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The Singular Solutions of the Generalized Poly-Axially Symmetric
Helmholtz Equations

i. Ethem ANAR

SUMMARY

In this article the solution of the generalized poly-axially symmetric Helmholtz equation
is obtained on the common intersection of the singular hyperplanes. In the case of spherical
region the solution on the common intersection of the singularity hyperplanes is given by a Pois-

son type integral. We also have obtained solutions of the equations N [u]=c and hP};[u]=f.
x

I. INTRODUCTION

In this paper we shall investigate the solutions of the generalized
poly-axially symmetric Helmbholtz equation

n n 2k
helU] =2 Uy, + % -8 U, + KU = 0. (1.1)
i=1 i1 =l Xy j

The equation (1.1) has the singularity hyperplanes x;= o if k; 5% o.
Throughout this paper we assume that k,; and k are real positive cons-
tants. Let us denote by D, the common intersection of the singularity
hyperplanes, and consider the portion of the n-dimensional space, de-
fined as follows

Q = {(Xpp+vs Xj_pp Xppeery Xp)2 x;2>0,..., xy>0}. (1.2)

Let D be a bounded region in Q, and éD denote the boundary of D.
Let us asssume that oD = D', US where D', < D,. Let n be the
inward normal on éD.

A solution of (1.1.) is

U=r1eNfk), 25 =n-2+2 2k, (1.3)

j=I

where
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r= [ EP A e+ (- G XA e Xl

In the representation (1.3)

P= (Xp-ees Xj_p» Xppeovr Xn) € D, Po= (Eppe vy £ 0,...,0) € D'y
and N; is a Bessel function of the second-kind of order s. Let us denote
the sphere with radius ¢, centred at a point on D', by De and its boun-
dary by &De. Let u, v be two functions having continuous derivatives
of second order in D. Then the Green’s formula for the operator hx
can be written as follows,

n 2kj n 2k ov
Sn %, (uhg[v] - vhg[u]) dF = - (I x, <u——-——v———)dc (14)
DJ = oDJ =t on,

Here d7 and do are the volume and surface elements respectively.

2. THE SOLUTION OF THE EQUATION hxju] = f ON D%

By a similar reasoning used in [1] we choose the function v as a
singular solution of (1.3). Let us write the Green’s formula (1. 4) for
the region D-De as follows:

oo, fg,xj [a(P)bx(r=Ny(kr)) - r*Ny(kehs(u(P)] d&

@.1)

- - ﬁszk ?u(P) [r-sNg(kr)] - r-sNg(kr) (P ) | 4.

We already know that |3] a Bessel function of the second-kind has
the property

—‘;ix [x'Ny(kx)] = — k x~v Ny, (kx) 2.2)

and for very small x's,

- —LZVF(V) xVi;v#O0
Ny(x) ~ " vt -1, -2,... . (23)
—2—lnx ;v =20
P

Using (2.2) and (2.3) we obtain
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j fx 1 uP) [r-*Ny(kr)] dos

oD,

aD IH X, I u(p) [r8Ng(kr)] do.

. §
’ n-1 2 Xk n 2kj

~ K ju(P)rSHNm(kr) Mein ' 6 Iecos 0 dw

¢ j=1 ’ j=

If ¢ tends to zero we get

jl‘[ X u(P) [rsNy(kr) Jdoe = — u(Po)w*, (2.4)
6D
where
K 9 8+1 ng 22k n
W= — (—) I'(s+1) j.l'[ sin ! ;I cos?;dw (2.5)
TN k L el ) 3=t .

do = ! dw, dw = sinn~%,__ sina-0, ... sin 0, dby_,d0y_,. ..d6, (2.6)
The second integral over éDe appearing in the equation: (2.1)
eaisily gives

jn ;) rSN,(ke) 3“(P) ds
oD,

ce = 0. 2.7
Let u be a solution of the equation hy{u] = f(P) and f be a cohtigyious
function defined in D. Hence the solution of hx[u] = f(P) at the point
P, can be writtenr as follows:

1 n 2k Py 5
* 6Dj J'I;Il M j §u(P) on [r#Ns(kr)] — r~sNy(kr) 3Tu(P) do

LY (2 ) rs Nr) A5 2.8
o T ) e M) a5 (2.8

Obviously the solution of hx[u] = 0 in D'y is
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u(P,

JL B w2 oot ) () | d
(2.9)

3. A FUNDAMENTAL FUNCTION FOR THE SPHERICAL REGIONS

Let D be the spherical region with the radius R, centred at the
common intersection of the singularity hyperplanes. Let us define

4 2
= (p2 + 12~ 2r1p cosB)/? Rl = (r;2 4 - 2r cosf)1/2
and
Ry = Ry* RY = RI;*
n=R =R
where

z_O-Fo, ‘(TPO .O_P,(): Rz, IIZW

In the spherical region D the fundamental function y (P; Py) of the
equation hylu] = 0 is

Y(PsPo) = (RyR1;*)"sNs (kRy) Ny(kR1;*)-(R1;R;*)=N; (kR11)N; (kR;*)
where v (P;P,) vanishes on 6D — D,'. If we substitute y(P;P,) for the
solution (1.3) in the formula (2.1) we obtain

j=

n 2k, o
= - j.II % ' a(P) —5— v(P;P,) do.
oD.J i oR,

j=1
=[x () 2 (RR)INGR)NGRIY} oy (3)
3D j=l 8R1
= — w* (Riy*)SNy(kR1;*) u(P,)
as in the previous section. On the other hand we can easily show that

au(P)

2k
_[n x;} ¥(P;Po)  dog = 0. (3.2)
oD,

Making use of (3.1) and (3.2) in (2.1) we get
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H XJ ! {u(P) bx[y(P;Po)] - ¥(P;Po) bx[u(P)]} dg

— — w* (RI*)*Ny(kR1;*) u(P,) (3.3)
a_DEIl o g u(P) ——  [y(PiPo)] ~(P:P0) a“(P) do
u(Po) = 7,%%%?)— g Djn x; ! ¥(PsPo) h[u(P)] 45
= Li{l X u(P) ﬂ do g . 34

In the case of spherical region (3.4) is the solution of the equation hx
[u] = f at the singularity point Poe D’. If hg[u] = o then (3.4)
reduces to the form

_ oRyrE

u(Po) = — N TNART) )] j 1T xJ g u(P) [%Y(P;Po)]

(3.5)

1‘1:R

The value of the normal derivative of the fundamental solution on the
spherical surface is

| = KR R (o~ R cosd) Ny(kR*)) No,a(kRY")
1
ry = R

~ (R-p cosh) Ny(kRij*) Ne,; (kR*))}

Thus the solution (3.5) becomes

k(RL;*)s

uw(Po) = W Ns(kR1,*) o)

H XJ T u(P)(Ry*)-c (1) (3.6)

x {(R-peost) Ny(kR!;*) Ng,1(kR;*) - (p~Reosh) Ny(kR;*) Ne,1(kR!1*)} do
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4. A SOLUTION OF THE EOUATION h; [u] = o

If we want to obtain a solution of (1.1), which depends only on

r= [(x—-&)2+ ... + (xp1— 51_1)2 _J[_ X2+ ...+ in]l/z

then the equation becomes

d2u 2s -+ 1 du

dr2 + r dr

+ Ku = o. 4.1)

We shall use the method of induction to find a solution of the equation
hP5; [u] = o, where p is a natural number. First let us consider the equ-

ation h’s[u] = o: the system of equation

hs[e] = o

hzfu] = ¢ (4.2)
corresponds to the equation

h’s[u] = hg(hg[u]) = o. (4.3)
By (1.3) a solution of the equation hx[p;] = o is,

¢y = r8Jy(kr) 4.4)

Here Jg(kr) is the Bessel function of the first-kind. Thus the equation
(4.2) takes the form

d2u du
2 .
2 — + (2s 4+ I)r &

+ K2y = r2-8Jy(kr). (4.5)

Now let us look for a solution of (4.5) in the form

u = A rslJ; (kr) (4.6)
After the necessary calculations we obtain
n -8 +2
{Ak[2s - n -2 3 k;] -1} r Js(kr) = o.
j=1

Thus in order to get a solution of the form (4.6) we must choose

1

A=

Hence a solution of the equation h’z[u] = o is
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1 -5 +1

=gt (k). (4.7)
Now, let us suppose that a solution of the equation

hy hy ... hgfu] = bhgP' [u] = o (4.8)
is

—2 8 4 p—

R I o T @)
Since

hs? [u] = hy (b[u]) — o. (4.10)

we get the system

hg" o, 1] = o

hy[u] = @, . 4.11)
Substituting (4.9) into (4.11), we get

&2 du (hp2 e
) 210 = o )
Poam T O D g F R = et 16, (412

If we try to find a solution of (4.12) in the form

u = A rs+-1J (kr) (4.13)
S—(p-1)
we obtain
. (_l)p——l
AT e
Hence a solution of the equation h;[u] = o is
(1t
u, = ————————— r8+0-1J (kr). 4.14
" T @ it 19

5. THE SOLUTION OF THE EQUATION hyr[u] = f IN D’

Following the method used in obtaining (4.14) we can find the
solution :
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u = % N, (kr), q=9s-p+1 (5.1)

of the equation hyPju] = 0. On the other hand the Green’s formula
for the operator hyp, [2] is,

n 2k,
s [IL =" (whsolv] - vherlu)) dp

p—i_1 p—i—}
p=1 n 2k, /. ohy[v] chy[u]
_ i > T . >H
= -% aDjjgli (hlz[u] A ) do (5.2)

here u, v € (2°(D) and u, v € C272(¢D). In (5.2) we define h3°[u] = u.
We want to use the singular solution (5.1) instead of v. Let us subtract
a neighborhood D; of the point from the region D, v is singular. The-
refore we can apply the formula (5.2) to the functions u and v in the
region D-D.. From (5.2) we can write

2k,
- j Ifl x; 1 fu hgP[r N (kr)] — r-N (k) hgP[u]} dr
~Dg =

n 2k,
= _ |1 x Jgu 2 hsPI[eN (kr) ] - r N (kr) 2 hgri[u] ! do
oD - oD, i=t on on S

rl no 2k ; 0 ; :
- % [ 1) ] 2 et N ) -t - )]
i=1 9D+ 8D, =1 n
x o hyp-i-i[u] { do (5.3)
on T )

By induction

1
hP~1r-IN (kr)] = (@k)p-1 11 (m-p) =D N (kr) (5.4)
maq p+a-1
and
—1
0 hept [N (k)] — - 201kp 1T (m-p) r- @D N (kr) (5.5)
or a m=1 P+d

are easily obtained. Thus
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a —_ -q
", J' 1 <! u(P) —— g1 [N (kr)] do

n

. - (5.6)
=2 M (mp) [r © ) uw® N (k) -
me c p+a
i
. 23k
x Il sin ! Ochosje l'nldW
i=t i=t
e WI u(Po),
where
1 2 q+p p_1 n 2 Si ks n
Wi= () Te+orie’l @y [Hen £ o0 s
T k m=1 c =t i=t
x 2Ki9; 121 dw. , (5-7)

On the other hand we can caisily verify that

I eON (K b u]d 5.8
o ST N ) e B ] de, = o, (58)

To complete the solution we are left with the caleulation of the follo-
wing:

p—1 n 2k i
B[ dhai] 2 BN ) - b )
=1 oD i=!
x 2 h§f6’]§ do, (5.9)

From (5.4), we have
; .
hy[r-aN (kr)] = (2k)] IJ'[ (m—j-Dr-@+) N (kr), 1< j < p-1 (5.10)
m=1 a+]

Let us choose the term
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no2k w1l 5 it u-1 2
o=l (il - bl o)) - b Nl -
o W
x hy[u]} do, (5.11)
= 23,..., p)

in the sum (5.9). In order to obtain the value of (5.9) it suffices to calcu-
late the integral I, ;. Putting j = p - pin (5.10) ve get

— — — (—p+q—i)
2 e = -k @5 (meptru-l) r - N(k) (5.12)
or m=1 Ay
and from (5.10) we find
—1 —1 %1 —(q+p—1)
by [Nk = @) (megr o N(kr) . (5.13)
m=] a+p—-1

for j = u-1. So (5.11) takes the

n d
2%k, ,, 2%k , 2k, o I
I, = J' rl Msin! 0, cos 0,)-k@k) TIuprpn?
c =1 =t m=1 (5.14)

_1 -1 p1 —(qhp-D -
x N (kr) by [u] - @) T (m-w) r N (kr) _a.a_ b
Cl+p_y.,+1 . M= Q+[J'_1 T
x [u]} 71 dw.

Taking the limit when r — o we obtain I, _; = 0. Hence the solution
of the equation

hsPfu] = f
at the singularity p‘oint Poe Dy’ is

u (Po) = ——— jﬁ X ¥ IN (kr) £(P) dG
o) — WI D j=l J q

p-1 n
- -\‘H

2k P poi-l_ _ -
I I (sfe®)) o be T ONG)] - N

0o p—i-1
(k)] -— by [u(P)]) do
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OZET

Bu makalede, genellestirilmis ¢ok simetrili Helmholtz denkleminin ¢oziimii, tekil hiper-
diizlemlerin arakesiti izerindeki noktalarda elde edilmistir. Bolgenin kiiresel bir bélge olmas:
halinde, bir temel fonksiyon elde ederek tekil hiperdiizlemlerin arakesiti iizerindeki noktalarda
¢bziim, Poisson integraline benzer bigimde verilmstir. Ayrica hPy;[u]==0 denkleminin bir g¢bzii-
mii elde edilerekhPy;[n]=f denkleminin tekil ¢dziimii incelenmigtir.
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