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ON THE EXPLICIT ANALYTICAL SOLUTION OF THE
TRUNCATED HYPEREXPONENTIAL QUEUES

Al Seedy, R.0.* and Abou-El-Ata, M.O.**

(Received March 26, 1984 and accepted August 13, 1984)

ABSTRACT

The aim of this paper is to find P, ; the probabilities that there are n units in the system
of the truncated hyperexponential queue in an explicit form for each branch j. Also the corres-
ponding measures of effectiveness. In fact this problem had been treated earlier either in an
implicit form as in Gupta or numerically as in White and el.

INTRODUCTION

Many researchers treated the problem of solving the truncated
hyperexponential queues. Nishida [3] analized the queue: H, /M /1 /N
in an implicit form. This works has been followed by Gupta [1] who
discussed the general queue: Hy /M /1 /N and gave both the probability
generating function and the expected number in the system in an explicit
form but not the probabilities. And to find the probabilities he said that
it may be evaluated numerically when the maximum queue allowed
is finite. And so White and el [4 ] had followed his advice and solved some
cases for N, C = 1, 2 numerically using a computer program and matrices
Also Gupta and Goyal [2] solved the dual queue: M /Hy /1 /N analyti-
cally in an implicit form. In this paper we treat two different queues
analytically to find Py; the probability of n units in the system and the
next arrival unit occupies branch j in some cases using the elementary
methods of matrices. In fact we treat both the queues: H, /M /C/N for
C, N=1, 2 and H,/E;/1/1. Also we find the corresponding measures
of effectiveness of each queue in an explicit form.

* Dept. of Math., Faculty of Edu., Menofia Univ. Egypt.
** Dept. of Math., Faculty of Science, Zagazig Univ. Egypt.
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2. The Truncated Queue: H, /M/C/N

Consider the truncated C-channels hyperexponential interarrival
queue having two branches with arrival rates: oA;, (1-a)A, and the ser-
vice time is an exponential with rate u. The discipline considered is

FIFo. Let us define:

Pn; = the'steady—state probability of finding
the system in state (n.j),

where n is the number of units in the system and j the arrival branch
is occupied by the next arrival unit.

As in White and el [4] we can write the steady—state difference
equations of the probabilities for the queue: H, /M /C/N as follows:

© T MPol == I P11 ' ”
T XPoz = K P1y Y
(A1 + np)pur = aripu_1;1 + «22Pn_1,2 + (0 + D)upniis:
1<n < ¢ 2 (2)
(A2 4 np)pnz = (I-)A1pn_151 + (1=)A2pn_1,2 -+ (n41) ppnyis2 .

(A1 + Cw)pn1 = «riPn_1,1 + 2A2Pn_1,2 + Cpni1s1
C<n<N-1 g 3)

(2 + Cu)pnz = (L-e)A1pn_1o1 + (1-)A2pn_s.2 + Ctpnitsz

(A + Cu)pny = oMpN_11 -+ @PaPN_12 + @MPN1 + GA2PN2 N g "
n = )

(2 + Cp)pnz = (1-0)A1pN_t.1 + (1'“)7\2PN 12+ (1-“)7\1PN1 +

(1-)h2pN2

These are 2 (N + 1) eqﬁations in the same number of probabilities.
Really one of them is redundant and we use the boundary condition
Y T pnj = 1 instead of it. In fact we prove the following powerful

n i

lemma that helps us to solve this system in a more easier way.

Lemma: For the truncated C—channels hyperexponential queue: H,/
M /C/N wé have: ‘

N
xp2
= = —— = 1- X 5
n=0 P apy + (1-a)py n=0 Pn2 )
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where p; = ﬁ ,i=1,2,
N
Proof. Adding the first relation in the above four relations (1) — (4)

we get:

N N
(I-)ay X pn; = ahy T Ppn2
n=o0

n=0

N
and since Z (pnr+ pn2) = 1, then
n=0 S
el 0(.7\2
nEO Pt = o F @on and ;
> (-2
> S Gl
o TM2 T o, F (L

Dividing the numerator and the denominator by y we get relation (5).
In a similar manner we can obtain the same result if we add the se-
cond relation in relations (1) — (4).

Corollary: Let A; = 2aA, A, = 2 (1-a)A in the above lemma we get:

N N
Z Pnl’ = 2 Pnz el % . " (6)
n=0 n=o

Some Special Cases

1. Case The truncated queue: H,/M/1/1
Let C = N = 1 in equations (1) — (4) we get:

~fiPo1 + P11 = 0 (7
Moo,

—p2Po2 + P12 = 0 o= — = 1,2. o (8)

~(p1 -+ Dpi1 + 2p1Por + a2prpoz + ap1p11 + 2p2p1z = 0 “(9)

—(p3+Dp12+(1-a)e 1Po1+(1-2)p2po2+(1-2)pp 11+ (1-2)pop12 = 0 (10)

To solve these four equations we replace the last two equations by those
of the lemma for N = 1,
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i.e

%P2

Por + P11 = wor T (oder (11)

Poz + P12 = —————————apz(::a)f;)pl (12)
Solving (7), (11) and (8), (12) we get:

Pot = Tasy c PU = waaey (13)

b — L= (1-)orpr_ 1

x0T Fe) > P27 XU+

from which we can find the delay probability and the expected number
in the system and the queue as:

x + apz? + (1 -wjps?

Po == Po1 + Poz = x(1 4 p1) (1 4+ p2) )

_p1-p2-(14%)
x (1 +p1) (14 p2)

1
L= 21 n(pn1+ pn2) = ,and; Lg = 0 (16)
==

where: x = apy + (1 —a)py.

Corollary : If « =1 (or « = } or « = 0) we can get po = T—jf—p— ,
L— & o= _2_ the measures of effectivencss of the queue:
M /M/1/1.

2. Case The truncated queue: H, /M /12

Let C = 1 and N = 2 in equations (1) — (4) we get:

—1Po1 + P11 =0 a7
~¢2Poz + P12 = 0 (18)

~(p1 + Dp11 + #p1Po1 + #pPo2 + P21 = 0 (19)
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~(p2 -+ p12 + (I-w)p1por + (1-0)p2Poz + P22 = 0 - (0
~(p1 + 1p21 + %p1p11 + 9p2pi2 + %p1P21 + apapsz = 0 (1)
~(p2+1)prn+(1-0)p1p11+(1-0)psp1o+(1-a)ppri+(1-o)eopr2 = 0 (22)

To solve these six equations we replace the last two equations by those
of the lemma for N = 2,

ie.

Po1 + P11+ p21 = *W% | (23)
]__
Poz + P12 + P22 = _&_:;)_91_ (24)

To find pny the probabilities of the first branch we solve equations
(17), (19) and (23) by the matrices technique as follows:

Po1 P11 P21 .

“o1 -1 0 o - |~H 0 0 |T -
ap1 —{p1+1) 1 —2pzPoz | > | l-wpy p1+2 0 | E
11 1 P2 { |1 1 1 |K

x |

where

g o= (dFfe)?-ar g #ea(l+ xpog)
P12 x(p1 + 2)

E = ap, (Poz + ~i—-) and; K = P2

Then we get

_ T apa(I+=xpoy) _ o es

Pot H x [(I 4 p1)2-op1] : ( )
%p1p2 Po2

P = Troar [T 5] -9
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I S pilpr—a+1) -

To find py, the probabilities of the second branch, we solve (18),
(20) and (24) using (25) and the matrices technique as follows:

Po2 P12 P22

“er -l 0 10 | | Ieatlal 0 0pbic

—a (p2+1) -1 (b || 1-a 02+2 0| bte ‘
11 1 (¢ | |1 R
where

(-x)patey)? 0 ol —a) prpa
A +es)i-upy x([1 + p1)?-ap1] °

and;

C = (1—(1)9 1 .

X

Then we find:

poa= EL (1012 + aorp)] (28)

1-
pi2 = T2 (0402 4 aferpy)], and: (29)

l—a’
pr2= P {1402 { (er)iuet} - (-adpa(lten)? - (Lipo)
Y {1+e1)2+a(ea-p)}] (30)
where
y = x [(I+p2)? {(I14p1)2-ap1} — (1-x)pa(l+-p1)?]
Thus we can find more explicit formulas for poy, py; and p;; using re-

lation (28).

The delay probability is:

1
Po = Po1 + Poz = — [apa(l+p2)2-(1-a) {py (1-+¢1)>u(p2-p1)*]
y (31)
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Also the expected number in both the system and the queue are:

2
L= Zl n(pn1 -+ Pu2)
n—

= i [Zy-+pup2 ia(l+p2)2+(1-a) (14¢1)2} —2apa(l-+pr) {(1+e2)2
T - (prpa)} —2(1-a)er(I4-p2) {(14-p1)2Halprpr)}] (32)
2
Lq = n)-=:1 (n-1) (pn1 -+ Pn2)

=1 [y—ep2(l4p1) {(14e2)2+(1-2) (p1—p2)}—(1-w)o;r (1+4p2)
7 ((I+p1)2+a(orp1)} ] (33)

Corollary: Let o« = 1 (or o = } or x = 0) we get:

which are the measures of effectiveness of the quene: M /M (1 /2.

3. Case The truncated queue: H, /M /2/2
Let € = N = 2 in equations (1) - (4) we get:

= ¢1Pot + p11 = 0 (34)
Ai .

— p2Po2 + P12 = 0 pi = —g?'s =12 (35)

= (e1+1)p11 + xp1por -+ %p2poz + 2p2; = 0 (36)

= (p2+1)p12 + (I-2)ppPor + (1-2)pzpor + 2p22 = 0 (37)

=~ (p1+2)p21 + 2p1p11 + %p2p12 + xpi1Pai + %p2p22 = 0 (38)

~ (p2+2)p22+(1-a)p1p11+(1-%)p2p 124+ (1-2)p P12+ (1-w)p2p22 = 0
(39)

As before we replace the last two equations by those of the lemma for
N =2 '

l.c.

¢4
Por + P11 + pa = 02 ' (40)

X
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7(1_“) P1 (41)

X

Poz + Pi2 + P22 =

To find py; the probabilities of the first branch we solve (34), (36)
and (40) using the matrices methods as follows:

Po1 P11 Pt
o1 -1 0 0o - A 0 0 | apspor+2F7)
xp1 —(p1+1) 2 | —apspor | > | (2-0p1) (p1+3) O | aprpost2F !
1 1 1 F 1 1 1 F _
where
F= aiz s and; Z = (p1+1) (p1+-2)-ap;.
From the above matrix we get:
— up; _2_ v 42
Pot (I4-p1) 2+¢1)-2p1 ( x Poz) “2)
P11 = P10z (3— + p02> 43)
(I+e1) @+ey)2p1 \ x
2495
= S 1 —a)—{1 44
Pa TFer) @renapr ot (Fera){teupo:] (44)

Also to find py; the probabilities of the second branch we solve
(33), (37) and (41) using (42) and matrix technique. Then we have:

Po2 P12 P22
. -1 01 07 [[le2+1) (p2--2)-a] 0 0| b+2C"
a ~(pp+1) 2|-b || (2-a) (0,+3) 0| b-+2C
1 1 1| ¢ 1 1 1{ ¢ _
where

_ (-9ealpi+1) (e1+2) | _ 20(1-2)p102 . and;

(pr+ 1) (pr+2)-wpy’ x[(p1+1) (p1+2)~ apq]
C — (1—0()91

p.o
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From the above matrix we find:

por = 2L [0 40)) (2pn)talprn) (45)
pi = 2L (14 0) @ 4p0)Falprpr) ], and: (46)
P2 = L [(140) (2p) (o) -pr)pi}- (-oa(len)

(24e1)-2(14p2) {(1+p1) 2+p1)+ % (e2-p)}]  (47)

where: S = x [(14-0;) (2+p2) {(1+p1) (24+p1)-op1}
—(1-2).2(1+p)(2+p1)] (48)

Using (45) in relations (42) — (44) we find more explicit formulas for
Pni the probabilities of the first branch.

Also the measures of effectiveness are:

Po = —§~ [2p2(1+p2) (2+p2)+(1-w)ps(1+p1) (2+p1-a(1-2)

(p2-p1)2] (49)

L = '%‘ [o1p2 foe(14-p2) 2+p2)+(1-2) (14p1) 2+p1) }+x(1-+p2)
(2+p2) {(1+e1) C+er)-oprx(1-a)pa(l+p1) (2+p1)-

2(1+p1) (1+4-p2) {ep2(2+p2)+ (1)1 (2-+p1) }-20(1-a)
(p2—p1) fe2(l-Fp1)-+p1(14p2)} 1,

£i :’_ai:‘_‘l)2° (50)

Corollary: Let « = 1 (or ¢ § or « = 0) we find:

1 : 2 A
5o > ond L = e R

1+2p4-2p% 7 2u

which are the measures of the queue: M /M /2 /2 with no queue allowed.
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3. The Truncated Queue: H,/E,/1/1
Consider the single—channel truncated hyperexponential interarrival

queue having two branches with rates o) and (1-a)A,, and service time
is Erlangian with rate 2p. And let us define:

Pnjx = Probability of n units in the system when the arriving
unit is in an arrival branch j and the unit in service is

in stage k, n = O(1)N, j, k=1, 2.

and Po; = Probability of no unit in the system when the arriving unit
is in the arrival branch j, j =1, 2.

As in White and el[4] we can write the steady—state probability dif-
ference equations for the queuc: H, [E, /1 /1 are:

P1Po1 — P11z = 0 (51)

f2Po2 —pi22 = 0 (52)

op1por + ap2Poz — [(1~)e1+1] p111 -+ 2p2p121 =0 (53)
(I-)p1por+(1-e)papor+(1-a)p p111—(xp2+1)pra; = 0 - (54)
Piic— [(I-o)er + 1] priatapaprzz = 0 (55)
Pi21 + (I-«)e1pii2 = (xp2 + D)p1a2 =0 (56)

The previous lemma still has the same form for this queue with the two
branches and so we have:

[r 4ok}
Pot + P111 + P112 = —fj* (57)

(1'“)91_ (58)

X

Po2 + P121 + P122 =

To find pnix the probabilities of the first branch we sclve (51),
(55) and (57) using the augmented matrix method as:

Po1 P111 P11z

“er 0 -1 0 7 |Ter 0 -1 0 -
0 0 a —0poP122 -1 0 1 a | —upsp122
1 1 1 b 0 0 G| btappizz _
3 1
where a = - [(1-a)p;+1] , b= 2 L and; € =1 4+ — - a

P1
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From the above matrix we get:

1

Pu2 = -~ (b + aprpi22) (59)
L

Piit == [ab -+ «ps(a+C)p122] ~ (60)
1

Por = (b + 2pap122) (61)
P1 .

To find ppyx the probabilities or the second branch we solve (52),
(56) and (58) using (59) and matrices technique, then we have:

T O A1 0 - T e2 O -1 0 -
b | b
0 1 df-(-up o | { 0 1 a1 ¢
1 1 1 e N 0 0 f g B
where
_ = P1P2 _ _ (l—oc)p| - —1_ 3
d=a(1~a) o (xp2+1), e = s f=1 4 > d
b
» and; g = e + (1—01)‘0.1 T .
From the above matrix we find:
1-o
P122 = (=lerez [(1-0)p12-+(2+2p2)er+1] (62)

1- a
pin = TR o0y (1fup) - (l-apr 2y (14-p2)2-Hup1p

(14¢21 (63)
por = gL [(1o)er2 + (Hapalert]) (64)

where

S1 = x [(I4p2)2 {(1-a)p12-2p)+1} - (1-)p22(1+p1)2] (65)
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Using (62) in relations (59) ~» (61) we find more explicit formulas for
Pnix the probabilities of the first branch.

Also the measures of effectiveness are:

Po = Po1 + Po2 = glj [epz {(1+p2)2+(1-a) (p1p2)} -+ (1-a)py

{(1-0)p12+(2+-upr)o14-1} ] (66)
1 2 2 1
L= X% = L npnk= g- [x(1+p2)? {(1-2)p12+20,+1}
n=1  i=1 k=l =51
~x(1~0)p,2(14-p1)?
~op2 {(1 + 02)2+(1-2) (p1—p2)}
—(1-o)p1 {(1-0)p12+(2+ap2)e1+1}]
(67)
and Ly = 0
Corollary: Let o« = 1 (or o = 1 or « = 0) we find: po - 1
20+1
_ 2%
'29-{—1

which are the mecasures of effectiveness of the queue: M /L, /1 /1 with
no queue allowed.
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