
of Bn defined by (1 .1).

2 . Operators: Let P^ = x 
tisfying the condition 0 < Pr -

4“ 3k> where 3 is any real number sa- 
;; 1 for aîl k, k = 0,1,2,..., n. The pro-

bability P^ (n,3) of exactly k successes in n trials is then given by

k-i
(,2.1) PR(n,3) = n

İ=O

k
S (-!)’• (^) (1—X—3r)“, 
r=o

1 X
-----H iP

where
k-i 
n 
i=o +i is defined as 1, whenk = 0.

X
3

Jain et al [1] defined on C [a,b], 0 < a 
of the operators Pn*^^ by the relation

1, the seguenceb

( 2 .2) Pn(W (f,x) =
n
S 

k=o
Pk (n,Ş) f

where 3 may depend on the number n. Since 0 
conditions on 3 are

-:Pk 1. the limiting

—, if 3 n
(l-x) / n if 3 0 and 13 I 0.

It is easily seen that the operatör Pn^^^ approaches that of Berns- 
tein when 3 -> 0> and is actually Bernstein vhen 3 = 0. Indeed when
3 = 0, Pk = X and Pit(n,0) = x!^ (l-x)a

Now, we define a Kantörovitch type polynomial with the help of 
(2 .2) for Lebesgue integrable functions on [0,1 ] in Lı—norm as

n
(2 .3) Kn<W (f,x) = S (n+l)

k=o k
n+l

k+l 
n+l

f(t)(it Pk(n,3),

where Pk(n, 3) i» defined as in (2.1).

If we put 3 = 0 then (2 .3) reduces to the operatör

kt-1 
n+l

Kn (f,x) = (n+l) k 
n+l

x’'(l-x)a-k f (t)dt.
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3 . Convergence: With regards to the convergence of the sequence 
of polynomials Kn(P) (f,x) fer f (x) e C [0,1], we State and prove the fo- 
lowing:

Theorem (3 .1): If f e C [0,1] and if [î 0 as n , so that nŞ 0,
then the seguence (f,x) converges uniformly to f (x) on
where 0 b < 1.

We need Lemma 3 .1 to establish Theorem 3 .1 
Lemma (3 .1): The following identities hold.

(3.1) 2 Pk(n,3) = 1,
k=o

(3 .2’) S k Pjj (n,p) = nx 
k=o

(1 + Pı (1)), and

(3 .3) L k2 Pi£(n,Ş) = nx 
k=o

(1 + ^1 (n)) +n(n-l) x (x+p) (14-P2(n)),

where

Pı(n) =
(1+3)”- 1 

n3 -1, and

a

(3 .4)

32(û) =
l + (l+2 p)n-2(l+p)n

n(n-l) 32
-1

Proof; From (2 .1) ve we bave

Pk(n,3) =
1 
kî

k_ı 
n 

1=0
6“X the coefficient of-----
n

GO

in 3 S 
n=o

S (-l)r (^) (l-X-3r)n 
r=o '

6“

1
TT

k_ı 
n 

1=0

6“
X the ceoefficient of---- -

n

İn
k
S (-l)r
r=o

e(ı-X-3r)e

X

P + i

k

X
P
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1 
IsT

k-i 
n
1=0

a- •T + ‘
ön

X the coefficient of------in
n

e(ı-X)0 (l_Q-0e)k.

Hence the probability generating fanction P(t) of k is givcn by

n
(3 .5) P(t) = S tk Pt(n,Ş) 

k=o

0» .= tbe coefficient of---- in efi“X)0 [1-t (1-6^06)
11

Therefore, from (3 .5) we have

n 6“ .(3 .6) s Pk(n, P)
k=o

P(l) = the coefficient of in e0
n

= 1.

To prove (3 .2), we clifferentiate (3.5) v/.r. to t. On simpüfying we
get

„ 0“ .(3 .7)
dP(t) 
“dT^ = the coefficient of---- in

11

X —1
_ eb-X)9 (1-8--39) [1-t (l-e-30)j

X
T

Therefore,

n
s k Pk(n,Ş) 

k=o

rdP(t)-ı
L dt Jt=ı = the coefficient of

0“
n

Xin —— e9 (e93-lj 

= A [(1+Ş)--1]

= nX (1 + Şı (n)), 

where Şı (n) is given hy (3.4).
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Further, differentiating (3 .7) w.r. to t and siınplifyiug, we get 

d2P(t) 
dt2

0» .= the coefficient of — in
n

X ■ I e(ı-X)0 (1-6-39)2 [1-1(1-6-39)]-(X g)-2

Hence

n
(3 .8) S k(k~l)P]i(n,3) 

k=o
d2P(t) 1 

dt2 Jt=ı
X
Ct 
t-'

M [(1+23)"
S

■2(1 + Ş)n+1].

n(n-l) X ('X+P)
(l + 2!3)”-2(l + ^)» + l

n(n-l)Ş2I t

n(n-4) X(X+S) [l+!32(u)]

Adding (3 .2) and (3 .8), b' T {3 .3).we gi

Proof of Theorenı (3 .1): It is easy to see that Kîi(3) is a lincar positive 
operatör. Thereforc it is sııfficient, by Korovkin’s theorem [3], te verify 
the uniform convergence of Kn®) (f,x) for the test functions f (t) = 1, 
t and t2.

It is clear from the definition (2 .3) of Kn®) and (3 .6) that

(3 .9) Kn(W (1.x) 2 (n+l)
k=o k 

n+l

Ji±i 
r n-'rl

dt Pt (n,S)

n
2

k==o
1

Pk (n,.B)

Observe that urıder the conditions of the theorem 

lim pı (n) = 0 = lim ^2 (n)-
nn~>oo

Henoe, it is easy to see froır» (3 .2) and (3 .3) that

\3 .10) Kn<W(t,x) =
n
2 (n+l)

k=o
k

n+l

k+ı 
n+l

t dt Pjj(n,p)
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1
S k Pk(n,3) + 

k=o
1

2(n+l) S Pk(n,3) 
k=o

] 
n+ı (1+ 31 (n) ] +

1 
2(^+1)

n
s (n+1)

k=o

k+ı 
n+ı

k 
n+ı

S K2Pk(n,3) -j- 
k=o

L K Pk(n,3J 
k=o

+ s Piı(n,3) «> k=o

1 
(^+î? nx(l + 31(11))+ıı(n-l)x(X+3)(1+32(11))

+nx (1+31 (n)) +

Combining the results of (3 .9), 3( .10) and (3 .11) we have

lim Kn(e> (U, x) = XI-, r = 0,1,2.
n->co

4 . Estimate of order of approxinıation

Theorem (4 .1). If f 
(n-1) 32 (n)» then

C [a, b], 0 < b < 1 and l+2n3ı (n)

p [

(3 .11) K„(g)(t2,x) t^dt P]f(n,3)

e

1

n

a

(4 .1) |f(x)- Kn(W(f,x) < 2w c
2dny'n

vvhere 

(4 .2) c = 1 + 23, (n) + (n-1) (I+32 (n))3 

(4 .3) d = [1 + 2n 31 (n)- (n-l) 32 (n) 

■w (8) is the modulus of continuity attached to the function f.



APPROXIMATION BY MODIFIED BERNSTEİN OPERATORS 31

For the proof of the Theoıem (4.1) we need the following lemma:
Lemma (4 .1): For x e [a,b] , 0 < a 
32(a), we have

1 and 14-2ııPı (n) > (n-1)b

n
S (n+1)

k=o k 
n+1

k+ı
n+1

Pk(n,p) (x-t)2 dt

C2
4nd2

1 
n+ o

Proof; By linearity of the operatör and using (3 .1), (3 .2), and (3 .3) we 
have

00

(4 .4) (n+1) S
k=o k 

n+1

k+1
n+1

Pk(n,P) (x-t)2dt

= x2 K„3(l,x)-2x Kn<^>(t,x) + Kn3(t,x)

= x2 - 2x
nx (1 + P1(P) 

n+1
1 

2(K+î)+
+ 1

(d+ 1)2 (1+Pı (n))+n(n-l) x (X+Pj (I+P2 (n))

+ nx (1 + Pı (n)) -|----

< X2-2X nX(l + Ş, (n)) + “t]n

1
n2

pnx (1 + Pı (n) + n(n-l)x (x+j3) + j

CX-d2X2
n

Noting the fact that mas (CX- d2X2) occurs t\hcn X = ”23^’

from (4 .4) that

+
+ o 1

n

n
S (a+1)

k=o
k

n+1

k+ı 
n+1

Pk(n,p) (x-t)2dt <
4n d^ + o

1 
a
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Proof of Theorem (4 .1): By using the properties of modulus of 
continuity, viz.,

lf(x') — f(x") 1 < w(lx'-x"|), 

and

w(XS) < (X+l) ■w(f5), X O,

and by making use of Cauchy’s inequality, it can be easily deduced that

(4.5) if(x)-KnO) (f,x)| [(n+l) n 
s
k=o _Jl_

n+l

k+l 
n+l

Pk (n, Ş)1 +
1 
I

1
(x-t)2]“ w(S)

Using Lenıma (4 .4) we get

c )(4.6) |f(x)-KnO) (f,x) I < (*(^) + 
2dVn ' - ■

Choosing S =
c

2d+n
in (4.6), we get (4.1).

o
1
n

Rentark. We have noted earlier that when p = 0, reduced to the 
modified Bernstein operatör defined by Kantorovitch [2]. Choosing

1
S = and noting the fact that c > 1 and d

Vn

reduces, when[5 -> 0 to

i f(x) - K„ (f,x) I < —
1

\/n
3
2 W

0 (4.1)1 as 3

which agrees with the result proved by Popouiciu [5].

Theorem (4 .2). Let f e C' [0,1]. If l + 2nPı(n)> (n-l)32(n) and p > 0, 
the follotving inequality holds

(4.7) |f(x) - K„3(f,x) I c
d y/n

W1
c \

where c and d are rcspectively as defined in (4 .32) and (4 .3) and W] (S)
is the modulus of continuity of f'.
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Proof: We prove the theorem for f' > 0. It can be proved similarly
when f' (x) 0. By mean valûe theorem of differential calculus, we have

(x-t) f' (H),

where = 2n,k(x) is an interior point of the interval determined by x
and t. Since Ş; 0 it can be easily deduced that

(4.8) f(X)-f(t) (x-t) I f (ç)-f' (x) 1+ |X(l + Şı(n))-t) l f'(x).

Multiplying boih sidcs of (4 .7) by (n-|-l) Pk(n,Ş), integrating betweeh

the liınits — k 
n+ı and k+1

n-|-l
summ.ing över k, using (3.2) and the

f(X)-f(t)

properties of the modulus of continuity, (4,8) reduces to

(4 .9) |f(X)-Kn<3)(f,x) I <
n
2 (n+1)

k=o
K 

n+ı

k+ı 
n+ı

Pk(n,p) (x-t)2j

S (n+1) 
k=o

k 
n+ı

k+ı

J PK(n,3) (X-t)2] . wı (S),

1 
2

1 2

where S is a positive uumber not depending 
Lemma (4 .1) in (4 .9) and choosing

on k. Finally m.aking use of

c
2d5/n

S =

we get (4 .7).

Remark. As in the remark of Theorem 5 .1, in the special case when

P = 0, we choose ? = reducing (4.7) to the ineguality:
Vn

|f(x) - K„(o) (f,x) I 3
■4

1
\/n

W1
1

V'n

which is in agreement with the 
the Bernstnin operatör.

One proved earlier by Lorentz [4] for
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